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Résumé

1 Introduction

Lorsqu’on mesure le rayonnement infrarouge d’une surface de mer, le signal
reçu est constitué de deux composantes. L’une de ces composantes est le rayon-
nement intrinsèque de la surface de la mer, qui est mesurée par son émissivité ε.
L’autre est le rayonnement de l’atmosphère réfléchi par la surface de la mer, qui est
mesurée par sa réflectivité ρ.

Tous les objets à des températures supérieures au zéro absolu émettent un ray-
onnement infrarouge. La puissance du rayonnement intrinsèque de la surface est
obtenue en multipliant la puissance du rayonnement d’un corps noir B(T ) à la
même température T que la surface par l’émissivité ε de la surface. Les capteurs
du rayonnement thermique sont généralement étalonnés à l’aide du corps noir qui a
une émissivité égale à 1.

L’émissivité ε d’un corps est une mesure de sa capacité à absorber et à réémettre
l’énergie rayonnée. Elle est le rapport entre l’énergie qu’elle rayonne et celle qu’un
corps noir rayonnerait à la même température. C’est un nombre sans dimension,
compris entre 0 (parfait réflecteur) et 1 (parfait émetteur, corps noir).

La connaissance de l’émissivité est importante pour la télédétection de la tem-
pérature d’un objet quelconque. Les capteurs thermiques sont généralement étalon-
nés à l’aide du corps noir comme une source de référence, qui ont une émissivité
égale à 1. Puisqu’un objet réel a une émissivité inférieure à 1, un rayonnement
thermique moins important que celui d’un corps noir à la même température sera
reçu par le thermomètre. En conséquence, cet objet apparaîtra plus froid qu’il ne
l’est en réalité. Pour estimer la température réelle de cet objet, la prise en compte
de l’émissivité de cet objet est donc essentielle. Cependant, l’émissivité d’un objet
dépend des propriétés du matériau, de la direction d’observation, etc. Il est donc
nécessaire de la mesurer ou la calculer précisément.

L’émissivité infrarouge d’une surface de mer joue un rôle clé dans des domaines
liés à l’environnement, comme la mesure de la température apparente de la mer, les
prévisions météorologiques, la détection de pollutions, etc. Elles sont quasi con-
stantes lorsque l’angle d’observation est faible (proche du zénith). En revanche,
pour des angles d’observation rasants (proches de l’horizon), elles dépendent forte-
ment de la rugosité de la surface de la mer. Pour les angles d’observation rasants,
l’effet d’ombrage et les réflexions multiples sont significatifs, augmentant la dif-
ficulté de prévoir l’émissivité avec précision. De plus, la connaissance précise de
l’émissivité est importante. D’un point de vue applicatif, l’erreur sur le calcul de
l’émissivité infrarouge doit être inférieure à 5 × 10−3 pour estimer la température
apparente de la surface de mer avec une précision de 0.3 K [1]. En conséquence,
il est important de calculer l’émissivité avec précision, ce qui implique que les
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phénomènes d’ombrage et de réflexions de la surface doivent être pris en compte.
La connaissance précise de la réflectivité d’une surface de mer est aussi essen-

tielle. La réflectivité ρ d’un objet est une mesure de sa capacité à réfléchir l’énergie
incidente. Elle est le rapport de l’énergie réfléchie sur l’énergie incidente. C’est un
nombre sans dimension, compris entre 0 et 1 (parfait réflecteur).

La réflectivité dépend des directions d’incidence et d’observation (bidirection-
nelle). La réflectivité hémisphérique est aussi souvent calculée par l’intégration de
la réflectivité bidirectionnelle sur une des deux directions (d’incidence ou d’obser-
vation).

La réflectivité d’une surface de mer fait l’objet de nombreuses études depuis les
années 60, par exemple pour le calcul du scintillement du soleil d’une surface de
mer, pour la télédétection radar, etc. Les modèles de la réflectivité d’une surface de
mer prennent souvent en compte une réflexion par la surface. Pour la calculer plus
précisément, les réflexions multiples doivent être prises en compte.

Cette thèse a pour but de modéliser l’émissivité ε et la réflectivité ρ infrarouges
d’une surface de mer avec précision. En effet, les phénomènes d’ombrage et de
réflexions multiples par la surface sont pris en compte dans les modèles. Comme
cette thèse s’intéresse au domaine infrarouge, l’approximation de l’optique géomét-
rique (OG) est utilisée, parce que les longueurs d’onde infrarouges sont suffisam-
ment faibles par rapport à la rugosité de la surface de la mer. La surface de la mer
est modélisée comme étant bijective (en particulier, elle ne possède pas plusieurs
hauteurs pour une même abscisse), ce qui signifie que les vagues déferlantes ne
sont pas prises en compte. En outre, les “whitecaps” (moutons) ne sont pas traités.
Sous l’approximation de l’optique géométrique, seules les réflexions spéculaires
sont considérées.

Le chapitre 1 introduit les concepts de l’émissivité et de la réflectivité d’une sur-
face de mer. La surface de mer est décrite par un processus stochastique stationnaire
et ergodique. Ensuite, une bibliographie des modèles de la littérature est donnée,
bibliographie qui montre que les phénomènes d’ombrage et des réflexions par la
surface sont les facteurs clés dans la modélisation de l’émissivité et de la réflectivité
d’une surface de mer. Pour prendre en compte ces deux phénomènes, les fonctions
d’illumination monostatique (pour l’émissivité) et bistatique (pour la réflectivité)
doivent être mises en oeuvre.

Le chapitre 2 introduit la fonction d’illumination monostatique, qui est la para-
mètre clé pour calculer l’émissivité de la surface de mer. La configuration “mono-
statique” implique le fait que seul un récepteur apparaît. Dans cette thèse, la fonc-
tion d’illumination statistique est utilisée. Les fonctions d’illumination d’ordre zéro
(sans réflexion, qui traitent l’effet d’ombrage) sont bien connues. Ainsi, une fonc-
tion d’illumination d’ordre un (qui prend en compte une réflexion par la surface) est
développée, en se basant sur celle d’ordre zéro.

Dans le chapitre 3, l’émissivité infrarouge de la surface de mer est calculée.
En effet, les phénomènes d’ombrage et d’une réflexion par la surface sont pris en
compte dans la modélisation de l’émissivité, via les fonctions d’illumination mono-
statiques développées dans le chapitre 2. La polarisation de l’onde est prise en
compte. Les résultats du modèle sont comparés avec ceux d’une méthode de tracé
de rayons de Monte Carlo et avec des mesures de la littérature.

Le chapitre 4 introduit la fonction d’illumination bistatique, qui est la paramètre
clé pour le calcul de la réflectivité de la surface de mer. La configuration “bistatique”
implique le fait qu’un récepteur et un émetteur apparaissent, et qu’ils sont dans des
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directions différentes. La fonction d’illumination d’ordre un, qui prend en compte
une réflexion, est rappelée. Ensuite, celle d’ordre deux, qui prend en compte deux
réflexions, est développée. Les résultats sont comparés avec ceux d’une méthode
de tracé de rayons de Monte Carlo.

Dans le chapitre 5, la réflectivité infrarouge de la surface de la mer est cal-
culée. Une et deux réflexions par la surface sont prises en compte via les fonctions
d’illumination bistatiques d’ordre un et deux. La polarisation de l’onde est prise en
compte. Enfin le critère de conservation d’énergie est examiné.

2 État de l’art
Lorsqu’on mesure le rayonnement infrarouge d’une surface de mer, dans les

fenêtres de transmission atmosphérique infrarouges (λ ∈ [3; 5] et λ ∈ [8; 12] µm), le
signal reçu par un récepteur est constitué de deux composantes, comme illustré dans
la figure 1. L’un est le rayonnement intrinsèque de la surface de mer en infrarouge,
qui est mesuré par son émissivité ε. L’autre est le rayonnement de l’atmosphère
en infrarouge, réfléchi par la surface de mer, qui est mesuré par sa réflectivité ρ.
Pour estimer le signal reçu, la connaissance de l’émissivité et de la réflectivité est
nécessaire.

Figure 1: Illustration du rayonnement d’une surface de mer.

Ce travail de thèse a pour but de modéliser l’émissivité ε et la réflectivité ρ in-
frarouges d’une surface de mer avec précision. En effet, les phénomènes d’ombrage
et de réflexions multiples par la surface sont pris en compte dans les modèles. La
figure 2 illustre les phénomènes importants pour modéliser l’émissivité et la réflec-
tivité.

Les figures 2 (a) et (b) correspondent au rayonnement intrinsèque de la surface
de mer. La figure 2 (a) illustre le rayonnement intrinsèque de la surface de mer
se propageant directement vers le récepteur. A cause de la rugosité de la surface,
une partie de la surface est dans l’ombre du récepteur, comme illustré en ligne dis-
continue dans la figure 2 (a). Ce phénomène est appelé l’effet d’ombrage. Il est
aussi possible que le rayon d’émission intercepte la surface à un autre point, où il
est réfléchi spéculairement dans la direction d’observation. Cette partie de l’énergie
reçue par le capteur est plus faible que celle se propageant directement vers le récep-
teur, mais elle contribue au signal reçu par celui-ci. De plus, elle augmente lorsque
l’angle d’observation θ est grand (direction d’observation proche de l’horizon). En
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Figure 2: Phénomènes physiques pour la modélisation du rayonnement de la surface
de mer : (a) rayonnement intrinsèque de la surface de mer se propageant directement
vers le récepteur, (b) rayonnement intrinsèque de la surface de mer qui est réfléchi
une fois par la surface ; (a) et (b) correspondent donc à l’émissivité de la surface de
mer ; (c) rayonnement de l’atmosphère réfléchi une fois par la surface, (d) rayon-
nement de l’atmosphère réfléchi deux fois par la surface ; (c) et (d) correspondent
donc à la réflectivité de la surface de mer.

conséquence, il est important de la prendre en compte. Des réflexions multiples
peuvent se produire. Quand le nombre de réflexions augmente, l’énergie du rayon
reçu associé diminue.

Les figures 2 (c) et (d) correspondent au rayonnement de l’atmosphère réfléchi
par la surface. La figure 2 (c) illustre un rayon d’incidence réfléchi une fois par la
surface. L’effet d’ombrage apparaît [2–4]. Une partie de la surface est dans l’ombre
du récepteur ou de celui de l’émetteur. La figure 2 (d) illustre un rayon d’incidence
réfléchi deux fois par la surface. Plus de réflexions peuvent avoir lieu, mais comme
le nombre de réflexions augmente, l’énergie du rayon associé reçu diminue.

La modélisation de l’émissivité et de la réflectivité de la surface de mer est basée
sur les phénomène d’ombrage et de réflexions par la surface. Dans les fenêtres de
transmission atmosphérique infrarouges (λ ∈ [3, 5] et λ ∈ [8, 12] µm), l’approxi-
mation de l’optique géométrique est employée. L’approximation de l’optique géo-
métrique est valide si [5] :

2πρc cos3 χ� λ (1)

où λ est la longueur d’onde du rayonnement et ρc est le rayon de courbure local
de la surface. χ est l’angle d’incidence local, qui est celui entre la normale lo-
cale de la surface et la direction d’observation (voir figure 3). Dans les fenêtres
de transmission atmosphérique infrarouges, la longueur d’onde est de l’ordre de
10 µm. Le rayon de courbure moyen des vagues capillaires (les rayons de cour-
bure plus faibles) est de l’ordre de quelques millimètres à quelques centimètres [6].
Pour ρc = 1 cm, l’équation (1) est valide pour cosχ � 0.025, correspondant à



2. ÉTAT DE L’ART 5

un angle d’incidence très proche de 90◦ (cos 88.5◦ ≈ 0.025). En conséquence,
l’approximation de l’optique géométrique est souvent utilisée dans la modélisation
de l’émissivité et de la réflectivité infrarouges [7, 6, 1, 8–13].

Dans cette section, l’état de l’art de la modélisation de l’émissivité et la réflec-
tivité est rappelé. Comme la surface est décrite par un processus stochastique, les
caractères statistiques de la surface de mer sont rappelés. Ensuite, les modèles de
l’émissivité et de la réflectivité de la littérature sont donnés.

2.1 Caractéristiques statistiques de la surface de mer
2.1.1 Vagues océaniques

La surface de mer est rugueuse à cause de l’apparition de vagues, qui sont
générées par du vent sur la surface de mer. Les vagues océaniques sont consti-
tuées de vagues de gravité et de capillarité. Les vagues de gravité ont des grandes
longueur d’onde (de l’ordre du mètre), qui sont déterminées par la distance hori-
zontale entre deux crêtes ou deux creux. Les vagues capillaires ont des longueurs
d’onde beaucoup plus petites, de l’ordre de quelques millimètres à quelques cen-
timètres.

Parce qu’il est difficile de prévoir l’état d’un point quelconque de la surface
(hauteur, pente, etc.), la surface de mer est modélisée comme un processus stochas-
tique [4]. Pour des vitesses du vent importantes, les vagues déferlantes et des
“whitecaps” (moutons) apparaissent. Cependant, ils ne sont pas pris en compte
dans cette thèse, ce qui restreint la validité de cette étude à des vents modérés.

2.1.2 DDPs des hauteurs et des pentes de la surface de mer

Les études de la littérature ont montré qu’une surface naturelle a une distribution
des hauteurs proche d’une gaussienne [14]. En conséquence, la densité de proba-
bilité (DDP) des hauteurs de la surface est supposée gaussienne centrée, donnée par
:

pζ(ζ) =
1√

2πσζ
exp

(
− ζ2

2σ2
ζ

)
, (2)

où σζ est l’écart type des hauteurs de la surface.
Théoriquement, lorsque la densité de probabilité des hauteurs est gaussienne

centrée, la densité de probabilité des pentes est aussi gaussienne centrée, donnée
par [10, 13, 15] :

pG
γ (γx, γy) =

1

2πσγxσγy
exp

(
− γ2

x

2σ2
γx

− γ2
y

2σ2
γy

)
, (3)

où σγx et σγy sont les écarts types des pentes de la surface dans les directions x et y.
Il y a différentes méthodes dans la littérature pour calculer l’écart type des pentes

de la surface de mer [16, 17]. Dans cette thèse, le modèle de Cox & Munk [17] est
utilisé. Les écarts type des pentes de la surface de mer sont liés à la vitesse du vent
à 12.5 m au dessus de la surface de mer, donnés par :

σ2
γx = 3.16× 10−3u12 ± 0.004,
σ2
γy = 1.92× 10−3u12 + 0.003± 0.004,

(4)
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où “±” correspond aux erreurs de mesure. Dans les calculs de cette thèse, l’erreur
de mesure n’est pas prise en compte.

Cependant, Cox & Munk [17] ont montré que la densité de probabilité des
pentes de la surface de mer est différente d’une gaussienne centrée. La densité
de probabilité des pentes est décrite comme la somme d’une série de Gram-Charlier
jusqu’à l’ordre quatre. Elle s’écrit [17] :

pnon−G
γ (γx, γy) =

1

2πσγxσγy
exp

(
− γ2

x

2σ2
γx

− γ2
y

2σ2
γy

)
×
[
1 +

c21

2
(Γ2

y − 1)Γx +
c03

6
(Γ2

x − 3)Γx

+
c22

4
(Γ2

x − 1)(Γ2
y − 1) +

c40

4
(Γ4

y − 6Γ2
y + 3)

+
c04

24
(Γ4

x − 6Γ2
x + 3)

]
,

(5)

où
Γx,y =

γx,y
σγx,γy

,

c21 = (0.86u12 − 1± 3)10−2,

c03 = (3.3u12 − 4± 12)10−2,

c04 = 0.23± 0.41,

c40 = 0.40± 0.23,

c22 = 0.12± 0.06,

(6)

Les termes {c21, c03} (moments statistiques impairs, liés au skewness) provo-
quent alors une asymétrie sur les vagues et {c04, c40, c22} (moments statistiques
pairs, liés au kurtosis) impliquent des fronts montants et descendants des vagues
plus pentus et des creux plus adoucis. Les effets du skewness et du kurtosis sont
étudiés dans cette thèse.

2.1.3 Autocorrélation des hauteurs d’une surface de mer

La connaissance des densités de probabilité des hauteurs et de pentes ne sont
pas suffisantes pour décrire le comportement de la surface de mer, parce que les
hauteurs et les pentes des différents points de la surface peuvent être liés lorsqu’ils
sont proches. Ceci implique la connaissance de la fonction d’autocorrélation de la
surface.

La fonction d’autocorrélation de la surface de mer est calculée par le spectre
de la surface [4]. L’étude du spectre de la surface de mer a fait l’objet de nom-
breuses études [18, 16, 19]. Le spectre de Elfouhaily et al. [16], très utilisé pour les
fréquences microondes, a l’avantage de prendre en compte à la fois les vagues de
gravité et de capillarité.

Cependant, le spectre de mer n’est pas utilisé dans cette thèse. Pour des raisons
de simplicité, la fonction d’autocorrélation de la surface de la mer est supposée
gaussienne [20, 4], donnée par :

R(τ) = σ2
ζ exp

(
− τ

2

L2
c

)
, (7)
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où σζ est l’écart type des hauteurs de la surface de mer et Lc la longueur de corréla-
tion, correspondant à la distance horizontale entre deux points de la surface telle
que leur corrélation est diminuée de e−1.

Pour être plus général, l’équation (7) normalisée est donnée par :

Rnor(τ) =
R(τ)

σ2
ζ

= exp
(
−y2

)
, (8)

où
y =

τ

Lc
. (9)

Pour |y| > 3, Rnor ≈ 0. Ainsi, pour deux points quelconques de la surface,
la corrélation entre leurs hauteurs est négligeable lorsque leur distance horizon-
tale est supérieure à 3 fois la longueur de corrélation Lc (voir figure 1.4 pour plus
d’informations).

La fonction d’autocorrélation gaussienne est utilisée pour générer des surfaces
rugueuses, afin de mettre en oeuvre une méthode de tracé de rayons. Elle est aussi
utilisée pour calculer la densité de probabilité corrélée des pentes de la surface de
mer. Un spectre de surface de mer plus réaliste n’est pas utilisé parce que la fonction
d’autocorrélation gaussienne est simple à prendre en compte, tandis qu’un spectre
de mer réaliste nécessite de calculer des intégrales numériques pour calculer la den-
sité de probabilité corrélée des pentes [21]. De plus, il est important de souligner
que les résultats de l’émissivité de la surface de mer ont montré que la fonction
d’autocorrélation gaussienne est une bonne approximation [22].

2.1.4 Densité de probabilité corrélée

Puisque les hauteurs des points de la surface sont corrélées, la densité de prob-
abilité des hauteurs et des pentes p(ζ, γ|ζ0, γ0; τ) est calculée. C’est un paramètre
important pour le calcul de la fonction d’illumination corrélée.

Pour un processus corrélé gaussien centré et d’après le théorème de Bayes, la
probabilité conditionnelle des hauteurs et des pentes de deux points séparés par une
distance horizontale τ est donnée par [4, 20] :

p(ζ, γ|ζ0, γ0; τ) =
p(ζ, γ, ζ0, γ0; τ)

p(ζ0, γ0)

=
σζσγ

2π
√
|[C]|

exp

[
−1

2
V T [C]−1V +

ζ2

2σ2
ζ

+
γ2

2σ2
γ

]
,

(10)

où V est le vecteur de composantes

V T = [ζ0, ζ, γ0, γ], (11)

et [C] est la matrice de covariance du vecteur V

[C] =


σ2
ζ R0(τ) 0 R1(τ)

R0(τ) σ2
ζ −R1(τ) 0

0 −R1(τ) σ2
γ −R2(τ)

R1(τ) 0 −R2(τ) σ2
γ

 . (12)
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R0 est la fonction d’autocorrélation des hauteurs de la surface (σ2
ζ = R0(0)), R1 =

dR0 dτ et R2 = dR1 dτ sont ses premier et deuxième dérivées, données par [20] :

R1(τ) = −
2σ2

ζ

L2
c

τ exp

(
− τ

2

Lc

)
,

R2(τ) = −
2σ2

ζ

L2
c

(
1− 2

τ 2

L2
c

)
exp

(
− τ

2

Lc

)
.

(13)

Pour τ = 0 (les deux points sont superposés), la matrice de covariance s’écrit :

[C]τ=0 =


σ2
ζ σ2

ζ 0 0
σ2
ζ σ2

ζ 0 0
0 0 σ2

γ σ2
γ

0 0 σ2
γ σ2

γ

 . (14)

On trouve que [C]τ=0 n’est pas inversible. En conséquence, la hauteur et la pente
d’un point quelconque de la surface sont supposées décorrélées.

2.2 Définitions de l’émissivité et de la réflectivité
Le rayonnement thermique intrinsèque d’un objet est caractérisé par deux pa-

ramètres : son émissivité et le rayonnement du corps noir correspondant. Pour un
matériau quelconque, la puissance de son rayonnement intrinsèque L(λ, T, θ) est
égale à celle d’un corps noir à la même température B(λ, T ) multipliée par son
émissivité ε(λ, T, θ). Elle s’écrit :

L(λ, T, θ) = ε(λ, T, θ)B(λ, T ). (15)

L’émissivité de la surface de mer dépend de la longueur d’onde de son rayon-
nement, de l’état de la surface (température T , rugosité, etc.), et de la direction
d’observation. Puisque celle-ci est toujours inférieure à 1, la puissance d’un objet
réel est inférieure à celle d’un corps noir à la même température.

La puissance d’un rayon d’incidence est divisée en trois parties : la puissance
réfléchie Er, la puissance absorbée Ea, et la puissance transmise Et. Le critère de
conservation de l’énergie implique que :

ρ =
Er
Ei
, α =

Ea
Ei
, t =

Et
Ei
. (16)

En conséquence :
ρ+ α + t = 1. (17)

Le corps noir est défini par α = 1. Ceci se traduit physiquement par le fait que toute
l’énergie incidente est absorbée.

En équilibre thermique, l’émissivité d’un objet est égale à son absorptivité (loi
de Kirchoff) :

ε = α. (18)

Ainsi, l’émissivité d’un objet opaque (l’énergie ne peut être transmise dans cet ob-
jet) est donnée par :

ε = 1− ρ. (19)

Sous l’approximation de l’optique géométrique, seules les réflexions spéculaires
sont considérées. La figure 3 illustre une réflexion spéculaire par une surface lisse.
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Figure 3: Réflexion spéculaire sur une surface lisse.

La surface est supposée opaque. Ceci implique que toute l’énergie du rayon de
réfraction est absorbée.

La normale à la surface et la direction d’incidence définissent le plan d’incidence.
La puissance du rayon réfléchi est reliée à celle du rayon d’incident par la relation :

Lr = |rH,V (χ)|2Li, (20)

où χ est l’angle d’incidence local et rH,V sont les coefficients de Fresnel en polarisa-
tions horizontale (H , le vecteur électrique est perpendiculaire au plan d’incidence)
et verticale (H , le vecteur électrique est dans le plan d’incidence). Ces derniers
s’écrivent :

rH(χ) =
cosχ− ñ cosχ′

cosχ+ ñ cosχ′
,

rV (χ) =
ñ cosχ− cosχ′

ñ cosχ+ cosχ′
,

(21)

où ñ est l’indice de réfraction de la surface de la mer. χ′ est angle de réfraction
local, donné par la loi de Snell-Descartes :

sin(χ′) =
sin(χ)

ñ
. (22)

L’émissivité et la réflectivité d’une surface est donc donnée par [23, 10, 9, 6] :

ε(χ) = 1− |rH,V (χ)|2
ρ(χ) = |rH,V (χ)|2 (23)

L’équation (23) donne l’émissivité ε et la réflectivité ρ d’une surface lisse. L’émi-
ssivité et la réflectivité d’une surface de mer sont calculées en suivant l’équation
(23), qui sont rappelées dans les sections suivantes.

2.3 Modèle de l’émissivité d’une surface de mer
L’émissivité infrarouge d’une surface de mer dans les fenêtres de transmission

atmosphériques est un paramètre important pour la télédétection océanique. Elle
joue un rôle important dans les domaines de l’environnement, tels que la mesure de
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la température de la surface de mer, la prévision météorologique et la télédétection
de la pollution. Comme un récepteur infrarouge passif reçoit uniquement le rayon-
nement de la cible (il n’y a pas de signal émis), il est très furtif, et peut donc être
utilisé à des fins militaires.

D’un point de vue applicatif, il est important de calculer l’émissivité avec préci-
sion, ce qui implique que les phénomènes d’ombrage et de réflexions de la surface
doivent être pris en compte, et ce, de manière précise.

2.3.1 Emissivité directe avec ombrage

Les premiers modèles de l’émissivité infrarouge d’une surface de mer calcule
l’émissivité sans tenir compte des réflexions sur la surface de la mer (nommée émis-
sivité directe, ou contribution de l’émissivité d’ordre zéro). En revanche, l’effet de
l’ombrage a généralement été considéré.

Comme la surface de la mer varie dans le temps et dans l’espace, sa prévisibilité
est limitée. En conséquence, les surfaces de mer sont généralement modélisées
comme des processus aléatoires. Sous l’approximation de l’optique géométrique,
l’émissivité moyenne du point d’intérêt de la surface est généralement estimée par
l’émissivité moyenne de toute la surface, donnée par [23, 24, 10, 6] :

ε0(θ) =
〈
[1− |r|2]g0

〉
, (24)

où 〈· · · 〉 représente la moyenne statistique sur les variables aléatoires. Le terme
1− |r|2 est l’émissivité locale du point d’intérêt, et g0 correspond à la projection de
la zone autour de ce point sur la direction orthogonale à la direction d’observation.
L’équation (24) résume le principe de base de la modélisation de l’émissivité in-
frarouge d’une surface de mer.

Cependant, le problème principal de l’équation (24) est que l’effet d’ombrage
(voir la figure 2.(a)) n’est pas considéré. L’émissivité de la surface de mer sans
ombre, donnée par l’équation (24), est supérieure à 1 et tend vers l’infini pour des
angles d’observation par rapport au zénith θ grands (voir la figure 3.2 du manuscrit)
[10], ce qui n’est pas physique. Ceci est dû au fait que le rayonnement des points
dans l’ombre est inclus dans l’équation (24), alors que ces points ne contribuent pas
physiquement au rayonnement de la surface dans la direction considérée.

Beaucoup d’efforts ont été consacrés à la construction d’une fonction d’illu-
mination 1 pour prendre en compte l’effet d’ombrage. La fonction d’illumination
qui prend en compte l’effet d’ombrage est appelée fonction d’illumination mono-
statique d’ordre zéro [26], notée S0

M, où l’indice “M” représente la configuration
monostatique (seul un récepteur est utilisé), et l’exposant “0” traduit le fait qu’aucune
réflexion par la surface n’est considérée. Elle donne la probabilité qu’un point arbi-
traire de la surface soit vu par le récepteur. Avec la fonction d’illumination monos-
tatique, l’émissivité directe de la surface de mer est donnée par la relation :

ε0(θ) =
〈
[1− |r|2]g0S

0
M

〉
. (25)

Certaines propriétés de la fonction d’illumination peuvent être prédites. Pour
une direction d’observation normale (θ = 0◦), tous les points de la surface sont

1. La fonction d’illumination a été appelée “fonction d’ombre” [3, 25]. Comme le terme “om-
brage” est confus lorsque les réflexions par la surface sont considérées, cette fonction est plutôt
nommée “fonction d’illumination” par les modèles récents.
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vus par le récepteur, ce qui signifie que la fonction d’illumination monostatique
d’ordre zéro est égale à un : S0

M = 1. Par contre, si le récepteur est situé à l’horizon
(θ → 90◦), alors S0

M = 0, parce que toute la surface est dans l’ombre du récepteur.
L’effet d’ombre a été étudié à partir du début des années 60. Plusieurs modèles

peuvent être rencontrés dans la littérature, modèles qui sont résumés ci-après.

Modèles de tracé de rayons Le modèle le plus direct est celui de Brockelman
& Hagfors [27], qui est un modèle numérique de tracé de rayons de Monte-Carlo.
Dans cette méthode, un grand nombre (de l’ordre de 100 à 1000) de surfaces rugueu-
ses aléatoires sont générées, surfaces sur lesquelles un tracé de rayons est réalisé.
Les rayons incidents sont envoyés dans une direction d’observation donnée (θ) et
sont retracés pour trouver les points de la surface dans l’ombre et ceux vus par le
récepteur (voir la figure 2.7 du manuscrit, par exemple). La fonction d’illumination
monostatique S0

M est alors donnée par (la définition des symboles est modifiée) :

S0
M(θ) =

Nj

Ns

, (26)

où Nj est le nombre des points vus par le récepteur, Ns est celui de la surface totale
; S0

M n’est pas la probabilité qu’un point arbitraire soit vu par le récepteur, mais la
proportion de la surface vue par le récepteur.

Cette idée a été reprise et développée par Bourlier et al. [20, 26]. Bourlier et
al. utilisent le même algorithme de tracé de rayons pour trouver les points vus par
le récepteur. Cependant, au lieu simplement de calculer la proportion de la surface
vue par le récepteur, les histogrammes des hauteurs et des pentes des points vus par
le récepteur sont également calculés.

Les méthodes de Brockelman & Hagfors [27] et de Bourlier et al. [20, 26]
sont généralement utilisés comme référence pour vérifier l’exactitude de méthodes
analytiques [25, 3, 28].

Modèles statistiques Le modèle de Beckmann [29] est l’un des premiers modèles
de fonction d’illumination statistique. La fonction d’illumination S0

M est résolue par
une équation différentielle qui donne la probabilité que le point d’intérêt soit vu par
le récepteur.

Ricciardi & Sato [30, 31] ont montré que la fonction d’illumination peut être
définie rigoureusement par une série de Rice, série dans laquelle des intégrations
doivent être résolues. Pour un processus gaussien décorrélé, une expression analy-
tique de la série peut être obtenue, mais les résultats sont non physiques pour des
angles rasants, car la corrélation est négligée [26]. La prise en compte de la corréla-
tion pourrait surmonter ce problème, mais il est impossible d’obtenir une solution
analytique de la série (nécessite un calcul numérique).

Le modèle de Wagner [3] correspond au premier terme de la série de Ricciardi
& Sato [30, 31], qui est physique pour des angles rasants. Le modèle de Smith [25]
a été développé sur la base du modèle de Wagner [3], mais il est plus rigoureux
mathématiquement et physiquement.

Bourlier et al. [26] ont comparé les modèles de Ricciardi & Sato [30, 31], de
Wagner [3] et de Smith [25]. Ils ont conclu que le modèle de Ricciardi & Sato est
le moins précis, car il n’est pas physique pour des angles d’observation rasants. Le
modèle de Smith est le plus précis parce que de très bons accords sont obtenus entre
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les résultats de la fonction d’illumination de Smith et ceux du modèle de tracé de
rayon de Monte-Carlo.

De nombreux modèles d’émissivité infrarouge d’une surface de mer avec les
fonctions d’illumination monostatiques analytiques S0

M ont été développés. Le
modèle de Yoshimori et al. [6, 7] calcule l’émissivité infrarouge d’une surface de
mer, où l’effet d’ombrage est pris en compte à l’aide de la fonction d’illumination
de Smith [25]. Dans le modèle de Bourlier et al. [32], la fonction d’illumination
de Smith [25] est utilisé. Ils ont de plus considéré une distribution des pentes de la
surface non gaussienne, introduite par Cox & Munk [17], qui prend en compte les
effets du skewness et du kurtosis. Caillault et al. [33] et Fauqueux et al. [24] ont
développé des modèles multi-résolution de l’émissivité infrarouge d’une surface de
mer, dans lesquels la fonction d’illumination de Smith a été utilisée.

Modèles avec facteur de normalisation Au lieu d’utiliser une fonction statis-
tique, Saunders [34] et Masuda et al. [10] ont introduit des facteurs de normalisa-
tion pour prendre en compte l’effet d’ombrage. Ces deux facteurs de normalisation
sont pratiquement les mêmes, et sont beaucoup utilisés en raison de leur simplicité.

Masuda et al. [10] ont calculé l’émissivité infrarouge non polarisée d’une sur-
face de mer. La densité de probabilité des pentes de la surface est supposée gaussi-
enne centrée. Du fait que sans ombre, l’équation (24) tend vers l’infini lorsque θ est
égale à 90◦, Masuda et al. ont calculé l’émissivité d’une surface de mer en divisant
l’équation (24) par un facteur de normalisation :

ε0(θ) =
〈[1− |r|2]g0〉
〈g0〉

. (27)

Le facteur de normalisation 〈g0〉 est utilisé pour estimer l’effet d’ombrage, donc :

p(θ) =
1

〈g0〉
(28)

joue le rôle de fonction d’illumination.
Le facteur de normalisation de Masuda et al. [10] est très utilisé. Freund et

al. [35] a suivi la même idée que Masuda et al. [10] et a utilisé un facteur de
normalisation pour estimer l’influence de l’ombrage. L’émissivité d’une surface de
mer a été calculée par une moyenne d’ensemble hémisphérique. Shaw et Marston
[36] ont calculé l’émissivité infrarouge polarisée d’une surface de mer suivant le
modèle de Masuda et al. [10].

D un point de vue applicatif, la précision dans l’estimation de l’émissivité d’une
surface de mer est importante. Des travaux de la littérature ont montré qu’une dif-
férence de 3×10−3 dans l’émissivité induit une différence de 0.5 K dans l’estimation
de la température de la surface [1]. Toutefois, cette précision n’est pas atteinte par
des modèles de l’émissivité directe. En effet, les comparaisons avec les mesures ont
montré que le modèle de l’émissivité directe de Masuda et al. [10] a sous-estimé
l’émissivité de la surface de mer de 2 ∼ 3 × 10−2 pour les angles d’observation
grands (θ & 60◦) [37, 38]. En conséquence, il est nécessaire de prendre en compte
les réflexions multiples par la surface de mer dans la modélisation.

2.3.2 Emissivité avec réflexion par la surface

L’émissivité avec réflexion par la surface de mer est illustrée sur la figure 2(b).
Pour calculer l’émissivité infrarouge d’une surface de mer avec précision, plusieurs
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auteurs ont essayé d’inclure les réflexions par la surface dans leur modèle de l’émissivité.
La difficulté principale dans la prise en compte de cet effet est le calcul de la prob-
abilité d’observer des réflexions par la surface. Dans ce qui suit, les principaux
modèles sont rappelés.

Modèles de tracé de rayons Le modèle de Henderson et al. [13] est un modèle
numérique de tracé de rayons de Monte-Carlo. Dans ce modèle, un algorithme
de tracé de rayons est utilisé pour calculer l’émissivité de surface de mer avec
jusqu’à 10 réflexions par la surface. Beaucoup de surfaces rugueuses aléatoires sont
générées, surfaces sur lesquelles des tracés de rayons sont réalisés. Les points de
la surface conduisant à des réflexions sont trouvés (voir la figure 2.15 du manuscrit
pour plus d’informations). L’émissivité de la surface avec des réflexions est ainsi
calculée.

Cette méthode est très semblable à celle de Hagfors & Brockelman [27], sauf
que les réflexions par la surface sont considérées. Cette méthode donne des résultats
fiables et constitue une référence pour la validation de modèles analytiques [15, 11].
Son désavantage est que le temps de calcul est long (généralement, plusieurs heures
sur un PC ordinaire, pour une direction d’observation donnée).

Modèle empirique Watts et al. [39] et Wu & Smith [1] ont défini empiriquement
la probabilité d’observer une réflexion par surface, en définissant un angle de seuil
mesuré à partir du zénith, comme illustré sur la figure 4.

récepteur

z

x

θ
θs

θ′1

θ′2

ŝ′1

ŝ′2

ŝ

Figure 4: Réflexion et angle de seuil.

La figure 4 montre deux rayons incidents, ŝ′1 et ŝ′2, réfléchis par la surface
dans la direction du récepteur. Pour un rayon incident émis par un point de la
surface et réfléchi spéculairement par un autre point, le rayon réfléchi ŝ dans la
direction d’observation contribue à l’émissivité de la surface. La tâche principale
est la détermination de la probabilité P que le rayon partant d’un point de la surface
dans la direction d’observation provienne d’un autre point de la surface de la mer
(par une réflexion spéculaire).

Dans ce but, Watts et al. [39] ont défini un angle de seuil θs (équation (2.8) de
[39]) pour calculer la probabilité P . Pour un angle d’incidence inférieur à θs, Watts
et al. ont défini que le rayon d’incidence provient du ciel (la lumière du soleil, le
rayonnement de l’atmosphère, etc), par exemple, le rayon incident ŝ′1 dans la figure
4. Sinon, le rayon d’incidence provient de la surface, par exemple, le rayon incident
ŝ′2 dans la figure 4.
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Watts et al. ont calculé l’angle de seuil délimitant ces deux zones en fonction
de la hauteur et de la longueur d’onde des vagues de la surface de mer. Ils ont mis
en évidence que θs est compris entre 79◦ et 89, 9◦.

Wu & Smith [1] ont utilisé presque la même méthode pour calculer P . La seule
différence est que deux angles de seuil ont été définis, l’un étant 90◦ et l’autre étant
85◦. Ils ont défini que les rayons avec θ′ < 85◦ proviennent du ciel, et les rayons
avec θ′ > 90◦ proviennent de la surface. Pour les rayons avec 85◦ ≤ θ′ ≤ 90◦, la
probabilité qu’ils proviennent de la surface P a été donnée empiriquement.

Il est difficile de définir précisément les angles de seuil. L’émissivité obtenue
dépend alors fortement de la définition des angles de seuil. Watts et al. ont montré
que l’émissivité de la surface de mer avec une réflexion pour θs = 85◦ et 90◦ dif-
fèrent de 2, 5×10−3 pour des vitesses de vent modérées. Cette différence croît avec
la vitesse du vent (voir la figure 5 de [39] pour plus de détail).

Modèle avec fonction de poids Pour éviter d’avoir à déterminer un angle de seuil
avec précision, Masuda [11] a calculé l’émissivité d’ordre un (avec une réflexion) à
l’aide d’une fonction de poids. Cette fonction de poids pondère la probabilité qu’un
rayon d’incidence ŝ′ avec un angle d’incidence θ′ provienne de la surface. Elle a été
développée sur la base du facteur de normalisation de Masuda et al. [10], donnée
par (la définition des symboles est modifiée) :

P =

{
1, if θ′ ≥ 90◦

1− p(θ′), if θ′ < 90◦
, (29)

où p(θ′) est la fonction d’illumination de Masuda et al. donnée par l’équation (28)
[10].

Dans la région où θ′ < 90◦, la fonction d’illumination de Masuda et al. p(θ′)
représente approximativement la probabilité qu’un point de la surface soit vu par le
récepteur. Ainsi, la fonction de poids donne approximativement la probabilité que
le rayon ŝ provienne de la surface.

Cependant, comme la fonction d’illumination de Masuda et al. ne représente pas
la probabilité statistique, p(θ′) n’est plus valide pour θ′ > 90◦, et la performance
de la fonction de poids peut être mise en doute. En fait, de mauvais accords sont
observés entre l’émissivité d’ordre un obtenue par le modèle de Masuda et al. [11]
et les résultats de la méthode de tracé de rayons de Monte-Carlo [22]. Nous avons
calculé l’émissivité d’une surface de la mer d’ordre un avec une méthode de tracé
de rayons de Monte-Carlo, et avons constaté que l’émissivité d’ordre un tend vers
0 lorsque l’angle d’observation θ tend vers 90◦. Le résultat de Masuda et al. pour
θ = 90◦ est d’environ 0, 02, ce qui représente une erreur beaucoup plus élevé que la
précision demandée (0, 3× 10−3) [22].

Modèles statistiques Plus rigoureusement, Bourlier et al. [15, 26] ont évalué la
contribution de l’émissivité d’ordre un en développant une fonction d’illumination
statistiques d’ordre un S1

M (avec une réflexion), afin d’estimer la probabilité qu’un
rayon émis par surface a été réfléchi une fois par un autre point de la surface dans
la direction d’observation considérée.

Cependant, les résultats du modèle [15] ne sont pas en bon accord avec les
résultats de Henderson et al. [13] (méthode tracé de rayons de Monte-Carlo).
Bourlier et al. [15] ont souligné que ceci pouvait être attribué au fait que la fonction
d’illumination S1

M n’a pas bien été évaluée.
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Pour calculer l’émissivité d’une surface de mer avec précision, une fonction
d’illumination avec réflexions par la surface plus précise doit être développée, ce
qui constitue l’un des apports principaux de cette thèse.

2.4 Modèle de réflectivité

La réflectivité d’une surface de la mer ρ correspond au rayonnement de l’atmo-
sphère réfléchi par la surface dans la direction d’observation θ, comme illustré dans
la figure 2 (c) avec une réflexion et dans la figure 2 (d) avec deux réflexions.

La réflectivité de la surface de mer ρ est une fonction directionnelle qui dépend
de la direction d’incidence ŝi(θi, φi) et de la direction de réflexion ŝ(θ, φ). Toute-
fois, il est courant de la moyenner sur l’hémisphère selon la direction d’incidence
ou de réflexion pour obtenir la réflectivité moyennée hémisphérique [12, 6], donnée
par :

ρhemi(θ, φ) =

∫ 2π

0

∫ π/2

0

ρ(θ, φ, θi, φi) dθi dφi. (30)

Dans le domaine infrarouge, l’approximation de l’optique géométrique est sup-
posée valide, ce qui signifie que seules les réflexions spéculaires sont prises en
compte dans le processus de diffusion. Dans la littérature, une réflexion par la sur-
face est souvent considérée. Les réflexions multiples par la surface sont générale-
ment ignorées, en raison de la complexité du problème.

2.4.1 Réflectivité avec une réflexion

Sous l’approximation de l’optique géométrique, la réflectivité d’un point de la
surface est obtenue par la réflectivité moyenne de la surface entière, donnée par :

ρ1 =
〈
|r|2g0

〉
, (31)

où le symbole 〈· · · 〉 correspond à la moyenne statistique sur les variables aléatoires.
Le terme |r|2 représente la réflectivité locale du point d’intérêt, et g0 correspond à
la projection de la zone autour de ce point sur la direction orthogonale à la direction
d’observation. L’équation (31) résume le principe de base de la modélisation de la
réflectivité infrarouge d’une surface de mer.

Comme montré dans la figure 2 (c), certaines parties de la surface sont dans
l’ombre de l’émetteur (atmosphère) ou du récepteur, en particulier pour des an-
gles d’incidence θi ou d’observation θ par rapport aux zénith importants. En con-
séquence, une fonction d’illumination bistatique d’ordre un, S1

B, est employée pour
tenir compte de ce phénomène. L’indice “B” représente la configuration bistatique
(l’émetteur et le récepteur sont situés dans des endroits différents), et l’exposant “1”
signifie qu’une réflexion par la surface est considérée.

Dans le modèle de Wagner [3], la fonction d’illumination monostatique S0
M

est étendue à la configuration bistatique. Bourlier et al. [4] ont étendu la fonc-
tion d’illumination de Smith [25] à la configuration bistatique de la même façon
que Wagner. Ces fonctions d’illumination bistatiques d’ordre un sont très utilisées
pour calculer la réflectivité d’une surface de mer [6, 8, 23, 33, 40]. La fonction
d’illumination bistatique est utilisée dans cette thèse pour calculer la réflectivité
d’une surface de mer avec une réflexion.
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2.4.2 Réflectivité avec réflexions multiples

Il est également possible que le rayon d’incidence soit réfléchi plusieurs fois
par la surface avant l’arrivée dans la direction d’observation, comme illustré dans
la figure 2 (d) pour deux réflexions. Ainsi, pour être plus précis dans l’estimation
de la réflectivité, les réflexions multiples par la surface doivent être considérées.
Cependant, comme il faut déduire une fonction d’illumination bistatique d’ordre
n, où n désigne le nombre des réflexions, cela constitue un problème difficile à
résoudre, donc elles ne sont pas prises en compte dans cette thèse.

Lynch & Wagner [12] ont construit une fonction d’illumination bistatique avec
deux réflexions par la surface. Ils ont supposé que la surface était un réflecteur
parfait. La réflectivité non polarisée de la surface a alors été calculée. Ils ont ainsi
mis en évidence que le critère de conservation de l’énergie était mieux satisfait après
la prise en compte de la seconde réflexion.

Bourlier et al. [41] ont développé une fonction d’illumination bistatique avec
réflexions multiples, qui est le produit des fonctions monostatiques d’ordre zéro.
Les résultats associés n’ont pas été comparés avec des résultats numériques ou avec
des mesures.

Dans le modèle de Schott et al. [42], une méthode de tracé de rayons de Monte-
Carlo a été développée pour calculer la réflectivité d’une surface de mer avec réflex-
ions multiples. Ils ont obtenu la même conclusion que le critère de conservation de
l’énergie était mieux satisfait après la prise en compte de la seconde réflexion.

Ce travail de thèse a pour but de modéliser l’émissivité ε et la réflectivité ρ
infrarouges d’une surface de mer avec précision. Dans cette thèse, les phénomènes
d’ombrage et de réflexions multiples par la surface sont pris en compte. Le travail
de cette thèse est résumé ci-dessous.

3 Contribution

3.1 Fonction d’illumination monostatique

Pour calculer l’émissivité d’une surface de mer avec précision, les phénomènes
d’ombrage et de réflexions multiples par la surface doivent être pris en compte.
Ainsi, les fonctions d’illumination monostatiques sans réflexion S0

M et celles avec
n réflexions SnM sont étudiées, fonctions qui permettent d’évaluer l’effet d’ombrage
et des réflexions par la surface. Les exposants “0” et “n” désignent le nombre de
réflexions. L’indice “M” représente la configuration monostatique.

3.1.1 Fonction d’illumination sans réflexion

La figure 5 illustre un récepteur mesurant le rayonnement d’une surface rugueuse.
Le récepteur se trouve dans la direction d’observation ŝ(θ, φ), qui forme un angle
θ ∈ [0◦; 90◦] avec le zénith, et un angle azimutal φ ∈ [0◦; 360◦] avec la direction du
vent. La direction X correspond à la direction horizontale du récepteur. A cause
de la rugosité de la surface, certaines parties de la surface se trouvent dans l’ombre
du récepteur, qui sont indiquées par les lignes en pointillés sur la figure 5. Ce
phénomène est appelé l’effet d’ombrage.

Évidemment, l’effet d’ombrage dépend de la direction d’observation ŝ et de
la rugosité de la surface (en particulier, des pentes de surface). Par exemple, une
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θ
ŝ

z

X⊗Y

Figure 5: Effet d’ombrage d’une surface rugueuse. La direction d’observation
forme un angle en élévation θ avec le zénith. La direction X correspond à la di-
rection horizontale du récepteur. La partie de la surface en pointillés se situe dans
l’ombre du récepteur, tandis que la partie de la surface en ligne continue est vue par
le récepteur.

surface lisse est toujours entièrement vue, quelle que soit la direction d’observation
0◦ ≤ θ < 90◦. Les caractéristiques physiques suivantes peuvent être prédites (pour
plus d’informations, voir la figure 2.2 du manuscrit) :

1. Dans le cas où θ = 0◦, ce qui correspond au fait que les rayons d’émission se
propagent verticalement vers le haut, aucun rayon d’émission n’est bloqué.
Ceci implique que S0

M = 1.

2. Dans le cas où θ = 90◦, ce qui correspond au fait que les rayons d’émission
se propagent horizontalement vers le récepteur situé au niveau de l’horizon,
tous les rayons d’émission sont bloqués. Ceci implique que S0

M = 0.

3. Plus le point de la surface considéré est élevé, plus la probabilité qu’il soit vu
est proche de 1. Le point culminant de la surface est vu, quand il n’y a pas
d’autre point de la surface qui peut l’ombrager. En effet, pour qu’un point
de la surface soit dans l’ombre du récepteur, son rayon d’émission dans la
direction d’observation ŝ doit atteindre la surface en un autre point.

4. Les points de la surface possédant des pentes γX0 dans la direction X (cor-
respondant à la direction horizontale du récepteur) qui sont supérieures à la
pente µ = cot θ du rayon d’émission se trouvent dans l’ombre du récepteur;
sinon, l’angle d’incidence local (entre la normale n̂ au point considéré et la
direction d’émission) |χ| > 90◦, ce qui n’est pas physique.

Comme prévu par les caractéristiques 1 et 2 de la liste ci-dessus, l’effet d’om-
brage devient de plus en plus significatif lorsque l’angle d’observation θ augmente.
Dans la mesure du rayonnement d’une surface de mer, les récepteurs situés proches
de la surface de la mer (par exemple, sur un navire ou un avion) ont des angles
d’observation importants. Ceci implique que l’effet d’ombrage ne peut pas être nég-
ligé pour ce type de configuration. Ce phénomène est renforcé par l’augmentation
de la vitesse du vent au-dessus de la surface de mer. En conséquence, l’estimation
de l’effet d’ombrage (nommé fonction d’illumination ou fonction d’ombre) doit être
faite avec précision.

Beaucoup d’efforts ont été consacrés à l’évaluation de l’effet d’ombrage [3, 10,
25, 30, 31, 34, 26]. Ces modèles sont appelés fonctions d’illumination d’ordre zéro,
car ils ne considèrent pas les réflexions par la surface.
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Dans cette thèse, le modèle de Smith est utilisé, car il est le plus précis. La
fonction d’illumination monostatique de Smith donne la probabilité qu’un point
quelconque de la surface soit vu par le récepteur. Pour une surface de longueur
infinie, elle est donnée par :

S0,unco
M (µ, γX0 , ζ0) = Υ(µ− γX0)F (ζ0)Λ(µ), (32)

où γX0 est la pente du point considéré dans la direction X , ζ0 sa hauteur, µ = cot θ
est la pente du rayon d’émission, et F est la fonction de répartition des hauteurs de
la surface, donnée par :

F (ζ) =

∫ ζ

−∞
pζ(t)dt, (33)

où pζ est la densité de probabilité des hauteurs de la surface. La fonction Λ(µ) est
liée à la pente du rayon d’émission, donnée par :

Λ(µ) =
1

µ

∫ +∞

µ

(γ − µ)pγ(γ) dγ. (34)

La moyenne de la fonction d’illumination sans réflexion donne le pourcentage
de la surface vue par le récepteur. Pour une surface avec une densité de probabilité
des pentes pγ gaussienne centrée, elle est donnée par :

S
0,unco

M (µ) =

∫ ∞
∞

∫ ∞
∞

Υ(µ− γX0)F (ζ0)Λ(µ)pγX (γX0)pζ(ζ0) dγX0 dζ0

=

[
1− 1

2
erfc

(
µ

σγX0

√
2

)]
1

Λ(µ) + 1
,

(35)

où σγX est l’écart type des pentes dans la direction X . erfc est la fonction erreur
complémentaire.

Les équations (32) et (35) n’ont pas pris en compte la corrélation entre les hau-
teurs et les pentes de la surface. La fonction d’illumination de Smith avec corréla-
tion est également étudiée dans cette thèse. Elle n’est pas présentée ici à cause de
la complexité de son expression mathématique.

Les résultats de la fonction d’illumination sans réflexion sont présentés dans la
section 2.1.6 du manuscrit. Une méthode de tracé de rayons de Monte-Carlo est
utilisée comme méthode de référence. La densité de probabilité des pentes de la
surface est supposée gaussienne centrée. La corrélation des hauteurs et des pentes
de la surface est prise en compte en considérant une fonction d’autocorrélation des
hauteurs gaussienne.

Les résultats des fonctions d’illumination de Smith et de Wagner sont comparés
avec ceux de la méthode de tracé de rayons de Monte-Carlo. De meilleurs accords
généraux sont observés entre la méthode de tracé de rayons de Monte Carlo et le
modèle de Smith. Cela indique le modèle de Smith est plus précis. En conséquence,
le modèle de Smith est utilisé dans toute la suite pour calculer l’émissivité d’une sur-
face de mer. Le modèle de Smith décorrélé surestime un peu l’effet d’illumination.
Cependant, de meilleurs accords sont observés après la prise en compte de la cor-
rélation.

L’ombrage est négligeable pour des angles d’observation par rapport au zénith
faibles : par exemple, θ < 60◦ pour une surface avec un écart type des pentes
σγ = 0.2. Pour θ plus grand, l’effet d’ombrage apparaît et augmente rapidement.
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Pour θ = 90◦, la fonction d’illumination moyenne est égale à zéro, ce qui signi-
fie que toute la surface est dans l’ombre du récepteur. Les résultats montrent que
pour ν = µ/(σγ

√
2) inférieur à 2, l’effet d’ombrage est négligeable (pour plus

d’informations, voir les figures 2.10 et 2.11 du manuscrit).
La fonction d’illumination de Smith est également étudiée en fonction de la

direction du vent. Il est montré que l’effet d’ombrage varie de manière significative
en fonction de la direction du vent. De manière générale, cet effet est maximal dans
les directions traverses au vent (φ = {90◦, 270◦}), parce que l’écart type des pentes
est le plus faible dans ces directions.

La fonction d’illumination de Smith moyennée est symétrique par rapport aux
directions face, traverse, et dos au vent (φ = {0◦, 90◦, 180◦, 270◦}) pour une den-
sité de probabilité des pentes gaussienne. Après la prise en compte de l’effet
de skewness, elle est symétrique par rapport aux directions face et dos au vent
(φ = {0◦, 180◦}), ce qui vérifie la définition de l’effet de skewness. En règle
générale, la fonction d’illumination moyennée de Smith augmente pour θ = 85◦

après la prise en compte des effets de skewness et de kurtosis.

3.1.2 Fonction d’illumination avec une réflexion

Pour calculer l’émissivité d’une surface de mer avec précision, les réflexions par
la surface doivent être considérées. La clé de ce problème réside dans la résolution
de la fonction d’illumination avec réflexions par la surface.

Dans cette thèse, une réflexion par la surface est considérée. Nous rappelons que
l’approximation de l’optique géométrique est employée, ce qui implique que seules
les réflexions spéculaires sont considérées. Une fonction d’illumination monosta-
tique statistique avec une réflexion par la surface est développée dans cette section,
fonction qui donne la probabilité que le rayon d’émission d’un point arbitraire M1

de la surface arrive au récepteur après avoir s’être réfléchi une fois en un autre point
M0 de la surface.

La figure 6 illustre une réflexion par la surface. Un rayon est émis par le point
M1 et se propage dans la direction ŝ′. Il intercepte la surface au point M0, où il est
réfléchi spéculairement dans la direction d’observation ŝ.

θ
θ′

ŝ

M1

M0

z

ŝ′

(a)

θθ′
ŝ

M1

M0

z

ŝ′

(b)

Figure 6: Une réflexion par la surface : (a) cas 1, θ′ > 90◦; (b) cas 2, θ′ < 90◦.

La fonction d’illumination avec une réflexion peut également être exprimée par
la probabilité que le rayon allant de M0 au récepteur (notée M0(ŝ)) n’intercepte
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pas la surface, tandis que le rayon allant de M0 à M1 (noté M0(−ŝ′)) intercepte la
surface. Cette probabilité est donnée par la relation :

S1
M = p(M0(ŝ) n’intercepte pas ∩M0(−ŝ′) intercepte),

= p(M0(ŝ) n’intercepte pas)
×p(M0(−ŝ′) intercepte |M0(ŝ) n’intercepte pas),

= p(M0(ŝ) n’intercepte pas)
× [1− p(M0(−ŝ′) n’intercepte pas |M0(ŝ) n’intercepte pas)]

= p(a)[1− p(b|a)],

(36)

où “M0(ŝ) n’intercepte pas la surface” est noté “a” et “M0(−ŝ′) n’intercepte pas
la surface” est noté “b”.

La probabilité p(a) correspond à la fonction d’illumination monostatique sans
réflexion S0

M. Dans cette thèse, la fonction d’illumination de Smith est employée.
Elle est donnée par

p(a) = S0
M = Υ(µ− γX0)F (ζ0)Λ(µ), (37)

où X est la direction horizontale de ŝ.
La probabilité conditionnelle p(b|a) est calculée par rapport aux cas illustré sur

la figure 6. Dans le cas 1 où le rayon M0(−ŝ′) se propage vers le bas (|θ′| > 90◦),
la probabilité conditionnelle p(b|a) = 0. La raison physique est qu’un rayon se
propageant vers le bas intercepte obligatoirement la surface. Ainsi, sa probabilité
complémentaire est égale à 0.

Dans le cas 2 où le rayon M0(−ŝ′) se propage vers le haut (|θ′| < 90◦), la
probabilité conditionnelle p(b|a) est donnée par :

p(b|a) = F (ζ0)Λ−(µ1), si θ′ < 90◦. (38)

où µ1 est la pente du rayon ŝ′ dans la direction X ′. X ′ est défini par la direction
horizontale du vecteur ŝ′. La fonction Λ−(µ1) est donnée par :

Λ−(µ1) =
1

µ1

∫ µ1

−∞
(γ − µ1)pγX′ (γ) dγ, (39)

où pγX′ est la densité de probabilité des pentes de la surface dans la direction X ′.
Pour conclure, la fonction d’illumination statistique avec une réflexion par la

surface (dite d’ordre un) est donnée par :

S1,unco
M (θ, γx0 , γy0 , ζ0) = Υ(µ− γX0)F (ζ0)Λ(µ)

×
{

1 si |θ′| > 90◦

1− F (ζ0)Λ−(µ1) si |θ′| < 90◦
.

(40)

Rappelons que la fonction d’illumination sans réflexion (dite d’ordre zéro) dé-
pend de la pente de M0 via la fonction de Heaviside Υ(µ − γX0), ce qui ne donne
que deux possibilités : l’éventualité que la facette soit vue par le capteur est ou
possible (Υ = 1), ou impossible (Υ = 0). Cependant, la fonction d’illumination
avec une réflexion est plus compliquée, car elle implique un rayon d’incidence et
un rayon de réflexion. La pente du rayon réfléchi affecte grandement la fonction
d’illumination. En conséquence, les points vus par le capteur sont divisés en deux
parties. La première partie correspond au cas 1, où le rayon réfléchi se propage vers
le bas et intercepte (de manière certaine) la surface. Ainsi, la fonction d’illumination



3. CONTRIBUTION 21

monostatique d’ordre un correspond à la probabilité que le point M0 soit vu par le
récepteur, ce qui est égal à F (ζ0)Λ(µ). L’autre partie correspond au cas 2, où le
rayon réfléchi se propage vers le haut. Il faut considérer la probabilité que le rayon
réfléchi M0(−ŝ′) intercepte la surface au cours de sa propagation. En conséquence,
un terme supplémentaire 1− F (ζ0)Λ(µ1) apparaît.

L’équation (40) ne prend pas en compte la corrélation des hauteurs et des pentes
de la surface. La fonction d’illumination d’ordre un corrélée a également été étudiée.
Cependant, elle n’est pas montrée ici, à cause de la complexité de sa forme.

Les résultats de la fonction d’illumination d’ordre un sont présentés dans la
section 2.2.2 du manuscrit. Pour valider le modèle, une méthode de tracé de rayons
de Monte-Carlo est utilisée. La densité de probabilité de la surface est supposée
gaussienne centrée.

Les histogrammes marginaux d’ordre un des hauteurs et des pentes constituent
un moyen supplémentaire de vérifier la validité du modèle. Ils sont définis par :

p̃1
γ(µ, γ0) = pγ(γ0)

∫ +∞

−∞
S1

M(µ, γ0, ζ0)pζ(ζ0) dζ0,

p̃1
ζ(µ, ζ0) = pζ(ζ0)

∫ +∞

−∞
S1

M(µ, γ0, ζ0)pγ(γ0) dγ0.
(41)

Ils correspondent à la distribution des hauteurs et des pentes de la surface qui con-
duisent à une réflexion. Les résultats sont comparés avec ceux de la méthode de
tracé de rayons de Monte-Carlo, et sont présentés dans la figure 2.16 du manuscrit.
De manière générale, nous pouvons observer que le modèle surestime légèrement
les réflexions par la surface. De meilleurs accords sont obtenus après la prise en
compte de la corrélation des hauteurs et des pentes de la surface. Les comparaisons
des résultats pour des surfaces avec différents écarts types des pentes ont montré
que la contribution des réflexions par la surface augmente lorsque l’écarte type des
pentes augmente.

Pour vérifier la validité du modèle présenté, la fonction d’illumination monos-
tatique avec une réflexion moyennée est étudiée. Elle est obtenue par l’intégrale de
S1

M sur les hauteurs et les pentes de M0, donnée par :

S
1

M(θ) =

∫ +∞

−∞

∫ +∞

−∞
S1

M(θ, γ0, ζ0)p(γ0, ζ0) dζ0 dγ0. (42)

Les résultats sont donnés dans la figure 2.18 du manuscrit. La fonction d’illumi-
nation monostatique avec une réflexion moyennée est calculée et présentée pour des
surfaces avec des écarts type des pentes σγ = 0.2 et σγ = 0.5. De bons accords entre
le modèle décorrélé et la méthode de tracé de rayons Monte-Carlo sont observés. La
surestimation est significative pour des angles d’observation par rapport au zénith
importants : par exemple, θ > 60◦ pour des surfaces avec un écart type des pentes
σγ = 0.2. Après la prise en compte de la corrélation, la surestimation diminue.
Malheureusement, le modèle corrélé est trop complexe à calculer et prend un temps
de calcul trop long.

Les simulations ont montré que la fonction d’illumination d’ordre un est tou-
jours importante pour des angles d’observation par rapport au zénith θ grands, avec
un maximum de plus de 0, 2 à θ ≈ 75◦ pour des surfaces avec σγ = 0, 2 et à θ ≈ 50◦

pour des surfaces avec σγ = 0, 5, ce qui signifie que les réflexions par la surface
ont lieu sur 20 % de l’aire totale de la surface pour ces angles d’observation. Les
recherches existantes sur l’émissivité infrarouge d’une surface de mer [1, 13] ont
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montré que les modèles qui ne tiennent pas compte des réflexions par la surface
sous-estiment l’émissivité de la surface pour des angles d’observation par rapport
au zénith θ grands. Lorsque les réflexions par la surface sont significatives pour ces
angles, la prise en compte d’une réflexion par la surface améliore l’accord entre le
modèle analytique et les mesures.

La fonction d’illumination monostatique avec une réflexion moyennée est égale-
ment calculée par rapport à la direction du vent. Les simulations ne montré qu’elle
dépend de la direction du vent. Elle est symétrique par rapport aux directions face,
traverse, et dos au vent (φ = {0◦, 90◦, 180◦, 270◦}) pour la densité de probabilité
des pentes gaussienne. Après la prise en compte de l’effet du skewness, elle est
symétrique par rapport aux directions face et dos au vent (φ = {0◦, 180◦}).

La fonction d’illumination corrélée est plus précise, mais son temps de calcul
est long. Ainsi, un facteur empirique est développé pour améliorer la performance
du modèle décorrélé, tout en conservant un temps de calcul très faible. La fonction
d’illumination sans réflexion par la surface est multipliée par ce facteur empirique.
De très bons accords sont observés entre la fonction d’illumination empirique, sans
et avec une réflexion, et la méthode de tracé de rayons de Monte-Carlo.

Pour conclure, les fonctions d’illumination monostatique sans et avec une réflex-
ion sont étudiées. Les simulations montrent que la fonction d’illumination de Smith
est la plus précise. Les réflexions par la surface sont importantes pour des angles
d’observation rasants.

Dans ce qui suit, l’émissivité infrarouge de la surface de mer est étudiée, où
l’ombrage et des réflexions par la surface sont pris en compte à l’aide des fonctions
d’illumination développées dans cette section. La fonction d’illumination d’ordre
un constitue une des contributions principales de cette thèse.

3.2 Emissivité d’une surface de mer

L’émissivité infrarouge d’une surface de mer dans les fenêtres de transmission
atmosphériques est un paramètre important pour la télédétection océanique, par ex-
emple, pour le calcul de la température de la surface de la mer. D’un point de vue
applicatif, il est important de calculer l’émissivité avec précision, ce qui implique
que les phénomènes d’ombrage et de réflexions par la surface doivent être pris en
compte.

Les premiers modèles de l’émissivité infrarouge d’une surface de mer ont pris en
compte l’effet de l’ombrage. Cependant, les réflexions par la surface sont difficiles
à considérer. Les modèles de la littérature de l’émissivité d’une surface de mer
avec réflexions ne sont pas satisfaisants, à cause du défaut de la construction de
la fonction d’illumination avec réflexion(s). Dans cette thèse, l’émissivité d’une
surface de mer avec une réflexion par la surface est calculée à l’aide de la fonction
d’illumination d’ordre un présentée précédemment.

3.2.1 Emissivité directe avec ombrage

L’émissivité infrarouge directe d’une surface de mer, qui est illustrée sur la fig-
ure 7, correspond au rayonnement intrinsèque de la surface se propageant directe-
ment vers le récepteur situé dans la direction d’observation ŝ. Elle est également
appelée émissivité d’ordre zéro, car aucune réflexion par la surface n’est considérée.
Les modèles de l’émissivité infrarouge d’une surface de mer d’ordre zéro sont bien
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connus [10, 32, 6, 7, 35]. Cette section se base sur les travaux de Bourlier et al.
[32] pour calculer l’émissivité infrarouge directe (dite d’ordre zéro) d’une surface
de mer. De plus, la polarisation est prise en compte.

z
n̂0

θ

χ0 ŝ

X
M0

Figure 7: Emissivité infrarouge directe d’une surface de mer. Le rayon d’émission
se propage directement vers le récepteur situé dans la direction ŝ.

L’émissivité directe ε0 est calculée tout d’abord pour des surfaces à une dimen-
sion (problème 2D), pour plus de simplicité. Ensuite, des surfaces bidimension-
nelles (problème 3D) sont considérées pour étudier l’effet de polarisation croisée.
A cause de la rugosité de la surface, l’effet d’ombrage doit être pris en compte dans
la modélisation électromagnétique.

Nous supposons que la mer est opaque pour les longueurs d’onde infrarouges,
ce qui signifie que toute l’énergie de réfraction est absorbée. Nous supposons égale-
ment que la surface de mer est dans un équilibre thermique. L’émissivité locale d’un
point arbitraire de la surface M0 est donnée par [10] :

εlocal
0,H,V (χ0) = 1− |rH,V (χ0)|2, (43)

où rH,V sont les coefficients de Fresnel respectivement en polarisations horizontale
H et verticale V .

L’émissivité infrarouge directe ε0 d’une surface de mer ε0 est obtenue par la
moyenne de l’émissivité locale εlocal

0,H,V des points vus par le récepteur, donnés par
[32] :

ε0,H,V =
〈[

1− |rH,V (χ0)|2
]
g0 S

0
M

〉
0
, (44)

où g0 correspond à la projection de la zone autour du point M0 sur la direction
orthogonale à la direction d’observation. Le symbole 〈· · · 〉0 représente la moyenne
statistique sur les pentes et les hauteurs de la surface. S0

M est la fonction d’illumina-
tion sans réflexion par la surface. Dans cette thèse, le modèle de Smith est employé.

Emissivité directe L’émissivité infrarouge sans réflexion d’une surface de mer
est calculée pour des vitesses du vent à 12.5 m u12 de 5 et 10 m/s, et pour des
longueurs d’onde λ de 4 et 10 µm. Les résultats sont présentés dans les figures 3.3-
3.5 du manuscrit. Les résultats sans effet d’ombrage montrent que, pour θ > 85◦,
l’émissivité d’ordre zéro ε0 dépasse 1 et tend vers l’infini lorsque θ tend vers 90◦,
ce qui n’est pas physique. Ceci est dû au fait que pour les angles d’observation
par rapport au zénith importants, le modèle sans ombrage prend en compte tous les
points de la surface pour calculer l’émissivité de la surface, y compris les points
dans l’ombre du récepteur qui ne contribuent pas à la radiation de la surface.
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L’émissivité infrarouge directe d’une surface lisse est calculée et comparée avec
ceux des surfaces de mer. Il est montré que l’émissivité infrarouge directe ε0 est
proche de 1 lorsque θ est faible (θ < 40◦). L’émissivité infrarouge directe d’une
surface lisse est égale à 0 pour θ = 90◦. En outre, lorsque la vitesse du vent aug-
mente, l’émissivité infrarouge directe ε0 diminue légèrement pour les angles par
rapport au zénith modérés (par exemple, 50◦ . θ . 70◦), et augmente significative-
ment pour des angles importants (par exemple θ & 70◦).

Les résultats du modèle sont comparés avec ceux de la méthode de tracé de
rayons de Monte-Carlo pour des surfaces avec une densité de probabilité des pentes
gaussienne centrée. De très bons accords sont observés entre le modèle et la méth-
ode de tracé de rayons de Monte-Carlo pour θ . 85◦. En général, le modèle corrélé
donne un meilleur accord avec la méthode de tracé de rayons. De petites différences
apparaissent pour θ > 85◦. Dans cette région, l’erreur de calcul dans l’intégration
numérique de la fonction d’illumination corrélée devient importante, ce qui est la
raison principale de cet écart.

Les effets du skewness et du kurtosis sont également étudiés. Lorsque la mer est
relativement calme, par exemple pour u12 = 5 m/s, les émissivités directes avec une
densité de probabilité des pentes gaussienne et non-gaussienne (avec skewness et
kurtosis compris) sont très semblables, ce qui signifie que les effets du skewness et
du kurtosis sont faibles. Lorsque la vitesse du vent augmente, les effets du skewness
et du kurtosis deviennent plus importants.

Degré de polarisation Le rayonnement infrarouge intrinsèque d’une surface ru-
gueuse est partiellement polarisée pour des grands angles d’observation [36, 43].
Le degré de polarisation (DP) de l’émissivité est donc calculé. Il est donné par :

DP =
εH − εV
εH + εV

, (45)

où εH et εV sont les émissivités en polarisations horizontale H et verticale V .
Le module du DP décrit la fraction de la puissance polarisée par rapport à la

puissance totale, tandis que son signe traduit la direction de polarisation dominante.
Un DP positif indique que la polarisation horizontale (H) est dominante, et vice-
versa.

Les résultats de DP de l’émissivité directe ε0 sont montrés dans les figures 3.6
et 3.12 du manuscrit. Les simulations montrent que le DP est toujours négatif, ce
qui signifie que la polarisation V est toujours la polarisation dominante. Lorsque
la vitesse du vent augmente, la valeur absolue du DP diminue, ce qui signifie que
l’augmentation de la vitesse du vent induit une diminution des caractéristiques de
polarisation de l’émissivité directe.

Polarisation croisée Pour des surfaces 1D (problèmes 2D), la direction d’obser-
vation ŝ et la normale locale du point considéré n̂0 sont dans le même plan contenant
la surface. Ceci signifie que les directions de polarisation locales horizontale et
verticale des différents points de la surface sont identiques. En conséquence, il n’y
a pas de polarisation croisée.

Cependant, pour des surface 2D (problèmes 3D), les directions de polarisation
locales sont différentes d’un point de la surface à un autre. Pour décrire l’état de
polarisation de l’émissivité infrarouge d’une surface de mer, la surface moyenne de
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la mer, qui est parallèle au plan horizontal, est considérée. Les directions de polari-
sation globales sont définies par la direction d’observation ŝ et le zénith. Lorsque le
plan tangent au point considéré est différent de la surface moyenne de la mer, il y a
un angle de rotation α entre les directions de polarisation globales et locales. Nous
appelons cet effet la “polarisation croisée”.

L’effet de la polarisation croisée de l’émissivité directe est étudiée dans la figure
3.8 du manuscrit. Il est montré que les termes de polarisation croisée (h0V et v0H)
ne sont significatifs que pour des petits angles d’observation par rapport au zénith
θ ; par exemple, θ < 30◦ pour la vitesse du vent u12 = 5 m/s et θ < 35◦ pour
u12 = 10 m/s. Nous pouvons alors conclure que l’augmentation de la vitesse du
vent induit une augmentation de l’effet de polarisation croisée pour des petits angles
d’observation θ, ce qui est conforme à la physique.

Les contributions des polarisations croisées diminuent rapidement avec l’aug-
mentation de l’angle θ et deviennent faibles pour les grandes valeurs de θ : par
exemple, ε0,h0V ≈ 0, 0068 et ε0,v0H ≈ 0, 0093 pour θ = 85◦. D’autre part,
les contributions ε0,h0H et ε0,v0V sont toujours significatives, quel que soit l’angle
d’observation θ.

Pour étudier la diminution rapide des contributions des polarisations croisées,
la moyenne de l’angle de rotation α, donnée par 〈αS0

M〉0, est calculée pour des
densités de probabilité des pentes de la surface gaussienne et non gaussienne. La
fonction d’illumination S0

M est prise en compte pour éliminer l’influence des points
dans l’ombre du récepteur, qui ne contribuent pas à l’émissivité observée.

Les résultats montrent que la moyenne de α est un peu plus de 40◦ pour θ = 0◦

pour les vitesses du vent u12 = 5 et 10 m/s. Cela explique que les termes en
polarisations parallèles (h0H , v0V ) et ceux en polarisations croisées (h0V et v0H)
sont similaires pour θ = 0◦, car α est proche de 45◦.

La moyenne de α décroît avec l’augmentation de θ, d’un peu plus de 40◦ pour
θ = 0◦ à environ 0◦ pour θ = 90◦. Ceci implique que les directions de polarisa-
tion globales et locales sont proches. Par conséquent, l’influence des polarisations
croisées devient négligeable.

3.2.2 Emissivité avec une réflexion

Des comparaisons avec des mesures ont montré que les modèles d’ordre zéro ont
sous-estimé l’émissivité infrarouge d’une surface de mer pour des angles d’obser-
vation θ importants [39, 1, 22]. Une raison à cette observation est que les réflexions
par la surface n’ont pas été prises en compte.

Dans cette thèse, l’émissivité infrarouge d’une surface de mer avec une réflex-
ion (d’ordre un) est calculée analytiquement. La fonction d’illumination avec une
réflexion S1

M est utilisée. La fig. 8 illustre l’émissivité d’une surface avec une
réflexion.

L’émissivité d’ordre un ε1 correspond à l’énergie émise par un point de la sur-
face M1 et réfléchie par un autre point M0 de la surface dans la direction d’observa-
tion ŝ. L’émissivité d’ordre un locale d’un point arbitraire est donnée par [15] :

εlocal
1 =

[
1− |r(χ1)H,V |2

]
|r(χ0)H,V |2. (46)

L’émissivité d’une surface de mer avec une réflexion ε1 est obtenue par la moyenne
des émissivités locales εlocal

1 des points de la surface, donnée par :

ε1 =
〈
εlocal

1 g0S
1
M

〉
1
, (47)



26

n̂0 θ

χ0

ŝ
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Figure 8: Emissivité d’une surface de mer avec une réflexion. Le rayon d’émission
du point M1 de la surface intercepte la surface au point M0, où il est réfléchi spécu-
lairement à la direction d’observation ŝ.

où g0 correspond à la projection de la zone autour du point considéré sur la di-
rection orthogonale à la direction d’observation. Le symbole 〈· · · 〉1 représente la
moyenne statistique sur les pentes et les hauteurs de la surface. S1

M est la fonction
d’illumination avec une réflexion par la surface.

Comparaison avec la méthode de tracé de rayons L’émissivité infrarouge d’une
surface de mer avec une réflexion ε1 est calculée et comparée avec la méthode de
tracé de rayons de Monte-Carlo dans les fig. 3.15 et 3.16. La DDP des pentes de la
surface est supposée gaussienne centrée.

Les simulations montrent que l’émissivité avec une réflexion ε1 contribue aux
angles d’observation importants. Avec la fonction d’illumination d’ordre un dé-
corrélée, de bons accords sont observés entre le modèle et la méthode de tracé de
rayons. Le modèle décorrélé surestime l’émissivité d’ordre un pour θ > 80◦. De
meilleurs accords sont obtenus par la prise en compte de la corrélation des hauteurs
et des pentes de la surface. L’émissivité avec une réflexion a un maximum d’environ
2, 5× 10−2 et tend vers zéro à θ = 90◦.

Les résultats de la méthode de tracé de rayons de Monte-Carlo de l’émissivité
infrarouge avec deux réflexions sont également présentés, afin de voir s’il est néces-
saire de pousser la modélisation à l’ordre deux ou plus. Un maximum d’environ
2, 5 × 10−3 pour 80◦ est observé en polarisations H et V , ce qui est très inférieur
(10%) à celui de l’émissivité avec une réflexion. Les calculs de la méthode de
tracé de rayons de Monte-Carlo avec trois réflexions ont également été menés : un
maximum d’environ 4 × 10−4 a alors été obtenu (non représenté dans la thèse).
En conséquence, deux réflexions et plus sont négligeables dans l’émissivité par la
surface de mer.

Polarisation croisée Pour des surfaces 2D, les directions de polarisation locales
sont différentes d’un point de la surface à un autre. Lorsque les normales des points
M0 et M1 ne sont pas identiques, il y a un angle de rotation β entre leurs directions
de polarisation locales. Rappelons qu’il y a un angle de rotation α entre la direction
de polarisation locale du point M0 et la direction de polarisation globale. Cela
signifie que la polarisation croisée se produit.

Les termes de l’émissivité d’une surface de mer avec une réflexion en polarisa-
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tions parallèles et croisées sont présentés dans les figures 3.20 et 3.21 du manuscrit.
Les contributions des polarisations croisées sont très faibles u12 = 5 m/s et faibles
pour u12 = 10 m/s. On peut conclure que, comme attendu, l’augmentation de la
vitesse du vent augmente l’effet des polarisations croisées.

Les angles de rotation moyennés α et β, donnés par 〈α§1M〉1 et 〈βS1
M〉1, sont

calculés. La fonction d’illumination d’ordre un est prise en compte pour pondérer
chaque α et β, selon la probabilité d’observer une réflexion. Les résultats montrent
que les moyennes des angles α et β sont très petites : par exemple, le maximum de
β est d’environ 3◦, et celui de α est 1◦ pour une vitesse du vent u12 = 5 m/s. En
d’autres termes, cela signifie que les directions de polarisation globales et locales
des points M0 et M1, sont presque les mêmes. Ainsi, les termes en polarisations
croisées sont faibles.

Emissivité totale et comparaison avec mesures L’émissivité totale de la surface
de mer peut être évaluée par la somme de l’émissivité directe et de celle avec une
réflexion, car nous avons mis en évidence que les émissivités avec deux réflexions
et plus étaient négligeables.

Les simulations montrent que l’émissivité totale d’une surface de mer diminue
avec l’augmentation de l’angle d’observation θ. Par rapport à l’émissivité directe,
l’émissivité totale est significativement augmentée pour des angles d’observation
importants après la prise en compte de la contribution de l’émissivité d’ordre un. Le
degré de polarisation (DP) de l’émissivité totale est également étudiée. On trouve
que le DP de l’émissivité totale est toujours négatif, ce qui signifie que la polarisa-
tion globale verticale est la dominante. La prise en compte de l’émissivité avec une
réflexion diminue le module du DP, ce qui signifie qu’une réflexion par la surface
diminue les caractéristiques de polarisation de l’émissivité d’une surface de mer.

L’émissivité totale obtenue par le modèle développé dans cette thèse est com-
parée avec les mesures de Smith et al. [37] et ceux de Niclòs et al. [38]. Les com-
paraisons montrent que les résultats du modèle et les mesures ont la même forme.
De très bons accords sont observés pour des angles d’observation θ faibles à mod-
érés (θ = {25◦, 35◦, 36.5◦, 45◦, 55◦, 56.5◦}). Le modèle sous-estime l’émissivité de
la surface de mer pour les angles 65◦ et 73.5◦. De plus, de meilleurs accords sont
obtenus après la prise en compte de l’émissivité avec une réflexion.

L’émissivité infrarouge d’ordre un d’une surface de mer est une des principales
contributions de cette thèse. Les résultats pour des surfaces 1D ont fait l’objet d’une
publication en revue en 2011 dans Applied Optics [22], et ceux pour des surfaces
2D ont été publiés très récemment dans Remote Sensing of Environment [44].

Pour prédire le signal reçu par le récepteur mesurant le rayonnement infrarouge
d’une surface de mer, la connaissance de l’émissivité ε et de la réflectivité ρ de la
surface sont nécessaires. Ainsi, dans ce qui suit, la fonction d’illumination bista-
tique, qui est un paramètre clé du calcul de la réflectivité, est étudiée.

3.3 Fonction d’illumination bistatique

Lorsqu’on calcule la réflectivité d’une surface de mer ρ, l’ombrage de l’émetteur
et du récepteur doit être étudié, en particulier lorsque l’émetteur et le récepteur sont
proches de l’horizon (θi et θ tendent vers 90◦). D’autre part, la contribution des
réflexions multiples doit être prise en compte.
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Pour évaluer les phénomènes de l’ombrage et des réflexions multiples, une fonc-
tion d’illumination bistatique SnB est utilisée, où n = 1, 2, 3, . . . désigne le nombre
de réflexions. L’indice “B” correspond à la configuration bistatique, ce qui signifie
que l’émetteur et le récepteur sont situés dans des endroits différents.

3.3.1 Fonction d’illumination bistatique avec une réflexion

La figure 9 illustre un rayon d’incidence ŝi réfléchi par la surface dans la direc-
tion d’observation ŝ. En raison de la rugosité de la surface, une partie de la surface
se trouve dans l’ombre de l’émetteur, comme indiqué par la ligne discontinue bleu
sur la figure. De même, une partie de la surface se trouve dans l’ombre du récepteur,
notée en rouge. Ce phénomène est appelé effet d’ombrage bistatique. Les directions
X et X ′ correspondent aux composantes horizontales de ŝ et ŝi.

ŝ
z

z

X

X ′

θi

θ

θ1

ŝi

Figure 9: Effet d’ombrage bistatique : une partie de la surface se trouve dans
l’ombre de l’émetteur (zone en bleu) ou du récepteur (zone en rouge).

Pour évaluer l’effet d’ombrage bistatique, une fonction d’illumination bistatique
avec une réflexion est utilisée. Dans cette thèse, le modèle de Smith [4] est employé.

Les résultats de la fonction d’illumination bistatique sont comparés avec ceux
d’une méthode de tracé de rayons de Monte-Carlo. La densité de probabilité des
pentes de la surface est supposée gaussienne centrée.

Les histogrammes des hauteurs et des pentes de la surface vues par le récepteur
et l’émetteur sont d’abord étudiés. On trouve que la fonction d’illumination prédit
bien les hauteurs et les pentes de la surface vues dans les deux directions. Le mod-
èle décorrélé surestime les résultats, ainsi que celui avec corrélation, qui donne de
meilleurs accords.

La fonction d’illumination bistatique moyennée S
2

B donne le pourcentage de la
surface vue par le récepteur et l’émetteur. Les résultats sont comparés avec ceux de
la méthode de tracé de rayons de Monte-Carlo. Comme prévu par les résultats des
histogrammes, la fonction d’illumination bistatique moyennée donne de bons ac-
cords avec la référence. De meilleurs accords sont obtenus après la prise en compte
de la corrélation.

Ensuite, le fait que les directions d’observation et d’incidence sont liées par une
réflexion spéculaire est pris en compte dans la modélisation. Tout d’abord, pour une
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direction d’observation θ donnée, la distribution de la direction d’incidence θi est
étudiée. Les résultats sont présentés et comparés avec ceux de la méthode de tracé
de rayons de Monte-Carlo, pour des surface avec un écart type des pentes σγ = 0.2
et σγ = 0.5. Les angles d’observation faible θ = 30◦, modéré θ = 60◦ et grand
θ = 80◦ sont étudiés. De très bons accords sont alors observés pour ces 3 angles
entre le modèle et la méthode de tracé de rayons de Monte Carlo.

Les résultats montrent que la largeur des lobes de la distribution selon la direc-
tion d’incidence θi deviennent plus faible lorsque l’angle d’observation par rapport
au zénith θ augmente, ce qui signifie que l’énergie de réflexion est plus concentrée
angulairement.

Pour des surfaces avec un écart type des pentes σγ = 0.2, les largeurs des
lobes sont plus étroits que ceux pour σγ = 0.5. Pour des surfaces avec σγ = 0.2,
les distributions selon θi, pour les trois directions angulaires d’observation θ =
{30◦, 60◦, 80◦} étudiées, ont un maximum autour de la direction de réflexion spécu-
laire globale θi = {−30◦,−60◦,−80◦}, ce qui signifie qu’il est plus probable que
le rayon réfléchi quitte la surface dans la direction de réflexion spéculaire globale.
Pour des surfaces avec σγ = 0.5, les lobes sont plus étalés, comme attendu.

La moyenne hémisphérique de la fonction d’illumination bistatique avec une

réflexion S
1,hemi

B est calculée et comparée avec la méthode de tracé de rayons de
Monte-Carlo. Elle donne la proportion de la surface vue par le récepteur dans
la direction θ, et où le rayon réfléchi quitte la surface après une réflexion par la
surface (chemin inverse). De bons accords sont observés, avec une surestimation.

On trouve que S
1,hemi

B diminue de façon monotone avec l’augmentation de l’angle

d’observation θ. Pour des surfaces avec σγ = 0.2, S
1,hemi

B est proche de 1 lorsque
θ < 40◦, ce qui signifie que toute la surface est vue par le capteur, et tous les rayons
réfléchis quittent la surface (sans la rencontrer à nouveau) après une réflexion. Pour

des surfaces avec σγ = 0.5, S
1,hemi

B ≈ 0.9, ce qui signifie que 90% de la surface est
vue et les rayons réfléchis quittent la surface (sans la rencontrer à nouveau) après

une réflexion. Pour θ = 90◦, S
1,hemi

B tend vers zéro.

3.3.2 Fonction d’illumination bistatique avec deux réflexions

Pour prendre en compte deux réflexions par la surface, une fonction d’illumina-
tion bistatique avec deux réflexions S2

B est développée suivant le modèle de Lynch
& Wagner [12]. La figure 10 illustre deux réflexions par la surface.

Un rayon d’incidence ŝi intercepte la surface au point M1, où il est réfléchi
spéculairement dans la direction ŝ′. Ensuite, le rayon ŝ′ intercepte la surface en M0,
où il est réfléchi spéculairement dans la direction d’observation ŝ.

Pour évaluer la probabilité que les réflexions double soient observées, 4 événe-
ments sont définis, donnés par :

– “le rayon ŝ n’intercepte pas la surface” est noté a ;
– “le rayon ŝ′− intercepte la surface au point M1” est noté b ;
– “M0 réfléchi ŝ′− à la direction ŝ−i ” est noté c ;
– “le rayon ŝ−i n’intercepte pas la surface” est noté d.

La fonction d’illumination bistatique avec deux réflexions S2
B est donc donnée par :

S2
B = p(abcd) = p(a)p(b|a)p(c|ab)p(d|abc). (48)
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Figure 10: Deux réflexions par la surface : le rayon d’incidence ŝi est réfléchi
spéculairement deux fois par la surface, au point M1 puis au point M0, dans la
direction d’observation ŝ.

S2
B est basée sur les fonctions d’illumination monostatiques sans et avec une réflex-

ion.

La fonction d’illumination bistatique avec deux réflexions moyennée S
2,spe

B , qui
correspond à la distribution de θi (ou θ) pour un θ (ou θi) donné, est calculée pour
des surfaces avec un écart type des pentes σγ = 0.2 et σγ = 0.5, et pour des angles
d’observation θ = {30◦, 60◦, 80◦}. Les résultats sont comparés avec ceux de la
méthode de tracé de rayons de Monte-Carlo.

Des différences apparaissent entre les résultats du modèle et ceux de la méth-
ode de tracé de rayons de Monte-Carlo, en particulier pour le plus faible angle

d’observation θ = 30◦. Le maximum de S
2,spe

B du modèle est situé presque pour
le même θi ≈ −80◦ pour les différentes valeurs de θ, tandis que les résultats de
tracé de rayons de Monte-Carlo montrent que sa position dépend de l’angle θ. Une
raison possible de cette différence est que la densité de probabilité de la pente M1

n’est pas bien calculée dans le modèle. Mis à part ce décalage, les résultats du mod-
èle sont généralement au même niveau que ceux de la méthode tracé de rayons de
Monte-Carlo.

La moyenne hémisphérique de la fonction d’illumination avec deux réflexions

S
2,hemi

B donne la proportion de la surface vue par le récepteur (chemin inverse) pour

deux réflexions par la surface. Elle est obtenue par la moyenne de S
2,spe

B sur l’angle
d’incidence θi ∈ [−90◦; 90◦].

Les résultats de S
2,hemi

B sont présentés pour des surfaces avec un écart type des
pentes σγ = 0.2 et σγ = 0.5. Bon accord général est obtenu entre le modèle et
la méthode de tracé de rayons de Monte Carlo. Le modèle décorrélé surestime
les résultats pour des angles d’observation importants. En règle générale, la prise
en compte d’une réflexion donne un meilleur accord avec la méthode de tracé de
rayons. On observe que les réflexions doubles contribuent plus fortement lorsque
l’écart type des pentes de la surface augmente.
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3.4 Réflectivité d’une surface de mer
La réflectivité d’une surface de mer est un paramètre important dans le domaine

océanique, par exemple, pour estimer le scintillement du soleil sur la surface de la
mer. Habituellement, une seule réflexion par la surface est considérée [23, 8, 45, 6].
Pourtant, pour calculer la réflectivité avec précision, il faut prendre en compte les
réflexions multiples dans la modélisation électromagnétique [9, 12]. Dans cette
section, la réflectivité d’une surface de mer avec une et deux réflexions par la sur-
face est calculée, à l’aide des fonctions d’illumination bistatiques associées décrites
précédemment.

3.4.1 Réflectivité avec une réflexion

La réflectivité infrarouge d’ordre un d’une surface de mer correspond au rayon-
nement de l’atmosphère réfléchi une fois par la surface dans la direction d’observa-
tion. La figure 11 illustre la réflectivité avec une réflexion.

θi
θ

χ0

χ0

z ŝ

M0

n̂0

ŝi

Figure 11: Un rayon d’incidence ŝi intercepte la surface au point M0, où il est
réfléchi spéculairement dans la direction d’observation ŝ.

La réflectivité (locale) d’un point arbitraire M0 de la surface est donnée par :

ρlocal
1,H,V (χ0) = |rH,V (χ0)|2, (49)

où rH,V sont les coefficients de réflexion de Fresnel en polarisations horizontale H
et verticale V .

La réflectivité d’une surface de mer est obtenue par la moyenne de la réflectivité
locale sur les points vus par le récepteur et l’émetteur, donnée par :

ρ0,H,V =
〈
|rH,V (χ0)|2g0 S

1,spe

B

〉
0
, (50)

où g0 correspond à la projection de la zone autour de ce point sur la direction orthog-
onale à la direction d’observation. Le symbole 〈· · · 〉0 représente la moyenne statis-
tique sur les pentes et les hauteurs de la surface. S1,spe

B est la fonction d’illumination
bistatique avec une réflexion par la surface. Dans cette thèse, la fonction de Smith
[4] est utilisée.

La réflectivité d’une surface de mer est calculée pour des vitesses du vent u12

de 5 et 10 m/s. Pour simplifier le problème, des surfaces 1D sont considérées. Pour
des surfaces 1D, les directions de polarisation globales et locales sont identiques, ce
qui signifie qu’il n’y a pas de polarisation croisée.
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Tout d’abord, la réflectivité avec une réflexion moyennée ρspe
1 est calculée, ce

qui donne la distribution bidirectionnelle de la réflectivité de la surface. Trois angles
d’observation θ = {30◦, 60◦, 80◦} sont considérés. Les résultats sont comparés avec
une méthode de tracé de rayons de Monte-Carlo.

De très bons accords sont observés entre le modèle et la méthode de tracé de
rayons de Monte-Carlo. Les résultats montrent que les réflectivités avec un réflex-
ion ρspe

1 en polarisations H et V sont très différentes. La réflectivité en polarisa-
tion V est toujours plus faible, ce qui signifie que l’état de polarisation du rayon
d’incidence est modifié après la réflexion par la surface. Le rayon réfléchi d’un
rayon non polarisé est partiellement polarisé, la polarisation H étant la plus signi-
ficative.

On trouve que les maxima de ρspe
1 en polarisation H et V sont différents. De

plus, ils ne sont pas dans la direction de réflexion spéculaire globale. Les positions
des maxima sont déplacés vers l’horizon (|θi| plus grand). Cet effet est rapporté
dans la littérature [8, 45].

La moyenne hémisphérique de la réflectivité avec une réflexion ρhemi
1 est égale-

ment étudiée. Elle est obtenue par la moyenne de la réflectivité bidirectionnelle
ρspe

1 sur l’angle d’incidence θi ∈ [−90◦; 90◦]. Les résultats sont comparés avec
ceux d’une méthode de tracé de rayons de Monte-Carlo, où de bons accords sont
observés.

3.4.2 Réflectivité avec deux réflexions

La réflectivité infrarouge d’ordre deux d’une surface de mer correspond au
rayonnement de l’atmosphère réfléchi deux fois par la surface dans la direction
d’observation. La figure 12 illustre la réflectivité avec deux réflexions.
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Figure 12: Un rayon d’incidence intercepte la surface au point M1, où il est réfléchi
dans la direction ŝ′. Ce rayon intercepte alors la surface au point M0, où il est
réfléchi dans la direction ŝ.

La réflectivité locale d’un point arbitraire de la surface est donnée par :

ρlocal
2,H,V = |rH1,V1(χ1)|2|rH,V (χ0)|2, (51)

où rH1,V1 correspond à la réflexion au point M1 et rH,V correspond à celle au point
M0. La réflectivité de la surface de mer est obtenue par :

ρ2,H,V =
〈
ρlocal

2,H,V g0S
2,spe
B

〉
1
, (52)
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où g0 correspond à la projection de la zone autour du point considéré sur la di-
rection orthogonale à la direction d’observation. Le symbole 〈· · · 〉1 représente la
moyenne statistique sur les pentes et les hauteurs de la surface. S2,spe

B est la fonction
d’illumination bistatique avec deux réflexions par la surface.

La réflectivité d’une surface de mer est calculée et comparée avec les résultats
d’une méthode de tracé de rayons de Monte-Carlo. Pour simplifier le problème, des
surfaces 1D sont considérées. Pour des surfaces 1D, les directions de polarisation
globales et locales sont identiques, ce qui signifie qu’il n’y a pas de polarisation
croisée.

D’abord, la réflectivité avec deux réflexions moyennée est étudiée, ce qui donne
la distribution bidirectionnelle de la réflectivité. Trois angles d’observation θ =
{30◦, 60◦, 80◦} sont considérés. Des différences entre les résultats du modèle et
ceux de la méthode de tracé de rayons de Monte-Carlo sont observées, en particulier
pour les angles d’observation θ = 30◦ et θ = 60◦. Les positions des maxima sont
déplacées. De meilleurs accords sont observés pour θ = 80◦. Ce désaccord est lié à
celui de la fonction d’illumination bistatique avec deux réflexions. Heureusement,
la réflectivité avec deux réflexions pour θ = 30◦ et θ = 60◦ est faible par rapport à
celle avec une réflexion.

De plus, on trouve que les maxima de la réflectivité avec deux réflexions ne sont
pas situés dans la direction de réflexion spéculaire globale : ils sont déplacés vers
l’horizon, c’est-à-dire pour des angles θ plus grands.

La moyenne hémisphérique de la réflectivité avec deux réflexions ρhemi
2 est

également étudiée. Elle est obtenue par la moyenne de la réflectivité bidirection-
nelle ρspe

2 sur l’angle d’incidence θi ∈ [−90◦; 90◦]. Les résultats sont comparés avec
ceux d’une méthode de tracé de rayons de Monte-Carlo. De bons accords généraux
sont observés. Le modèle décorrélé surestime la réflectivité avec deux réflexions.
De meilleurs accords sont observées après la prise en compte de la corrélation. En
règle générale, on observe que la réflectivité augmente avec la vitesse du vent.

3.4.3 Conservation d’énergie

La loi de conservation de l’énergie implique que, à l’équilibre thermique, l’éner-
gie absorbée par une surface de mer est égale à son énergie rayonnée. Nous sup-
posons que la surface de la mer est opaque, ce qui signifie que toute l’énergie du
rayon de réfraction est absorbée par la mer. La loi de conservation de l’énergie est
exprimée par la relation :

ε+ ρ = 1. (53)

Yoshimori et al. ont rapporté que l’équation (53) n’est pas vérifiée lorsque
seules l’émissivité directe ε0 et la réflectivité d’ordre un ρhemi

1 sont considérées [6],
avec ε0 + ρhemi

1 ≤ 1. Ainsi, l’équation (53) est examinée, en prenant en compte à la
fois l’émissivité d’ordre un ε1 et la réflectivité d’ordre deux ρhemi

2 .
Les résultats montrent que le critère de conservation de l’énergie est satisfait

pour des angles d’observation modérés θ < 60◦. Pour θ > 60◦, une perte d’énergie
est observée lorsque seules l’émissivité directe ε0 et la réflectivité d’ordre un ρhemi

1

sont considérés. Après la prise en compte de l’émissivité d’ordre un ε1 et de la
réflectivité d’ordre deux ρhemi

2 , le critère de conservation de l’énergie est mieux
satisfait. Une surestimation est cependant obtenue par le modèle.



34

4 Conclusion
L’émissivité ε et la réflectivité ρ sont des paramètres sans dimension, compris

entre 0 et 1. L’émissivité est la mesure de la capacité d’un objet à réémettre l’énergie
absorbée. La réflectivité ρ d’un objet est une mesure de sa capacité à réfléchir
l’énergie incidente. Le critère de conservation de l’énergie impose que la somme
de l’énergie absorbée et de l’énergie réfléchie soit égale à l’énergie incidente, ce qui
implique :

ε+ ρhemi = 1.

L’émissivité et la réflectivité d’une surface de mer sont des paramètres impor-
tants dans le domaine océanique. La connaissance de l’émissivité et de la réflectivité
est essentielle. Cette thèse a pour but de modéliser l’émissivité ε et la réflectiv-
ité ρ infrarouges d’une surface de mer avec précision. En effet, les phénomènes
d’ombrage et de réflexions multiples par la surface sont pris en compte dans les
modèles.

Cette thèse s’intéresse au domaine infrarouge, et l’approximation de l’optique
géométrique (OG) est utilisée. La surface de la mer est modélisée comme étant
bijective (en particulier, pour une abscisse donnée, elle ne possède pas plusieurs
hauteurs), ce qui signifie que les vagues déferlantes ne sont pas prises en compte.
En outre, des “whitecaps” (moutons) ne sont pas traités. Sous l’approximation de
l’optique géométrique, seule la réflexion spéculaire par la surface est considérée
dans le processus de diffusion électromagnétique.

Dans le chapitre 2, les fonctions d’illumination monostatiques sans réflexion
par la surface de la littérature sont rappelées. Une fonction d’illumination avec une
réflexion par la surface est développée. De très bons accords sont observés entre le
modèle et la méthode de tracé de rayons de Monte-Carlo. Nous avons montré que
la réflexion par la surface est significative pour des angles d’observation importants.
La fonction d’illumination d’ordre un est une des contributions principales de cette
thèse.

Dans le chapitre 3, l’émissivité d’une surface de mer est étudiée. Une réflexion
par la surface est prise en compte à l’aide de la fonction d’illumination avec une
réflexion développée dans le chapitre 2. De très bons accords entre le modèle et la
méthode de tracé de rayons de Monte-Carlo sont observés. De plus, l’accord avec
des mesures est amélioré après la prise en compte de l’émissivité avec une réflexion
par la surface. Les modèles de l’émissivité avec une réflexion pour des surfaces 1D
et 2D ont fait l’objet de publications dans 2 revues [22, 44]. Nous avons montré
également que les émissivités avec deux réflexions et plus sont négligeables.

Dans le chapitre 4, la fonction d’illumination bistatique est étudiée. Une fonc-
tion d’illumination bistatique avec deux réflexions par la surface est développée. De
bons accords généraux entre le modèle et la méthode de tracé de rayons de Monte-
Carlo sont observés.

Dans le chapitre 5, la réflectivité d’une surface de mer est calculée. Tout d’abord,
une réflexion est prise en compte à l’aide de la fonction d’illumination d’ordre
un. Dans cette thèse, le modèle de Smith est employé. La réflectivité avec deux
réflexion est également calculée, à l’aide de la fonction d’illumination d’ordre deux
développée dans le chapitre 4. De bons accords entre le modèle et la méthode de
tracé de rayons de Monte-Carlo sont observés.

Le critère de conservation de l’énergie est enfin examiné. Nous avons montré
que le critère de conservation de l’énergie est satisfait pour des angles d’observation
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modérés. Pour des angles d’observation plus grands, une perte d’énergie est ob-
servée lorsque seules l’émissivité directe ε0 et la réflectivité d’ordre un ρhemi

1 sont
considérées. Après la prise en compte de l’émissivité d’ordre un ε1 et de la réflec-
tivité d’ordre deux ρhemi

2 , le critère de conservation de l’énergie est mieux satisfait.
Quelques perspectives à ce travail peuvent être énumérées. Tout d’abord, la

polarisation croisée de la réflectivité de la surface peut être étudiée en considérant
des surfaces 2D, ce qui peut être intéressant. Elle n’a pas été étudiée dans cette
thèse à cause du manque de temps.

Par ailleurs, une étude plus approfondie de la fonction d’illumination bistatique
avec deux réflexions doit être faite. En effet, le modèle présenté ici ne prédit pas
bien la distribution de la direction du rayon réfléchi après deux réflexions.

Les vagues déferlantes et des “whitecaps” (moutons) ne sont pas pris en compte
dans cette thèse, ce qui signifie que ce modèle est valide pour des vents faibles à
modérés.

Enfin, l’erreur de calcul de la fonction d’ombre avec corrélation est importante
pour des angles d’observation θ > 85◦. Il faut retravailler les équations (afin, no-
tamment, de s’affranchir des problèmes de formes indéterminées) et modifier les
codes de calcul en conséquence.





Introduction

When measuring the radiance of the sea surface, or named surface leaving radi-
ance, in the infrared atmospheric transmission windows (λ ∈ [3, 5] and [8, 12] µm),
as illustrated in Fig. 1.1, the signal received by a downlooking receiver consists of
two components. The first one is the contribution of the intrinsic thermal radiance
of the sea surface Le, which is characterized by its emissivity ε. The other one is the
contribution of the downwelling atmospheric radiance reflected by the surface Lr,
which is characterized by its reflectivity ρ.

All objects at temperatures above absolute zero emit thermal radiation in in-
frared wavelength. The intrinsic sea surface infrared emission intensity Le can
be obtained by multiplying the emission intensity B(T ) of a black body at the
same temperature as the sea surface T with the emissivity ε of the sea surface:
Le = B(T )ε.

Emissivity ε is defined as the ratio of the energy radiated from a material surface
to that radiated from a blackbody (a perfect emitter) at the same temperature and
wavelength, and under the same viewing conditions. It is a dimensionless quantity
ranging from 0 (for a perfect reflector) to 1 (for a perfect emitter).

The knowledge of surface emissivity is important both for accurate non-contact
temperature measurement and for heat transfer calculations. Radiation thermome-
ters detect the thermal radiation emitted by a surface. They are generally calibrated
using blackbody reference sources that have an emissivity close to 1. When viewing
real surfaces, which have a lower emissivity, less thermal radiation will be received
by the thermometer than from a blackbody at the same temperature and so the sur-
face will appear colder than it is, unless the thermometer is adjusted to take into
account the material surface emissivity. Unfortunately, because the emissivity of
a material surface depends on many chemical and physical properties, it is often
difficult to estimate it. It must either be measured or determined in some way, for
example by modeling.

Sea surface infrared emissivity in the atmospheric transmission windows, for
λ ∈ [3, 5] and [8, 12] µm, is an important parameter in oceanic remote sensing, e.g.
for deriving the sea surface temperature. Sea surface infrared emissivity is nearly
constant for observation directions near zenith, but it varies largely for high grazing
angles (that is, near the horizon). In these observation directions, shadowing and
surface reflections become significant, increasing the difficulty in predicting the sea
surface emissivity accurately. Besides, an error of 3×10−3 in emissivity leads to an
error of 0.5 K when calculating the sea surface temperature, which is well above the
sensitivity of common sensors of remote sensing. As a result, it is of great interest
to calculate the sea surface infrared emissivity with accuracy, which implies that the
phenomena of shadowing and surface reflections must be both taken into account.

Given the downwelling atmospheric radiation intensity La, the intensity of the
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reflected ray can be obtained as:

Lr = Laρ,

where ρ is the reflectivity of the sea surface.
Reflectivity ρ is the fraction of incident radiation reflected by a surface. In

general, reflectivity is treated as a directional property which is a function of the in-
cident and reflected directions. By definition, it is a dimensionless quantity ranging
from 0 to 1 (perfect reflector).

Sea surface reflectivity gained wide attention in the early 1960s, for example in
the study of the sun glitter on the sea surfaces and in the radar detection of the back-
ground of sea surfaces. The reflectivity can be measured by sensors, but commonly
it is calculated by models. Usually, one surface reflection is considered. It would be
more accurate to take more reflections into account. Modeling correctly the surface
reflectivity is essential in application.

The aim of this research is to accurately model the sea surface infrared emis-
sivity ε and reflectivity ρ. As this thesis is interested in the infrared domain, the
Geometric Optics approximation (GO) is assumed to be valid, because the infrared
wavelengths are small enough compared with the sea surface roughness. The sea
surface is modeled as being single valued, which means that breaking waves are
not taken into account. Also, white caps are not dealt with. Besides, as the Geo-
metric Optics approximation is assumed to be valid, the surface is assumed to be
composed of a series of continuous smooth facets with continuous first derivatives
between adjacent facets. Under the Geometric Optics approximation, reflections of
the surface are replaced by the reflections on the tangent plane of the surface point,
and specular reflection is considered.

In chapter 1, a general introduction of modeling of the surface emissivity and
reflectivity is given, and the main difficulties are addressed. Then, a through litera-
ture review is given. The sea surface is modeled as an ergodic random process, and
some important statistical characteristics are also reviewed.

In chapter 2, the monostatic illumination function is studied, which is the key
parameter in the modeling of sea surface emissivity. The monostatic configuration
here means that only a receiver appears. The surface is assumed to be a random pro-
cess, and the illumination functions are studied statistically. Firstly, the zero-order
monostatic illumination function (without surface reflection) is reviewed, which
deals with the shadowing effect. Then, the one with one surface reflection (first-
order) is derived analytically. The results of the Model are compared with a Monte
Carlo ray-tracing method.

In chapter 3, the sea surface infrared emissivity is calculated using the mono-
static illumination functions developed in chapter 2. Polarization is taken into ac-
count, and the degree of polarization (DOP) is calculated. The direct emissivity
(without surface reflection) is firstly calculated with the zero-order monostatic illu-
mination function, then the emissivity with one surface reflection (surface-emitted
surface-reflected) is calculated with the first-order monostatic illumination function
derived in chapter 2. The sea surface infrared emissivity obtained by the model is
compared firstly with a Monte Carlo ray-tracing method and then with measure-
ments.

In chapter 4, the bistatic illumination function is studied, which is the key pa-
rameter in the modeling of sea surface reflectivity. The bistatic configuration means
that the transmitter and the receiver are in different locations. The bistatic illumi-
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nation function with one surface reflection is reviewed. Then, the one with two
reflections is derived. The results are compared with a Monte Carlo ray-tracing
method.

In chapter 5, the sea surface infrared reflectivity is calculated using the bistatic
illumination function developed in chapter 4. The surface reflectivity with one sur-
face reflection and the one with two reflections are calculated. Polarization is also
considered. Last, energy conservation of the developped model is studied by com-
parison with a Monte Carlo ray-tracing method, by calculating the sum of the sea
surface emissivity and the hemispherical average reflectivity.





1
Research background

When measuring the radiance of a wind-roughened sea surface in the infrared
atmospheric transmission windows (λ ∈ [3, 5] and λ ∈ [8, 12] µm), or named
surface-leaving radiance as illustrated in Fig. 1.1, the signal received by a down-
looking receiver consists of two components. The first one is the contribution of the
intrinsic thermal radiation (in infrared wavelengths) of the sea surface Le, which is
characterized by its emissivity ε. The other one is the contribution of the down-
welling atmospheric radiation reflected by the surface Lr, which is characterized by
its reflectivity ρ. To predict the surface-leaving radiance, both the emissivity and
the reflectivity of the surface have to be derived.

Figure 1.1: Illustration of a receiver measuring the sea surface-leaving radiance.

This thesis is intended to accurately model the sea surface infrared emissivity
and reflectivity in the infrared atmospheric transmission windows. Fig. 1.2 shows
the major physical phenomena which affect the surface-leaving radiance for a given
observation direction θ.

Fig. 1.2 (a) and (b) corresponds to the surface intrinsic radiation. Fig. 1.2 (a)
shows the direct radiation of the surface in the direction θ. Because of the roughness
of the surface, some parts of the surface lie in shadow, shown as the dashed lines
for a given θ in Fig. 1.2 (a). This is called the shadowing effect [3, 25]. It is also
possible that the radiation ray intersects the surface at some other point where it is
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Figure 1.2: Major physical phenomena affecting the surface-leaving radiance for a
given observation direction. The first row corresponds to the surface intrinsic radi-
ation: (a) direct radiation and shadowing, and (b) surface-emitted surface-reflected
radiation. The second row corresponds to atmospheric radiation reflected by the
surface: (c) surface-reflected radiation and shadowing, and (d) surface-reflected
surface-reflected radiation.

then reflected to the receiver. This part of energy is smaller than the direct radiation,
but it also contributes to the final radiation field. This is called the surface-emitted
surface-reflected (SESR) radiation [39]. Fig. 1.2 (b) shows one surface reflection
as an example. As the number of reflection increases, the SESR radiation becomes
smaller and smaller.

Fig. 1.2 (c) and (d) corresponds to the atmospheric radiation reflected by the
surface. Fig. 1.2 (c) shows that the incident ray is reflected once by the surface to the
receiver. Shadowing occurs again [2–4]. Except from shadowing from the receiver,
shadowing form the transmitter should be also considered. Fig. 1.2 (d) shows that
the emission ray of the atmosphere is reflected twice by the surface (SRSR). More
surface reflections can be considered, but the SRSR radiation contribution reduces
as the number of reflection increases .

The models of the sea surface emissivity and reflectivity are built based on these
phenomena. In the infrared atmospheric transmission windows (λ ∈ [3, 5] and
[8, 12] µm), the Geometric Optics approximation (GO) is usually employed. The
geometric optics approximation (GO) is valid if [5]:

2πρc cos3 χ� λ (1.1)

with λ being the studied wavelength and ρc being the surface local radius of cur-
vature. χ is the local angle of incidence, corresponding to the angle between the
normal to the facet and the observation direction (see Fig. 1.5). In the infrared
domain, λ is of the order of 10 µm. The surface local radius of curvature ρc of
capillary waves of the sea surface is of the order of several millimeter to several
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centimeter [6]. Take ρc = 1 cm for example, Eq. (1.1) is valid for cosχ � 0.025,
which corresponds to a local incidence angle close to 90◦ (cos 88.5◦ ≈ 0.025). As a
result, Geometrical Optics approximation is widely used in the modeling of the sea
surface infrared emissivity and reflectivity [7, 6, 1, 8–13].

In this chapter, the research background of sea surface infrared emissivity and
reflectivity is reviewed. As the sea surface is modeled as a random process, in
section 1.1, the statistical characteristics of the sea surface are summarized. In
section 1.3, the study of the sea surface infrared emissivity is summarized, and in
section 1.4, the models of the sea surface infrared reflectivity are reviewed.

1.1 Statistical characteristics of sea surfaces

1.1.1 Sea surface waves

Sea surface waves are the movement of the ocean’s water due to the oscillation
of water particles by the friction of the wind over the water surface.

On a perfectly calm sea, the wind has almost no grip. As the wind slides over the
water surface film, the water moves, and small ripples (wave with small wavelength,
or capillary wave) are formed. The ripples make the water’s surface rough, giving
the wind a better grip. They grow with the increase of the wind speed. The rougher
the water becomes, the easier it is for the wind to transfer its energy. When the
wind blows a sufficiently long distance (called fetch) along the same direction, the
waves it created reach maximum size, speed and wavelength. This is called a fully
developed sea. In this area, the waves have long wavelength, and are called gravity
waves.

To sum up, the sea surface waves consist of gravity waves and capillary waves.
Gravity waves have large wavelengths (of the order of meters), which is determined
by the horizontal distance between two crests or two troughs. Capillary waves have
much smaller wavelengths, which is of the order of several millimeters to several
centimeters [6].

Wind waves have a certain amount of randomness: subsequent waves differ in
height, duration and shape, with a limited predictability. They are usually described
as a random process [4]. For very high wind speeds, white caps and breaking waves
appear. These phenomena increase the difficulty in modeling the sea surface, but
these are ignored in this thesis.

1.1.2 Review on random process

The sea surface is usually model as a random process. A random process can be
represented as a collection of random variables x(t, ξ) on the evolution over time
[46]. If ξ = ξi is fixed, x(t, ξ) = x(t, ξi) is a time function. If t = ti is fixed,
x(t, ξ) = x(ti, ξ) is a random variable. For example, a sea surface can be modeled
as a collection of surface heights, which are random variables of their location,
changing over time. This subsection reviews some of the properties of statistics
used later in this thesis.
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1.1.2.1 Expected value

As opposed to other mathematical variables, a random variable conceptually
does not have a single, fixed value. Instead, it can take on a set of possible different
values, each with an associated probability. The expected value of a random variable
is obtained by:

E(x) = 〈xi〉 , (1.2)

where 〈· · · 〉 represents the statistical average.

1.1.2.2 Autocorrelation

The autocorrelation of a random process describes the correlation between val-
ues of the process at different points in time. Let xi be the realization of a run of the
process at time ti. The autocorrelation of the random process between times t1 and
t2 is given by [4]:

R(t1, t2) = E(x1(t1, ξ)x2(t2, ξ)) =

∫ ∫
x1x2p(x1, t1, x2, t2) dx1 dx2. (1.3)

A random process is call stationary if its autocorrelation function does not de-
pend on both t1 and t2, but only on their time difference τ = t1 − t2.

1.1.2.3 Ergodicity

A random process x(t, ξ) is called ergodic if the time average equals to the
statistical mean [4]:

x = lim
T→∞

1

2T

∫ T

−T
x(t, ξi) dt =

∫
x(ti, ξ)p(x) dx (1.4)

The sea surface is usually modeled as a stationary ergodic random process,
whose behavior is mainly determined by its spectrum or autocorrelation function,
and its slope probability density [47]. In what follows, the studies of the sea surface
height and slope probability density, and the autocorrelation function are summa-
rized.

1.1.3 Surface height and slope PDFs

1.1.3.1 Gaussian distribution

Because of the limited predictability of the ocean surface, the sea surface is
modeled as a random process. It is reported that a natural surface has a height dis-
tribution very close to a Gaussian distribution [14]. The probability density function
(PDF) of the sea surface height ζ is usually assumed to be Gaussian with zero mean:

pζ(ζ) =
1√

2πσζ
exp

(
− ζ2

2σ2
ζ

)
, (1.5)

where σζ is the Root Mean Square (RMS) of the surface height.
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As the surface height distribution is Gaussian, the surface slope, which is the
derivative of the surface height, has also a Gaussian PDF with zero mean, given by
[10, 13, 15]:

pG
γ (γx, γy) =

1

2πσγxσγy
exp

(
− γ2

x

2σ2
γx

− γ2
y

2σ2
γy

)
, (1.6)

where σγx and σγy are the RMS slope in the up-wind and cross-wind directions,
respectively. For 1D surfaces, the Gaussian slope PDF with zero mean is given by:

pG
γ (γ) =

1√
2πσγ

exp

(
− γ2

2σ2
γ

)
, (1.7)

There are several researches [16, 17] in the literature that calculate the surface
RMS slopes. In this thesis, the result of Cox & Munk is used, which relates the
surface RMS slope to the wind speed u12 at 12.5 m above the sea surface as [17]:

σ2
γx = 3.16× 10−3u12 ± 0.004,
σ2
γy = 1.92× 10−3u12 + 0.003± 0.004,

(1.8)

where “±” corresponds to the error of measurement. In the simulations of this
thesis, the measurement error is not considered.

1.1.3.2 Non-Gaussian slope distribution

By measuring the sun glitter of the sea surface, Cox & Munk [17] pointed out
that the real sea surface slope PDF is slightly different from a Gaussian zero mean
distribution.

Cox & Munk derived the non-Gaussian surface slope PDF as the successive
sums of Gram-Charlier series up to the fourth order. It is expressed as [17]:

pnon−G
γ (γx, γy) =

1

2πσγxσγy
exp

(
− γ2

x

2σ2
γx

− γ2
y

2σ2
γy

)
×
[
1 +

c21

2
(Γ2

y − 1)Γx +
c03

6
(Γ2

x − 3)Γx

+
c22

4
(Γ2

x − 1)(Γ2
y − 1) +

c40

4
(Γ4

y − 6Γ2
y + 3)

+
c04

24
(Γ4

x − 6Γ2
x + 3)

]
,

(1.9)

where
Γx,y =

γx,y
σγx,γy

,

c21 = (0.86u12 − 1± 3)10−2,

c03 = (3.3u12 − 4± 12)10−2,

c04 = 0.23± 0.41,

c40 = 0.40± 0.23,

c22 = 0.12± 0.06,

(1.10)

in which “±” corresponds to the error of measurement. In the simulations of this
thesis, the error of measurement will not be considered.
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The parameters c21, c03 are the skewness coefficients, and c04, c40, c22 are the
kurtosis coefficients. These parameters were calculated from the data of the mea-
surements of the sun glitter on the sea surface [17].

The skewness coefficients correspond to the asymmetry of the distribution of the
sea surface slope PDF. It means that the sea surface is anisotropic. The properties of
the sea surface depends on the observation direction. The asymmetry of the surface
slope distribution is called the skewness effect in the following of this thesis.

Kurtosis is another parameter in measuring of the distribution shape. It corre-
spond to the “peakedness” of the probability distribution [48]. A high kurtosis dis-
tribution has a sharper peak, while a low kurtosis distribution has a more rounded
peak. The “peakedness” is called the kurtosis effect in the following of this thesis.

Basing on the non-Gaussian slope PDF derived by Cox and Munk, Bourlier et
al. [32] derived the marginal slope PDF of the sea surface along the direction X
which forms an angle φ with the up-wind direction (x direction). It is given by [32]:

pγ(γX) =
1

σγX
√

2π
exp

(
− γ2

X

2σγX

)
×
[
1 + αK

(
1− 2

γ2
X

σ2
γX

+
γ4
X

3σ4
γX

)
+ αS

(
γX

3σγX
− γ3

X

3σ3
γX

)]
,

(1.11)
where γX is the surface slope along theX direction and σγX is the RMS slope along
the X direction. The parameters αS and αK relate to the skewness and kurtosis
effects, respectively. They are given by:

αS(φ) =
−σX cosφ

2σ3
X

[
c03(σx cosφ)2 + 3c21(σy sinφ)2

]
,

αK(φ) =
1

8σ4
X

[
c04(σx cosφ)4 + c40(σy sinφ)4 +

3

2
c22σ

2
xσ

2
y sin2(2φ)

]
,

σ2
γX

(φ) = (σγx cosφ)2 + (σγy sinφ)2.
(1.12)

From Eqs. (1.11) and (1.12), it is notable that the skewness effect relates to
the odd-order terms and the kurtosis effect relates to the even-order terms. In other
words, the skewness effect corresponds to the asymmetry of the sea slope PDF
about the axis γX = 0. Taking into account the kurtosis effect does not change the
symmetry of the shape of the distribution about γX = 0 [32]. This is consistent
with the definition of skewness and kurtosis.

Fig. 1.3 shows the sea surface marginal slope PDF in the up-wind direction
(φ = 0◦). Gaussian PDF (G), Gaussian PDF plus skewness effect (GS), Gaussian
PDF plus kurtosis effect (GK), and Gaussian PDF plus skewness and kurtosis effects
(GSK) are compared. The wind speed at 12.5 m above the sea surface is set to
u12 = 10 m/s.

It is shown in Fig. 1.3 that the GK PDF is symmetrical about γX = 0. Besides,
the slope distribution is sharper around γX = 0. After taking the skewness effect
into account, the slope PDF is no longer symmetry, which checks the definition of
the skewness effect (see the GS and GSK curves).

For a Gaussian slope PDF, αS = 0, αK = 0, and σγX (nπ/2+φ) = σγX (nπ/2−
φ) hold for n = 0, 1, 2, · · · . As a result, the Gaussian slope PDF is symmetrical
about the up-wind, down-wind and cross-wind directions (φ = {0◦, 90◦, 180◦, 270◦}).
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Figure 1.3: Gaussian and non-Gaussian slope of a sea surface. The skewness effect
corresponds to the asymmetry and the kurtosis effect corresponds to the peakedness.

For a non-Gaussian slope PDF, it is notable that αS,K(nπ+ φ) = αS,K(nπ− φ)
and σγX (nπ + φ) = σγX (nπ − φ) hold for n = 0, 1, 2, ·, implying that the non-
Gaussian slope PDF is symmetrical about the up-wind and down-wind directions
(φ = {0◦, 180◦}).

1.1.4 Surface autocorrelation

1.1.4.1 Surface height autocorrelation function

Knowing the PDF of the heights and slopes of the surface is usually not suffi-
cient, as the heights and slopes of two points of the surface may affect each other
(correlated) if they are close enough. The aim of this subsection is to define the
height autocorrelation function of the sea surface which completes the modeling of
the sea surface.

For a stationary random surface, the surface height autocorrelation function is
defined as:

R(τ) = E(XiXi+τ ), (1.13)

where τ is the distance between any two surface points.
The height autocorrelation function of the sea surface can be calculated by the

sea surface spectrum [4]. The study of sea surface spectrum has received wide
attention [18, 16, 19]. The spectrum of Elfouhaily et al. [16] took into account both
gravity and capillary waves of the sea surface, and it may be the most widely used
in domains related to sea surface.

To be more simple, it is also assumed that the surface height autocorrelation
function is Gaussian or Lorentzian [20, 4]. In this thesis, the surface height auto-
correlation function is assumed to be Gaussian, given by:

R(τ) = σ2
ζ exp

(
− τ

2

L2
c

)
, (1.14)
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where σζ is the surface Root Mean Square (RMS) height, and Lc is the surface
correlation length which corresponds to the horizontal distance that the correlation
between the heights of two points is reduced by e−1.

To be more general, Eq. (1.14) is normalized as:

Rnor(τ) =
R(τ)

σ2
ζ

= exp
(
−y2

)
, (1.15)

where
y =

τ

Lc
. (1.16)

Fig. 1.4 shows the normalized Gaussian autocorrelation function. It is shown
that Rnor decreases with the increase of |y|. For |y| > 3, Rnor ≈ 0, which means
that any two surface points of horizontal distance larger than 3 times the correlation
length can be assumed to be uncorrelated.
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Figure 1.4: Normalized Gaussian height autocorrelation function. For y > 3,
Rnor ≈ 0, thus the correlation can be ignored.

This Gaussian height autocorrelation function is used to generate random rough
sea surfaces which are used later in a Monte Carlo ray-tracing method. It is also
used to determined the correlated height and slope PDF of the sea surface. With
a sea spectrum, the sea surface height autocorrelation function and the correlated
height and slope PDF can also be derived, as shown by Bourlier & Berginc [21]. A
sea spectrum is not used in this thesis. Firstly, because the Gaussian height auto-
correlation function is simpler in form, while the use of the sea spectrum requires
additional numerical integrations to calculate the correlated illumination function.
Secondly, it is proved that the model of sea surface emissivity with Gaussian height
autocorrelation function agreed well with measurements [22], showing that Gaus-
sian height autocorrelation function is a good approximation.

1.1.4.2 Correlated PDF of heights and slopes

As the surface heights of two surface points are correlated, the correlated PDF
of the surface heights and slopes p(ζ, γ|ζ0, γ0; τ) has to be derived in order to take
into account this correlation. This is an important parameter in the calculation of
the illumination function (see Chap. 2).

It is assumed that the sea surface is modeled as a stationary Gaussian corre-
lated process. The conditional probability of the heights and slopes of two points
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separated by a horizontal distance τ is given by [4, 20]:

p(ζ, γ|ζ0, γ0; τ) =
p(ζ, γ, ζ0, γ0; τ)

p(ζ0, γ0)

=
σζσγ

2π
√
|[C]|

exp

[
−1

2
V T [C]−1V +

ζ2

2σ2
ζ

+
γ2

2σ2
γ

]
,

(1.17)

where V is the vector containing all the variables

V T = [ζ0, ζ, γ0, γ], (1.18)

and [C] is the covariance matrix

[C] =


σ2
ζ R0(τ) 0 R1(τ)

R0(τ) σ2
ζ −R1(τ) 0

0 −R1(τ) σ2
γ −R2(τ)

R1(τ) 0 −R2(τ) σ2
γ

 , (1.19)

in which R0(τ) is the autocorrelation function of the surface heights. Here the
Gaussian autocorrelation function (Eq. (1.14)) is employed. R1(τ) and R2(τ) are
the first and second derivatives of R0(τ), respectively, given by[20]:

R1(τ) = −
2σ2

ζ

L2
c

τ exp

(
− τ

2

Lc

)
,

R2(τ) = −
2σ2

ζ

L2
c

(
1− 2

τ 2

L2
c

)
exp

(
− τ

2

Lc

)
.

(1.20)

For a Gaussian autocorrelation function R(τ), the surface slope variance relates to
the surface height variance by:

σ2
γ = −R2(0) =

2σ2
ζ

Lc
. (1.21)

For τ = 0 (the two points overlap), the covariance matrix is simplified as:

[C]τ=0 =


σ2
ζ σ2

ζ 0 0
σ2
ζ σ2

ζ 0 0
0 0 σ2

γ σ2
γ

0 0 σ2
γ σ2

γ

 . (1.22)

It is notable that [C]τ=0 is not invertible. As a result, the height and slope of the
same point are usually assumed to be uncorrelated.

1.2 Definition of emissivity and reflectivity
The intrinsic thermal radiation of a body is characterized by two quantities: its

emissivity and the spectral radiance of a blackbody. Emissivity is a measurement
of a material’s ability to radiate absorbed energy. For any material, its radiation
intensity L(λ, T, θ) is equal to that of a blackbody B(λ, T ), which would radiate at
the same temperature, multiplied by a coefficient named emissivity ε(λ, T, θ), given
by:

L(λ, T, θ) = ε(λ, T, θ)B(λ, T ). (1.23)
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Then, emissivity of a sea surface depends on the wavelength, on the sea state
(temperature T , roughness), and on the radiation angle θ. Since it ranges from 0 to
1, the radiation of the real body is always inferior to that of a blackbody at the same
temperature.

For an incident wave propagating toward another medium, its power Ei is di-
vided into three parts: reflection Er, absorption Ea and transmission Et. The con-
servation of the energy implies:

Ei = Er + Ea + Et. (1.24)

The reflectivity (ρ), absorptivity (α), and transmissivity (t) are defined as the portion
of energy reflected, absorbed and transmitted by the medium, respectively, given by:

ρ =
Er
Ei
, α =

Ea
Ei
, t =

Et
Ei
. (1.25)

Accordingly, we obtain:
ρ+ α + t = 1.

The blackbody is defined by α = 1, which means all the received energy is ab-
sorbed.

Under thermal equilibrium condition, the emissivity of a body is equal to its
absorptivity (Kirchoff’s law):

ε = α. (1.26)

Consequently, the emissivity of an opaque body (no energy can be transmitted
through the medium, t = 0) is:

ε = 1− ρ. (1.27)

Under GO, specular reflections are considered and no diffusion (that is, reflec-
tion rays spread out to a angular region around the specular direction) occurs. Fig.
1.5 shows a specular reflection on a flat surface. The medium is assumed to be
opaque, thus all the energy of the refracted ray are absorbed.

χ
χ

χ′

ŝi

ŝr
vi vr

hi hr

absorption

Figure 1.5: Specular reflection on a flat surface.

The intensity of the reflected ray Lr is related to the intensity of the incident ray
Li by:

Lr = |rH,V (χ)|2Li, (1.28)
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where χ is the local angle of incidence, and rH,V are the Fresnel reflection coeffi-
cients in horizontal (H , the electric vector is perpendicular to the plane of incidence)
and vertical (V , the electric vector is parallel to the plane of incidence) polarizations,
given by:

rH(χ) =
cosχ− ñ cosχ′

cosχ+ ñ cosχ′
,

rV (χ) =
ñ cosχ− cosχ′

ñ cosχ+ cosχ′
,

(1.29)

where ñ is the complex index of refraction of the sea water, and χ′ is the local angle
of refraction given by Snell’s law:

sin(χ′) =
sin(χ)

ñ
. (1.30)

According to Eqs. (1.27) and (1.28), the directional infrared reflectivity ρ and
emissivity ε of a flat opaque surface is given by [23, 10, 9, 6]:

ρ(χ) = |rH,V (χ)|2
ε(χ) = 1− |rH,V (χ)|2 (1.31)

Eq. (1.31) is the emissivity ε and reflectivity ρ of a flat surface. The models of
ε and ρ for rough surfaces are developed based on Eq. (1.31), which is reviewed in
the next section.

1.3 Models of sea surface emissivity
Sea surface infrared emissivity in the atmospheric transmission windows is an

important parameter in oceanic remote sensing. Except for the usage in predicting
the surface-leaving radiance, sea surface infrared emissivity plays an important role
in various fields of environment studies, such as earth temperature measurement,
weather forecasting and pollution study. As a passive infrared receiver simply re-
ceives the natural radiation of the target and does not send out any signal, it is highly
stealth and has military use.

The development of the oceanic infrared remote sensing requires that the sea
surface infrared emissivity is calculated with high accuracy. Many researches have
been devoted to determining the sea surface infrared emissivity.

Sea surface infrared emissivity is nearly constant for observation directions θ
near zenith, but it varies significantly for grazing angles (that is, the receiver near
the horizon, or θ is close to 90◦). In these observation directions, shadowing and
surface reflections become significant, increasing the difficulty in predicting the sea
surface emissivity with accuracy.

1.3.1 Emissivity with shadowing effect
Early models of sea surface infrared emissivity derived the emissivity without

considering sea surface reflections (named direct emissivity, or zero-order emissiv-
ity contribution). By contrast, the shadowing effect was usually considered.

As the sea surface varies in time and in space, it is of limited predictability.
As a result, sea surfaces are usually modeled as ergodic random processes. Under
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geometric optics approximation, the average emissivity of the surface point of in-
terest is usually estimated by the average emissivity of the whole surface, given by
[23, 24, 10, 6]:

ε0(θ) =
〈
[1− |r|2]g0

〉
, (1.32)

where the symbol 〈· · · 〉 stands for the statistical average over the random variables.
The term 1 − |r|2 is the local emissivity of the point of interest, and the term g0

results from projecting the area around this point onto the orthogonal direction of
the direction of observation. Eq. (1.32) is the basic idea of the sea surface infrared
emissivity modeling.

However, the main problem of Eq. (1.32) is that the shadowing effect (see Fig.
1.2 (a)) is not considered. Without considering the shadowing effect, the sea surface
emissivity ε0 obtained by Eq. (1.32) exceeds 1 and tends to infinity for large zenith
angles θ (see Fig. (3.2)) [10], which is not physical. This is because the radiance of
the points in shadow are included in Eq. (1.32), which do not actually contribute to
the radiation field.

Much effort has been devoted to developing an illumination function (or call
shadowing function 1) to take into account the shadowing effect. The illumination
function which takes shadowing effect into account is called monostatic zero-order
illumination function [26], denoted as S0

M, where the subscript “M” stands for the
monostatic configuration (only one receiver is used), and the superscript “0” stands
for that no surface reflection is considered. It gives the probability that an arbi-
trary point of the surface is seen by the receiver. With the monostatic illumination
function, the direct emissivity of the sea surface is calculated by:

ε0(θ) =
〈
[1− |r|2]g0S

0
M

〉
. (1.33)

Some properties of the illumination function can be predicted. For normal ob-
servation direction, that is, the receiver is located in the zenith direction θ = 0◦,
all points of the surface are seen by the receiver, meaning that the monostatic zero-
order illumination function S0

M = 1. On the other hand, if the receiver is located at
the horizon, S0

M = 0 because all the surface are in the shadow of the receiver.
The shadowing effect has been studied from early 1960s. Several models of sta-

tistical illumination functions can be found in the literature, which are summarized
in the following of this section.

1.3.1.1 Ray-tracing model

The most straight forward method is the one of Brockelman & Hagfors [27],
which is a numerical Monte Carlo ray-tracing method. In this method, a lot of ran-
dom rough surfaces was generated, over which ray-tracing was performed. Incident
rays were sent along a given observation direction (θ) and were traced to find out
the surface points in shadow and the ones seen by the receiver (see Fig. 2.7 for
example). The monostatic illumination function S0

M was given by (the definition of
symbols are modified):

S0
M(θ) =

Nj

Ns

, (1.34)

1. The illumination function was originally called “shadowing” function ([3, 25]). But as the
word “shadowing” leads to confusion when surface reflections are considered, more recent models
named it “illumination” function ([15, 22]).
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where Nj was the number of points seen by the receiver, and Ns was that of the
total surface. Here, S0

M did not give the probability that an arbitrary point was seen
by the receiver. Instead, it gave the proportion of the surface seen by the receiver.

This idea was adopted and developed by Bourlier et al. [20, 26]. Bourlier et
al. used the same ray-tracing algorithm to find the points seen by the receiver, but
instead of simply calculating the proportion of the surface seen by the receiver,
Bourlier et al. also calculated the histograms of the heights and the slopes of the
points seen by the receiver.

The methods of Brockelman & Hagfors [27] is usually used as a reference to
check the accuracy of other analytical methods [25, 3, 28].

1.3.1.2 Statistical models

The model of Beckmann [29] is one of the earliest model of statistical illumina-
tion function. The illumination function S0

M was solved by a differential equation
(see Eq. (2.11) in Chap. 2), which gives the probability that the point of interest is
seen by the receiver.

Ricciardi & Sato [30, 31] showed that the shadowing function was rigorously
defined by the Rice’s infinite series, in which integrations were involved. For an
uncorrelated Gaussian process, a closed-form expression of the series can be ob-
tained, but the results were unphysical for grazing angles because the correlation
was neglected [26]. Taking into account the correlation may overcome this prob-
lem, but it was impossible to obtain a closed-form of the series (requires numerical
integration).

The model of Wagner [3] equaled the first term of the series of Ricciardi &
Sato [30, 31], which was physical for grazing angles. The model of Smith [25] was
developed based on that of Wagner [3], but was stricter in mathematics and physics.
As the models of Wagner and Smith are widely used, they are reviewed in detail in
Sec. 2.1.3.

Bourlier et al. [26] compared the models of Ricciardi & Sato [30, 31] , Wagner
[3] and Smith [25]. They concluded that, the model of Ricciardi & Sato is the less
accurate, as it was not physical for grazing observation angles. The model of Smith
was the most accurate, because the results of the Smith illumination function agreed
with the Monte Carlo ray-tracing result the best.

Many models of sea surface emissivity are developed with the above analytical
S0

M models. The model of Yoshimori et al. [6, 7] calculated the sea surface infrared
emissivity, where shadowing was taken into account by using the Smith illumination
function [25]. In the model of Bourlier et al. [32], the Smith illumination function
[25] was used. They took a step forward by considering a non-Gaussian surface
slope distribution introduced by Cox & Munk [17], which takes the skewness and
kurtosis effects into account. Caillault et al. [33] and Fauqueux et al. [24] both
developed multi-resolution models of sea infrared emissivity, in which the Smith
illumination function was used.

1.3.1.3 Models with normalization factor

Instead of using a statistical illumination function, Saunders [34] and Masuda
et al. [10] introduced normalization factors to take into account the shadowing
effect. These two normalization factors are almost the same and are also widely
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used because of their simplicity. They are reviewed in detail in Sec. 2.1.4 and
compared with the Smith illumination function [25].

Masuda et al. [10] calculated the unpolarized sea surface infrared emissivity
by modeling the sea as a two-dimensional (2D surface, 3D problem) surface with
Gaussian surface slope distribution. Because ignoring the shadowing effect, Eq.
(1.32) leads to infinity as θ closes 90◦, Masuda et al. calculated the sea surface
emissivity by dividing Eq. (1.32) by a normalization factor:

ε0(θ) =
〈[1− |r|2]g0〉
〈g0〉

. (1.35)

The normalization factor 〈g0〉 was used to estimate the shadowing effect, and

p(θ) =
1

〈g0〉
(1.36)

played the role of an illumination function.
The normalization factor of Masuda et al. [10] is widely adopted. Freund et al.

[35] followed the same idea as Masuda et al. [10] and used a similar normalization
factor to estimate the influence of shadowing. After that the sea surface emissivity
was calculated by an hemispherical ensemble average. Shaw and Marston [36] cal-
culated the polarized sea surface infrared emissivity following the model of Masuda
et al. [10].

In practice, the accuracy of sea surface emissivity is important. It is report that a
difference of of 3× 10−3 in surface emissivity could result in a difference of 0.5 K
when estimating the surface temperature [1]. However, this accuracy is not achieved
by direct emissivity models. Indeed, compared with experimental data obtained by
Smith et al. [37] and Niclòs et al. [38], the direct emissivity model of Masuda
et al. [10] shows a difference of about 2 − 3 × 10−2 at large observation angles
(θ & 60◦). As a result, it is necessary to take the emissivity with surface reflections
into account.

1.3.2 Emissivity with surface reflections
It is also possible that the emission ray from an arbitrary surface point intersects

the surface and is then reflected toward the receiver, as shown in Fig. 1.2 (b). This is
known as the surface reflections, and the corresponding emissivity is called surface-
emitted surface-reflected (SESR) emissivity.

To calculate the sea surface infrared emissivity with higher accuracy, several
authors tried to include surface reflections in their emissivity models. The main
difficulty in taking this effect into account lies in the derivation of the probability of
observing surface reflections. In what follows, the major models are summarized.

1.3.2.1 Ray-tracing model

The most straightforward model is the numerical model of Henderson et al.
[13]. In this model, a ray-tracing Monte Carlo algorithm was used to calculate
the sea surface emissivity with up to 10 surface reflections. Many random rough
surfaces were generated, over which ray-tracing were performed. The surface points
leading to surface reflections were then found (see Fig. 2.15 for example). The
surface emissivity with reflections was calculated accordingly.
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This method is very similar to that of Brockelman & Hagfors [27], except that
surface reflections are considered. This method gives reliable results and is an im-
portant reference of other analytical models [15, 11]. The drawback is that the com-
putation time is long (usually, hours for one observation direction for an ordinary
office PC).

1.3.2.2 Empirical models with cut-off angles

Watts et al. [39] and Wu & Smith [1] both defined the probability of observing
surface reflections empirically, by defining an ambiguous cut-off angle measured
from zenith, illustrated in Fig. 1.6.

Sensor

z

x

θ
θcutoff

θ′1

θ′2

ŝ′1

ŝ′2

ŝ

Figure 1.6: Surface reflection and cut-off angle.

Fig. 1.6 shows two incident rays, noted as ŝ′1 and ŝ′2, reflected by some surface
point to the receiver direction. If the incident ray is emitted by another point of
the surface, the reflected ray ŝ contributes to the surface-emitted surface-reflected
(SESR) emissivity. The main task is the determination of the probability P that the
incident ray originates from the sea surface.

To do so, Watts et al. [39] defined a cut-off angle θcutoff (Eq. (2.8) of [39])
to calculate the probability P . For angle of incidence less than θcutoff , Watts et
al. defined that the incident ray originated from the sky (sun light, atmosphere
emission, etc), e.g. the incident ray ŝ′1 in Fig. 1.6. Otherwise the incident ray was
assumed to originate from the surface, e.g. the incident ray ŝ′2 in Fig. 1.6. The
mathematical expression of P was then given by:

P =

{
1, if θ′ > θcutoff

0, if θ′ < θcutoff
. (1.37)

Watts et al. calculated the cut-off angle as a function of the surface wave height and
the surface wavelength. They pointed out that θcutoff is between 79◦ and 89.9◦.

Wu & Smith [1] used nearly the same method. The only difference was that
two cut-off angles were defined, with one being 90◦ and the other being 85◦. They
defined that the rays with θ′ < 85◦ originate from the sky, and the rays with θ′ > 90◦

originate from the surface. For rays with 85◦ ≤ θ′ ≤ 90◦, the probability that they
originate from the surface was given empirically. The mathematical expression of
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P was then given by (Eq. (23) of [1]):

P =


1, if θ′ > 90◦

1− (θ′ − 85◦)2/25, if 85◦ ≤ θ′ ≤ 90◦

0, if θ′ < 85◦
. (1.38)

It is difficult to define properly the cut-off angles, and the obtained emissivity
heavily depends on the definition of the cut-off angles. Watts et al. showed that
the sea surface emissivity with one surface reflection with θcutoff = 85◦ and 90◦

differed from each other by about 2.5× 10−3 for moderate surface wind speed u12.
This difference increased with the increase of the surface wind speed u12 (see Fig.
5 of [39]).

1.3.2.3 Models with weighting function

To avoid defining an exact cut-off angle, Masuda [11] calculated the first-order
emissivity (SESR, one reflection) by using a weighting function. This weighting
function weighted the probability that an incident ray ŝ′ with an angle of incidence
θ′ originated from the sea surface. It was developed based on the normalization
factor of Masuda et al. [10], given by 2 [11]:

P =

{
1, if θ′ ≥ 90◦

1− p(θ′), if θ′ < 90◦
, (1.39)

where p(θ′) is the Masuda illumination function given by Eq. (1.36) [10].
In the region where θ′ < 90◦, the Masuda illumination function p(θ′) repre-

sented approximately the probability that one point of the surface was viewed by
the receiver. Thus, the weighting function gave approximately the probability that
the ray ŝ′ originated from the surface.

However, as the Masuda illumination function did not represent the true statis-
tical probability, besides, p(θ′) did not hold for θ′ > 90◦, the performance of the
weighting function is in doubt. It was shown that the first-order emissivity calcu-
lated by Masuda et al. [11] with this weighting function did not agree well with the
result of a Monte Carlo ray-tracing method [22]. Li et al. [22] calculated the first-
order sea surface emissivity with a Monte Carlo ray-tracing algorithm, and found
that the first-order emissivity tended to zero when the zenith observation θ tended
to 90◦. The result of Masuda et al. at θ = 90◦ was about 0.02, which is far larger
than the precision requisition (0.3× 10−3).

Nalli et al. [9] shared the idea of Masuda [11] and developed a new weighting
function to calculate the first-order emissivity contribution, by replacing the shad-
owing term used in [11] by that of Saunders et al. [34].

1.3.2.4 Statistical models

More rigorously, Bourlier et al. [15, 26] evaluated the first-order emissivity con-
tribution by developing a statistical first-order illumination function S1

M (with one
reflection), which estimated the probability that a surface-emitted ray was reflected
once by another surface point into the observation direction.

2. The definition of symbols is modified to agree with that in this thesis.
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However, this model [15] did not agree well with the result of Henderson et al.
[13] (Monte Carlo ray-tracing method), neither in form nor in level. Bourlier et al.
[15] pointed out that it was because S1

M was not well determined.
To calculate the emissivity with higher accuracy, a refined illumination function

with surface reflection S1
M must be developed, which is one of the main tasks of this

thesis and is addressed in Chap. 2.

1.4 Models of sea surface reflectivity
Sea surface reflectivity ρ corresponds to the radiance of the atmosphere reflected

by the surface to the observation direction θ, as shown in Fig. 1.2 (c) with one
reflection and in Fig. 1.2 (d) with two reflections.

Sea surface reflectivity ρ is usually calculated when deriving the sun glitter on
the sea surface, or the sea surface Bidirectional Reflectance Distribution Function
(BRDF). The surface reflectivity ρ is usually a directional property that depends on
the incident direction ŝi(θi, φi) and the reflected direction ŝ(θ, φ). However it is
also commonly averaged the incident or the reflected direction over the hemisphere
to give the hemispherical reflectivity [12, 6], expressed as:

ρhemi(θ, ρ) =

∫ 2π

0

∫ π/2

0

ρ(θ, ρ, θi, ρi) dθi dφi. (1.40)

In the infrared domain, geometrical optics approximation is assumed to be valid,
meaning that only specular reflections are considered. In most of the models, one
surface reflection is considered. More surface reflections are usually ignored be-
cause of the complexity of the problem.

1.4.1 Reflectivity with one surface reflection
Under geometrical optics approximation and by assuming that the sea surface is

an ergodic random process, the surface reflectivity of a given surface point can be
obtained by the average reflectivity of the whole surface, given by:

ρ1 =
〈
|r|2g0

〉
, (1.41)

where the symbol 〈· · · 〉 stands for the statistical average over the random variables.
The term |r|2 is the local reflectivity of the point of interest, and g0 results from
projecting the area around this point onto the orthogonal direction of the observa-
tion direction. Eq. (1.41) is the basic idea of the sea surface infrared reflectivity
modeling.

As shown in Fig. 1.2 (c), some parts of the surface are shadowed either from
the transmitter (atmosphere here) or from the receiver, especially for large zenith
incident θi or observation θ angles. As a result, a bistatic first-order illumination
function S1

B is required to take into account this phenomenon. The subscript “B”
stands for bistatic configuration (the transmitter and the receiver are in different
locations), and the superscript “1” stands for the fact that one surface reflection is
considered.

In the model of Wagner [3], the monostatic Wagner’s illumination function S0
M

is extended to the bistatic configuration. Bourlier et al. [4] extended the Smith
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illumination function [25] to a bistatic case to obtain the bistatic Smith illumina-
tion function in the same way as the model of Wagner. These bistatic first-order
illumination functions are widely used in sea surface reflectivity models [6, 40, 23,
42, 33, 8]. The bistatic Smith illumination function is reviewed in Sec. 4.1, and is
employed to calculate the surface reflectivity with one surface reflection in Sec. 5.1.

1.4.2 Reflectivity with multiple surface reflections
It is also possible that the incident ray is reflected several times by the surface

before it arrives at the receiver, as shown in Fig. 1.2 (d) for two reflections. Thus,
to be more accurate, multiple surface reflections must be considered. However, as
it requires deriving a nth-order bistatic illumination function, where n denotes the
number of reflections, this is a difficult problem and is not widely addressed.

Lynch & Wagner [12] built a bistatic illumination function with two surface
reflections. It was assumed that the rough surface was a perfect reflector. The
unpolarized reflectivity of the rough surface was then calculated and they pointed
out that the energy conservation condition was better satisfied better after the second
reflection was considered.

Bourlier et al. [41] developed a bistatic illumination function with multiple
surface reflections, which is the product of a successive monostatic zero-order illu-
mination functions. This result has not been compared with any numerical result or
with measurements.

In the model of Schott et al. [42], a Monte Carlo ray-tracing method was de-
veloped to calculate the reflectivity with multiple reflections of an one-dimensional
rough dielectric surface. They arrived at the same conclusion that the energy con-
servation test was improved when the second surface reflection was considered.

The model of Lynch & Wagner [12] is reviewed in detail in Sec. 4.2.2. Based on
the model of Lynch & Wagner, a refined model is developed, and is used to calculate
the surface reflectivity with two reflections in Sec. 5.2.

1.5 Conclusion
In this chapter, the sea surface emissivity and reflectivity are introduced. Be-

cause of the sea wave, the sea surface is unpredictable. As a result, it is usually
modeled as a random process. The researches about the sea surface height and
slope probability density functions (PDF), and about sea surface height autocorre-
lation function are reviewed. Then, the main models of sea surface emissivity and
reflectivity in the literature are reviewed. The shadowing effect and the surface re-
flections are the most important phenomena that must be taken into account. Among
the sea surface emissivity models, polarization is usually not studied. Shadowing
effect is usually considered. Some models took into account surface reflections,
with the results needing justify. The models of surface reflectivity usually consider
one surface reflection, with shadowing form the receiver and from the transmitter
being considered. Multiple surface reflection is seldom studied.

This thesis is aimed to model the sea surface emissivity and reflectivity accu-
rately, which means that both shadowing effect and surface reflections must be taken
into account. In Chap. 2, the monostatic illumination function is studied. Shadow-
ing effect and one surface reflection are considered. With the monostatic illumina-
tion function, sea surface emissivity is calculated in Chap. 3. In Chap. 4 the bistatic
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illumination function is studied. Single and double surface reflections are consid-
ered. The sea surface reflectivity is then calculated with the bistatic illumination
function in Chap. 5.





2
Monostatic illumination function

When solving the infrared emissivity of rough sea surfaces, shadowing effect
(see Fig. 1.2 (a)) and surface reflections (see Fig. 1.2 (b)) have to be taken into
account. These two phenomena are the most important aspects in the calculation of
sea surface emissivity, which makes it very different from that of a flat surface away
from normal incidence θ = 0◦. The difficulty of the prediction of the sea surface
infrared emissivity is increased because of the appearance of these two phenomena.

In this chapter, the monostatic illumination functions without surface reflections
S0

M and the one with n reflections SnM are studied, which evaluate the shadowing ef-
fect and the surface reflection effect, respectively. The superscripts “0” and “n”
denote the number of reflections. The subscript “M” stands for the monostatic con-
figuration, which means that the transmitter and the receiver (sensor) are at the same
location, or only a receiver appears (for passive systems). These monostatic illumi-
nation functions are used to calculate the surface emissivity in the next chapter.

In section 2.1, the monostatic illumination function without surface reflections
S0

M is studied, and some classical models are summarized. In section 2.2, the models
of monostatic illumination function with surface reflections SnM are reviewed, and
a new model of monostatic illumination function with one surface reflection S1

M is
developed. The monostatic illumination function with one reflection S1

M is the first
contribution of this thesis. A Monte Carlo ray-tracing method is used to evaluate
the accuracy of the present model.

2.1 Illumination function without reflection

2.1.1 Shadowing effect

Fig. 2.1 shows a receiver which is measuring the radiance of a rough sea surface.
The receiver is situated in the ŝ(θ, φ) direction 1. The observation direction ŝ forms
an angle θ ∈ [0◦, 90◦] with the zenith ẑ, which is named the zenith angle. The
azimuth angle φ ∈ [0◦, 360◦] is the one between the up-wind direction and the

1. In this thesis, the symbolˆrepresents unitary vectors.

61



62 CHAPTER 2. MONOSTATIC ILLUMINATION FUNCTION

horizontal projection of ŝ (named the X direction). Fig. 2.1 shows the profile
containing the (X, z) plane, where φ is not shown.

Because of the surface roughness, not all parts of the surface can be “seen” by
the receiver. Some parts of the surface may lie in the shadow of the receiver, shown
as the dashed lines, as the emission rays toward the receiver along the observation
direction ŝ are blocked by the surface itself. This phenomenon is called the shad-
owing effect.

θ
ŝ

z

X⊗Y

Figure 2.1: Shadowing effect of rough surfaces. The observation direction forms
an angle θ with the zenith. The X direction corresponds to the horizontal direction
of the receiver. The dashed part of the surface lies in the shadow of the receiver,
whereas the solid part of the surface can be seen by the receiver.

Obviously, the shadowing effect depends on the observation direction ŝ and the
surface roughness (in particular, surface slopes), e.g. a flat surface is always fully
illuminated in all observation directions 0◦ ≤ θ < 90◦. The following physical
characteristics can be predicted:

1. In the case where θ = 0◦, which means that the emission ray is propagating
vertically upward, no emission ray is blocked (see Fig. 2.2(a)).

2. In the case where θ = 90◦, which means the emission ray is propagating
horizontally toward the receiver located at the level of the horizon, nearly all
emission rays are blocked, except for the few ones at the edge of the surface
(see Fig. 2.2(b)).

3. The higher the point is, the more likely it is illuminated. The highest point of
the surface is illuminated, as no other points can shadow it (see Fig. 2.2(c),
the point H). Indeed, if a surface point is in the shadow of the receiver, this
implies that its emission ray along ŝ reaches the surface at some other point.

4. The surface points with slopes γX0 in the X direction (corresponds to the
horizontal direction of the receiver) being larger than the slope µ = cot θ
of the emission ray lie in the shadow of the receiver, as the local angle of
incidence 2 (the one between the normal to the facet n̂ and the emission ray,
see Fig. 2.2(d)) |χ| > 90◦, which is not physical.

As predicted by the characteristics 1 and 2 in the above list, shadowing becomes
more and more significant as the zenith observation angles θ increases. For large θ,

2. This thesis uses the terms “angle of incidence” and later “plane of incidence” even though
there is not a real incident ray. The emission ray is treated as if it was generated by a specular
reflection of an incident ray, where the angle of incidence and the plane of incidence are defined.
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θ = 0◦

(a)

θ = 90◦

(b)

H

(c)

χ > 90◦

µ

γX

n̂

(d)

Figure 2.2: The 4 physical characteristics of the shadowing effect.

shadowing is too significant to be neglected. In measurements of sea surface radia-
tion, the receivers located near the sea surface (e.g. on a ship or an airplane) work
in these observation angles. This phenomenon is reinforced by the increase of the
wind speed above the sea surface, as it implies that the surface Root Mean Square
(RMS) slope increases (characteristics 4 of the above list). As a result, an accu-
rate estimation of the shadowing effect, named shadowing function or illumination
function, has to be developed to estimate the sea surface emissivity with accuracy.

Many researches were devoted to evaluate the shadowing effect. Conventional
illumination functions, for example Wagner’s model [3] and Smith’s model [25],
can be dated back to the 1960s, and are widely used in the models of scattering
and emissivity. Saunder [34] and Masuda et al. [10] took the shadowing effect
into account by employing normalization factors, which is also widely used as it is
simple to understand. Bourlier et al. [26] compared the models of Wagner, Smith
and Ricciardi–Sato [31, 30], and concluded that Smith’s illumination function is
the most accurate. Besides, they extended Smith’s model by introducing the length
of the surface to obtain the illumination function of a surface with finite length.
These models, as they do not consider surface reflections, are called zero-order
illumination functions. In the following subsections, the main models of zero-order
monostatic illumination functions are reviewed in detail.

2.1.2 Geometrical calculation

Before reviewing the models in the literature, some symbols and parameters
are introduced and calculated in advance. Fig. 2.3 shows a receiver located in the
direction ŝ(θ, φ), where θ is the zenith angle measured from the zenith and φ is the
azimuth angle measured from the up-wind direction x. The vector n̂0 is the unitary
normal vector to an arbitrary surface point named M0.
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Figure 2.3: The receiver is located in the direction ŝ(θ, φ). The vector n̂0 is the
unitary normal vector to an arbitrary point named M0.

The system of coordinates (x, y, z) is defined in the directions of the up-wind
direction, the cross-wind direction and the zenith direction, respectively. The slope
of the point M0 is noted as γ0 ≡ (γx0 , γy0), where γx0 and γy0 are its components
along the x and y directions, respectively. The unitary normal vector is then given
by:

n̂0 =
1√

1 + γ2
x0

+ γ2
y0

−γx0−γy0
1

 . (2.1)

The receiver is located in the direction ŝ(θ, φ), with its unitary vector ŝ being given
by:

ŝ =

sin θ cosφ
sin θ sinφ

cos θ

 . (2.2)

The local angle of incidence χ0 between ŝ and n̂0, is then given by:

cosχ0 = ŝ · n̂0

=
1√

1 + γ2
x0

+ γ2
y0

−γx0−γy0
1

 ·
sin θ cosφ

sin θ sinφ
cos θ


=

cos θ − (γx0 cosφ+ γy0 sinφ) sin θ√
1 + γ2

x0
+ γ2

y0

.

(2.3)

As pointed out in Sec. 2.1.1, the local angle of incidence |χ0| should not exceed
90◦, otherwise the emission ray M0(ŝ) (ray starting from M0 along the ŝ direction)
would go into the surface and the point M0 would be blocked from the receiver. As
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a result, according to Eq. (2.3), the following condition is obtained:

cos θ − (γx0 cosφ+ γy0 sinφ) sin θ√
1 + γ2

x0
+ γ2

y0

> 0,

⇒ γx0 cosφ+ γy0 sinφ < µ,

(2.4)

where µ = cot θ is the slope of the emission ray with respect to the X direction.
For better convenience in the calculation, a new system of coordinates (X, Y, z)

is defined by rotating the basis (x, y) anticlockwise through an angle φ about the
z axis, so that the receiver lies in the (X, z) plane. For short, (x, y, z) is the co-
ordinate system related to the wind direction, and (X, Y, z) is the one associated
to the receiver direction. The slope of M0 in the (x, y, z) and (X, Y, z) systems of
coordinates are related to each other by:

γx0 = γX0 cosφ− γY0 sinφ
γy0 = γX0 sinφ+ γY0 cosφ

, (2.5)

or inversely by:
γX0 = γx0 cosφ+ γy0 sinφ
γY0 = −γx0 sinφ+ γy0 cosφ

, (2.6)

where γX0 and γY0 are the slopes of the point M0 with respect to the X and Y
directions, respectively.

With Eq. (2.6), the condition shown in Eq. (2.4) becomes:

γX0 < µ, (2.7)

which means that the |χ0| < 90◦ condition requires that the slope of M0 in the X
direction cannot exceed the slope µ of the emission ray, otherwise the emission ray
would go into the surface. Thus this point would lie in the shadow of the receiver.
Notably, no restriction is put to the slope of M0 in the Y direction, allowing us to
study the shadowing effect in theX direction or in the (X, z) plane, which simplifies
the problem.

2.1.3 Wagner & Smith illumination functions
This section reviews Wagner’s [3] and Smith’s models [25] for calculating the

illumination function without surface reflections S0
M (zero-order), which gives the

probability that an arbitrary point of the sea surface can be seen by the receiver
along an observation direction ŝ(θ, φ).

Fig. 2.4 shows a profile of the surface along the X direction. Wagner and
Smith derived their illumination functions without surface reflections in very similar
ways. The illumination function is developed by introducing a ray emitted from an
arbitrary surface point M0 along the observation direction ŝ(θ, φ). The probability
that this ray leaves the surface without intersecting the surface again is studied,
which equals the probability that M0 is seen by the receiver.

It is defined that the probability that the ray M0(ŝ) does not intersect the surface
in the interval X ∈ [0, τ ] equals S0

M(µ, γx0 , γy0 , ζ0, τ). The statistical illumination
function is defined by the limit

S0
M(µ, γx0 , γy0 , ζ0, L0) = lim

τ→L0

S0
M(µ, γx0 , γy0 , ζ0, τ), (2.8)



66 CHAPTER 2. MONOSTATIC ILLUMINATION FUNCTION

X

θ

χ′

~s

~s

mean

plane

M0

M ′
0

z

O τ τ +4τ

Figure 2.4: Emission rays from the surface propagate to the receiver along the ob-
servation direction ŝ. The emission ray from M0 is blocked by the surface in the
region X ∈ (τ, τ +4τ). The emission ray from M ′

0 has a local angle of incidence
|χ′| > 90◦, which is not physical; thus, this emission ray does not exist.

where L0 is the surface length introduced by Bourlier et al. [26].
The probability that the ray M0(ŝ) does not cross the surface in the interval

X ∈ [0, τ +4τ ] equals [3, 25]:

S0
M(µ, γx0 , γy0 , ζ0, τ +4τ) = S0

M(µ, γx0 , γy0 , ζ0, τ)Q(4τ |µ, γx0 , γy0 , ζ0, τ), (2.9)

where Q(4τ |µ, γx0 , γy0 , ζ0, τ) is the conditional probability that the ray does not
intersect the surface in the range X ∈ [τ, τ +4τ ], given that it neither does in the
interval X ∈ [0, τ ]. Expressing this term by its complementary probability [3, 25]:

Q(4τ |µ, γx0 , γy0 , ζ0, τ) = 1− g(µ|γx0 , γy0 , ζ0; τ)4τ, (2.10)

where g(µ|γx0 , γy0 , ζ0; τ)4τ is the conditional probability that the ray does intersect
the surface in the range X ∈ (τ, τ +4τ) (symbolically denoted by β) given that it
does not in the interval X ∈ (0, τ) (symbolically denoted by α).

When 4τ is sufficiently small, expanding S0
M(µ, γx0 , γy0 , ζ0, τ +4τ) leads to

the following differential equation [3, 25]:

dS(µ, γx0 , γy0 , ζ0, τ)

dτ
= −g(µ|γx0 , γy0 , ζ0; τ)S(µ, γx0 , γy0 , ζ0, τ), (2.11)

which can be integrated over τ ∈ [0, L0] to yield:

S0
M(µ, γx0 , γy0 , ζ0, L0) = A exp

[
−
∫ L0

0

g(µ|γx0 , γy0 , ζ0; τ)dτ

]
. (2.12)

There leaves two tasks to fully derive Eq. (2.12): the determination of the con-
stant A and the conditional probability g(µ|γx0 , γy0 , ζ0; τ). In the following of this
subsection, these two parameters are derived.

2.1.3.1 Derivation of the constant A

Mathematically, the factorA can be any arbitrary constant. However, in a physi-
cal problem, the choice ofA affects the solution heavily, especially when this model
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is extended to deal with surface reflections, which is the aim of the next section of
this chapter. First of all, S0

M(µ, γx0 , γy0 , ζ0, L0) should be unity when θ = 0◦, be-
cause no shadow is produced by such vertical emission rays (characteristic 1), as
the surface is assumed to be single-valued. Secondly, as M0 is chosen randomly, it
is obvious that the slope of M0 must obey the |χ0| < 90◦ condition (characteristic
4, or see Eq. (2.7)), otherwise the emission ray would go into the surface (see the
ray ŝ from M ′

0 in Fig. 2.4). In that case, M0 lies in the shadow of the receiver and
the deduction above is neither valid nor necessary.

In the choice of A, Wagner and Smith agreed with each other, and A is chosen
as the unit step function such that:

A = Υ(µ− γX0) =

{
0, γX0 > µ
1, γX0 < µ

. (2.13)

However, when deriving the conditional probability g(µ|γx0 , γy0 , ζ0; τ)4τ , Wag-
ner and Smith had different expressions, which are shown below.

2.1.3.2 Wagner’s formulation of gW

To derive the illumination function, Wagner simplified the derivation of the con-
ditional probability g(µ|γx0 , γy0ζ0; τ)4τ . He neglected the dependence between the
two events α and β (see below Eq. (2.10) for the definition of α and β), and ap-
proximately expressed it as the probability that the ray does intersect the surface in
the range X ∈ [τ, τ +4τ ] [3]. In other words, this approximation is expressed as:

p(β | α) ≈ p(β). (2.14)

A ray intersecting the facet in the horizontal region X ∈ [τ, τ + 4τ ] checks the
following conditions: 

ζ(τ) < ζ0 + µτ
ζ(τ +4τ) > ζ0 + µ(τ +4τ)
γX0 > µ

, (2.15)

where ζ(τ) and ζ(τ+4τ) are the heights of the surface atX = τ andX = τ+4τ ,
respectively. Assuming that the slope γX0 of the facet in the region X ∈ [τ, τ +4τ ]
is constant, the above expression can be rewritten as:{

ζ0 + µτ > ζ(τ) > ζ0 + µτ − (γ − µ)4τ
γX0 > µ

. (2.16)

Then, g(µ|γX0 , ζ0; τ)4τ is calculated as:

gW(µ|γX0 , ζ0; τ)4τ =

∫ +∞

µ

∫ ζ0+µτ

ζ0+µτ−(γ−µ)4τ
p(ζ, γ|ζ0, γX0 ; τ) dζ dγ,

≈ 4τ
∫ +∞

µ

(γ − µ)p(ζ = ζ0 + µτ, γ|ζ0, γX0 ; τ) dγ, (2.17)

thus

gW(µ|γX0 , ζ0; τ) ≈
∫ +∞

µ

(γ − µ)p(ζ = ζ0 + µτ, γ|ζ0, γX0 ; τ) dγ. (2.18)
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Eq. (2.18) is difficult to simplify because of the appearance of the conditional
probability p(ζ = ζ0 + µτ, γ|ζ0, γX0 ; τ), which corresponds to the correlation be-
tween the heights and the slopes of two points separated by a horizontal distance
τ (see Sec. 1.1.4). To simplify the calculation, the simplest way is to ignore the
correlation between the heights and the slopes of these points [3, 25]. The other
choice is proposed by Bourlier et al. [20], where an analytical result of Eq. (2.18)
is given for a Gaussian surface.

Uncorrelated solution of gW Ignoring the correlation in p(ζ = ζ0+µτ, γ|ζ0, γX0 ; τ)
greatly facilitates the calculation of Eq. (2.18):

gunco
W (µ|γX0 , ζ0; τ) ≈ pζ(ζ = ζ0 + µτ)

∫ +∞

µ

(γ − µ)pγ(γ)dγ

= µΛ(µ)pζ(ζ = ζ0 + µτ), (2.19)

where Λ is given by:

Λ(µ) =
1

µ

∫ +∞

µ

(γ − µ)pγ(γ)dγ. (2.20)

For surfaces with Gaussian slope PDF pγ(γ) (see Eq. (1.7)), Λ is given by:
Λ(ν) =

exp(−ν2)− ν√π erfc(ν)

2ν
√
π

ν =
µ

σγ
√

2

, (2.21)

where σγ is the surface RMS slope in the studied direction (here the X direction).
For non Gaussian slope PDF pγ(γ) (see Eq. (1.9)), the calculation of Λ is shown in
Appendix (A).

The uncorrelated monostatic illumination function without surface reflection is
given by substituting the constant A (Eq. (2.13)) and the gunco

W (Eq. (2.19)) into Eq.
(2.12) [3]:

S0,W,unco
M (µ, γX0 , ζ0, L0) = Υ(µ− γX0) exp {−Λ[F (ζ0 + µL0)− F (ζ0)]} , (2.22)

where F (ζ) is the cumulative distribution function of the height PDF, given by:

F (ζ) =

∫ ζ

−∞
pζ(t)dt, (2.23)

where pζ is the PDF of the surface height. For a surface with infinite length L0 →
+∞, Eq. (2.22) is simplified as:

S0,W,unco
M (µ, γX0 , ζ0) = Υ(µ− γX0) exp {−Λ(µ)[1− F (ζ0)]} . (2.24)

In this thesis, the surface is always assumed to be of infinite length.
The height-averaged zero-order monostatic illumination function corresponds

to the slopes of the surface contributing to the emission field. It can be obtained by
averaging Eq. (2.24) over the height ζ0 of M0, given by:

S
0,W,unco

M (µ, γX0) =

∫ +∞

−∞
S0,W,unco

M (µ, γX0 , ζ0)pζ(ζ0) dζ0

= Υ(µ− γX0)
1− exp[−Λ(µ)]

Λ(µ)

(2.25)
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where pζ(ζ0) is the PDF of the surface height ζ0. The integration in Eq. (2.25) holds
for any pζ(ζ0).

The slope-averaged zero-order monostatic illumination function corresponds to
the heights of the surface contributing to the emission field. It can be obtained by
averaging Eq. (2.24) over the slope γX0 of M0 along the X direction. For surfaces
with Gaussian slope PDF, it is given by:

S
0,W,unco

M (µ, ζ0) =

∫ +∞

−∞
S0,W,unco

M (µ, γX0 , ζ0)pγ(γX0) dζX

=

[
1− 1

2
erfc

(
µ

σγX0

√
2

)]
exp {−Λ[1− F (ζ0)]}

(2.26)

where erfc is the complementary error function, given by:

erfc(v) =
2√
π

∫ +∞

v

e−t
2

dt. (2.27)

The averaged zero-order monostatic illumination function corresponds to the
percentage of the surface seen by the receiver along a given observation direction.
It is obtained by averaging Eq. (2.25) over the surface slope γX0 , or by averaging
Eq. (2.26) over the surface height ζ0. For surfaces with Gaussian slope PDF, it is
given by:

S
0,W,unco

M (µ) =

[
1− 1

2
erfc(

µ

σγX0

√
2

)

]
1− exp[−Λ(µ)]

Λ(µ)
. (2.28)

Correlated solution of gW Bourlier et al. [26, 20] gave an analytical solution of
Eq. (2.18) for a surface with Gaussian slope PDF and for any height autocorrelation
function, noted as gco

W. These results can be found in [26, 20] and are reviewed in
appendix (Appendix for short) B.

When calculating the correlated monostatic illumination function, Eq. (2.12)
involves integrating gco

W over the horizontal distance in the X direction from 0 to
infinity. Because of the complexity of the correlated gco

W, the integration has to be
carried out numerically, which can take a long computation time if not handled
properly. Bourlier et al. [26, 20] pointed out that the correlation between the slopes
and the heights of two points can be neglected if the distance between these two
points is larger than 3 times the correlation length Lc (see also Fig. 1.4). Thus, the
calculation is separated in two parts, with one for τ ∈ [0, 3Lc] with correlation, and
the other for τ ∈ [3Lc,+∞) without correlation, shown as [26, 20]:

S0,W,co
M (µ, γX0 , ζ0) = Υ(µ− γX0) exp

[
−
∫ 3Lc

0

gco
W dτ +GW

]
(2.29)

where GW is given by:

GW =

∫ +∞

3Lc

gunco
W (µ|γ0, ζ0; τ)dτ

= Λ(µ)[1− F (ζ0 + 3µLc)].

(2.30)

The integration in Eq. (2.29) from 0 to 3Lc is carried out numerically. Some
details of calculation are also presented in Appendix B. The height or slope averaged

S
0,W,co

M and the averaged S
0,W,co

M correlated illumination functions can be obtained
in the same way as the uncorrelated ones, shown in Eqs. (2.25), (2.26) and (2.28),
with the integrations being carried out numerically.
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2.1.3.3 Smith’s formulation gS

When determining the conditional probability g(µ|γX0 , ζ0; τ)4τ , Smith made
an approximation which replaces the condition “the ray M0(θ) does not intersect
the surface in l ∈ [0, τ ]” with “the ray M0(θ) is not shadowed by the point l = τ”,
which is expressed as

ζ(τ) < ζ0 + µτ, (2.31)

and symbolically denoted as α′. In other words, this approximation is expressed as
(see below Eq. (2.10) for the definition of α and β):

p(β | α) ≈ p(β | α′). (2.32)

The conditional probability is then expressed as:

gS(µ|γX0 , ζ0; τ)4τ = p(β|α′) =
p(α′, β)

p(α′)
,

=

∫ +∞

µ

∫ ζ0+µτ

ζ0+µτ−(γ−µ)4τ
p(ζ, γ|ζX , γX0 ; τ)dγdζ∫ +∞

−∞

∫ ζ0+µτ

−∞
p(ζ, γ|ζ0, γX0 ; τ)dγdζ

≈
(γ − µ)4τ

∫ +∞

µ

p(ζ = ζ0 + µτ, γ|ζ0, γX0 ; τ)dγ∫ +∞

−∞

∫ ζ0+µτ

−∞
p(ζ, γ|ζ0, γX0 ; τ)dγdζ

. (2.33)

Uncorrelated solution of gS Similar to the Wagner formulation, Eq. (2.33) also
contains the conditional PDF p(ζ, γ|ζ0, γX0 ; τ). The correlation between the heights
and slopes of two points is ignored, and the uncorrelated solution of Eq. (2.33) is
given by:

gunco
S (µ|γX0 , ζ0; τ) = µΛ(µ)

pζ(ζ = ζ0 + µτ)

F (ζ0 + µτ)
, (2.34)

where Λ(µ) is given by Eq. (2.20).
For surfaces of infinite length, the uncorrelated zero-order monostatic illumina-

tion function is given by substituting the constant A (Eq. (2.13)) and the uncorre-
lated gunco

S (Eq. (2.34)) into Eq. (2.12), given by [25]:

S0,S,unco
M (µ, γX0 , ζ0) = Υ(µ− γX0)F (ζ0)Λ(µ). (2.35)

The height-averaged zero-order monostatic illumination function can be ob-
tained by averaging Eq. (2.35) over the height ζ0 of M0, given by:

S
0,S,unco

M (µ, γX0) = Υ(µ− γX0)

∫ +∞

−∞
F (ζ0)Λ(µ)pζ(ζ0)dζ0

= Υ(µ− γX0)
1

Λ(µ) + 1
.

(2.36)

This result holds for any height PDF pζ .
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The slope-averaged zero-order monostatic illumination function can be obtained
by averaging Eq. (2.35) over the slope γX0 of M0 along the X direction. For
surfaces with Gaussian slope PDF pγ , it is given by:

S
0,S,unco

M (µ, ζ0) =

∫ +∞

−∞
Υ(µ− γX0)F (ζ0)Λ(µ)pγ(γX0) dγX0

=

[
1− 1

2
erfc

(
µ

σγX0

√
2

)]
F (ζ0)Λ(µ).

(2.37)

The average illumination function without reflection is obtained by averaging
Eq. (2.36) over the surface slope γX0 along the X direction, or by averaging Eq.
(2.37) over the surface height ζ0. For surfaces with Gaussian slope PDF pγ , it is
given by:

S
0,S,unco

M (µ) =

[
1− 1

2
erfc

(
µ

σγX0

√
2

)]
1

Λ(µ) + 1
, (2.38)

where erfc is the complementary error function given by Eq. (2.27).

Correlated solution of gS The solution of Eq. (2.33) with correlation, noted as
gco

S , is also derived by Bourlier et al. [26, 20] in the same way as that shown in the
Wagner formulation. The calculation details are also reviewed in Appendix B.

When calculating the correlated monostatic illumination function, the integra-
tion in Eq. (2.12) over the horizontal distance in the X direction from 0 to infinity
is also computed in two parts, with one for τ ∈ [0, 3Lc] with correlation, and the
other for τ ∈ [3Lc,+∞) without correlation. The result is shown below [26, 20]:

S0,S,co
M (µ, γX0 , ζ0) = Υ(v − s0) exp

[
−
∫ 3Lc

0

gco
S dτ +GS

]
(2.39)

where GS is given by:

GS =

∫ +∞

3Lc

gunco
S (µ|γ0, ζ0; τ)dτ

= − ln[F (ζ0 + µ3Lc)]
Λ(µ).

(2.40)

The height- or slope- averaged S
0,S,co

M and the average S
0,S,co

M correlated illumi-
nation functions can be obtained in the same way as the uncorrelated ones, shown in
Eqs. (2.36), (2.37) and (2.38), with the integrations being carried out numerically.

2.1.3.4 S0,W,S
M for 1D surfaces and discussion

The above Wagner and Smith illumination functions are deduced for 2D sur-
faces (3D problem). For computational ease, sometimes it is assumed that the
surfaces are 1D (2D problem). The 1D expressions of Wagner’s and Smith’s il-
lumination function can be obtained by setting γ0 = γx0 while suppressing γy0 or
setting γy0 = 0. The surface RMS slope σγ is set to the one of the studied direction.
Then, the 1D illumination function is obtained with the same equations. In fact, the
same forms will be obtained by replacing γ0 = γX and σγ = σγX0

. The physical
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reason is that, under the geometrical optics approximation (GO), a ray propagates
in one plain thus shadowing can studied in one profile of the surface.

From the construction of gW (Eq. (2.18)) and gS (Eq. (2.33)), it is notable that
gS is built by deviding gW by a denominator ranging from 0 to 1 (which corresponds
to the probability p(α′)). As a result, gS ≥ gW always holds, thus S0,S

M ≤ S0,W
M .

2.1.4 Saunders & Masuda shadowing factor
Saunders and Masuda used the same shadowing factor to evaluate the shadowing

effect, although their mathematical expressions are a little different (see Eqs. (6) -
(9) in [34] and Eqs. (13), (21) in [10]).

When deriving the sea surface infrared emissivity, Saunders and Masuda both
indicated that without considering the shadowing effect, the resulting emissivity
would exceed 1 and tend to infinity as θ approaches 90◦ [34, 10]. This is unphysical.
As a result, they calculated the surface emissivity as 3:

εglobal =

∫ ∞
−∞

∫ ∞
−∞

εlocal
cosχ0

cos θ cos θn
p(γx, γy) dγx dγy∫ ∞

−∞

∫ ∞
−∞

cosχ0

cos θ cos θn
p(γx, γy) dγx dγy

for |χ0| < 90◦.

(2.41)
The numerator is the same as the right-hand side of Eq. (1.32), which is the basic
model of sea surface infrared emissivity. Masuda called the denominator, together
with the |χ| < 90◦ restriction, a normalization factor. As this normalization factor
results from the shadowing effect, we name this normalization factor a shadowing
factor. It is given by [10]:

p(θ) =
1∫ ∞

−∞

∫ ∞
−∞

cosχ0

cos θ cos θn
p(γx, γy) dγx dγy

for |χ0| < 90◦. (2.42)

In what follows, the above shadowing factor is simplified, so as to compare it
with other models. The angle θn can be expressed by the slope of the studied point
M0, given by:

cos θn =
1√

1 + γ2
x0

+ γ2
y0

. (2.43)

The substitution of Eqs. (2.43) and (2.3) into Eq. (2.42) leads to:

p(θ) =
1∫ +∞

−∞
Υ(µ− γX0)

cos θ − γX0 sin θ

cos θ
p(γX0) dγX0

,

=
1∫ µ

−∞

(
1− γX0

µ

)
p(γX0) dγX0

,

=
1

1−
∫ +∞

µ

p(γX0)dγX0 −
1

µ

∫ µ

−∞
γX0p(γX0)dγX0

,

(2.44)

3. The mathematical expression is slightly modified here to agree with the definition of the sym-
bols used in this thesis.
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where the change of variables of Eq. (2.5) is performed, and the condition |χ0| <
90◦ is replaced by Υ(µ− γX0) (see Eq. (2.7)).

For an even slope PDF p(γX0), we have∫ +∞

−∞
γX0p(γX0)dγX0 = 0, (2.45)

which implies ∫ µ

−∞
γX0p(γX0)dγX0 = −

∫ +∞

µ

γX0p(γX0)dγX0 . (2.46)

The substitution of Eqs. (2.45) and (2.46) into Eq. (2.44) leads to:

p(θ) =
1

1 +
1

µ

∫ +∞

µ

(γX0 − µ)p(γX0)dγX0

=
1

1 + Λ(µ)
.

(2.47)

When Masuda calculated the emissivity, the |χ| < 90◦ condition was also ap-
plied to the numerator of Eq. (2.41). As a result, the unit step function Υ(µ− γX0)
is multiplied to the numerator of Eq. (2.47), which is called Masuda illumination
function, given by:

S0,M
M (θ, γX0) =

Υ(µ− γX0)

1 + Λ(µ)
. (2.48)

It is notable that Eq. (2.48) is the same as the height-averaged uncorrelated Smith
illumination function (see Eq. (2.36)). It can be concluded that for a surface with
even surface slope PDF, the Masuda shadowing factor is equal to the uncorrelated
Smith illumination function.

2.1.5 Monte Carlo ray-tracing method
The above subsections presented the analytical models of the monostatic illu-

minations functions without surface reflections. This subsection reviews the Monte
Carlo ray-tracing method given by Bourlier et al. [26], which is a numerical method
and is used as a reference to evaluate the performance of the above analytical mod-
els.

In the Monte Carlo ray-tracing method, a large number of rough surfaces are
generated, over which incident rays along a given observation direction ŝ are put.
The incident rays are traced to find out the surface points seen by the receiver and
the ones in the shadow of the receiver. As the points illuminated are found, the dis-
tribution of the illuminated slopes (height-averaged illumination function S

0

M) and

the percentage of the illuminated surface (average illumination function S
0

M) can be
calculated. The results of each surface are then averaged to obtain a final result.
Because of the long computation time, one-dimensional (1D) surfaces are consid-
ered, which are profiles of the sea surface along the X direction. This method is the
same as that of Henderson et al. [13], except for that Henderson et al. considered
two-dimensional (2D) surfaces and the surface height autocorrelation is ignored (the
surfaces are modeled as 2D white Gaussian noise).
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2.1.5.1 Generation of rough surfaces

First of all, a 1D random rough surface is generated, which is used later in the
ray-tracing algorithm. It is assumed that the sea surface is a stationary Gaussian
process, which requires that: firstly, the surface height PDF is Gaussian given by
Eq. (1.5); secondly, the surface slope PDF is Gaussian given by Eq. (1.7); thirdly,
the surface height autocorrelation function is also Gaussian given by Eq. (1.14).

Bourlier et al. introduced a filter to generate a signal which meets the above
requirements, shown as [20]:

h(xi) = σζ

√
2

Lc
√
π

exp

(−2x2
i

L2
c

)
, (2.49)

where σζ is the surface RMS height and Lc is the surface correlation length, and i
is the index of the surface point. As the height autocorrelation function is assumed
to be Gaussian, the RMS slope is related to the RMS height by σγ =

√
2σζ/Lc (see

Eq. (1.21)).
The random surface is given by the convolution product of a Gaussian white

noise n(xi) and the above filter coefficient:

ζ(xi) = n(xi)⊗ h(xi), (2.50)

where the symbol ⊗ stands for the convolution product.
Fig. 2.5 shows the results of the generated surfaces. In this calculation, 500

surfaces are generated, each of which has a length of 100 times of the correlation
length Lc. During the calculation, the up-wind direction is chosen (σγ = σγx), as
1D surfaces are generated. To be more general, the height ζ and the slope γ of the
surface are normalized as follows:

h =
ζ

σζ
√

2
, s =

γ

σγ
√

2
. (2.51)

The results are shown with respect to the normalized height h and slope s.
Fig. 2.5(a) shows one sample of the generated surfaces. It is shown that the

generated surface is rather “smooth”. In the model of Henderson et al., a Monte
Carlo ray-tracing algorithm is also performed. However, Henderson et al. described
the surface as a white Gaussian noise. It is less similar to a real sea surface.

The surface height autocorrelation is also calculated, given by

R(τ) = 〈ζ(xi)ζ(xi + τ)〉 , (2.52)

where 〈· · · 〉 stands for the ensemble average. This process is repeated for each
surface. The final result is shown in Fig. 2.5(b) and compared with the Gaussian
height autocorrelation function (Eq. (1.14)), where a good agreement is obtained.

Figs. 2.5(c) and 2.5(d) show the histogram of the surface heights and slopes,
respectively, and compared with Gaussian height and slope PDF. As can be pre-
dicted theoretically, the surface height and slope distributions agree very well with
the Gaussian distribution.

In conclusion, the generated surfaces meet all the requirements mentioned at
the beginning of this subsection. In what follows, these surfaces are used in the
ray-tracing algorithm, so as to evaluate the shadowing effect numerically.
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Figure 2.5: Results related to generated surface. (a) one sample of the generated
rough surfaces, (b) surface autocorrelation, (c) histogram of the surface heights, (d)
histogram of the surface slopes.

2.1.5.2 Ray-tracing algorithm

After the rough surfaces are generated, incident rays are introduced, which prop-
agate from the receiver to the rough surface along a given observation direction ŝ(θ).
According to the definition of the direction X , the receiver is located at the positive
end of the rough surface. Every surface point xi is studied from largest index xend

to smallest one x0, and marked whether it is illuminated.
The heart of the task lies in finding the points tangent to the incident ray, be-

ginning from which the shadowing line is drawn. The points under the shadowing
lines are in the shadow of the receiver. The criterion for these points is

(γi − µ)(γi+1 − µ) < 0, (2.53)

where µ is the slope of the incident ray and γi is the slope of the ith point on the
surface.

The algorithm is shown in Fig. 2.6, which is taken from Bourlier et al. [26].
Note that in their algorithm, the incident ray comes from the negative end of the
surface.

Fig. 2.7 shows the result of this algorithm, for a RMS slope σγ = 0.2 (for sea
surface, Beaufort scale ≈ 5) and observation zenith angle θ = 85◦. The illuminated
surface is marked as solid lines and the points in shadow are marked as dashed lines.
The shadowing line is clearly shown.
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rough surface ζ(i), from i=end to i=1

shadowing criterion

(γi − µ)(γi+1 − µ) < 0

i=i-1 j=i-1

shadowing line

A = ζ(i) + (j − i)µ

ζ(j) < A i=j

ζ(i) is hiddenj=j-1

No Yes

No

Yes

Figure 2.6: Ray-tracing algorithm without considering surface reflections.

50 53 56 59 62 65 68 71 74 77 80
−3

−2

−1

0

1

2

3

Normalized horizontal distance τ/L
c

N
or

m
al

iz
ed

 h
ei

gh
t ζ

/σ
ζ

σγ = 0.2, θ = 85o

 

 

Surface illuminated
Surface hidden
Incidence ray

Figure 2.7: One sample of the output of the ray-tracing algorithm, for a RMS slope
σγ = 0.2 and observation zenith angle θ = 85◦. The illuminated surface is marked
as solid lines and the parts in shadow are marked as dashed lines.

In the algorithm, every surface point ζ(xi) is marked as “illuminated” or “hid-
den”, after which the height and slope histograms of the illuminated points are cal-
culated. The percentage of the illuminated part over the whole surface can also
be obtained. The algorithm is repeated for all the generated surfaces to obtain the
statistical moments of the illumination function.
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2.1.6 Numerical results

In this section, numerical results of the zero-order illumination functions of
the above models are shown and compared between one another. For the calcu-
lation, 1D surfaces are considered to be consistent with the Monte Carlo ray-tracing
method. The up-wind direction is studied, which means the X direction is parallel
to the x direction (γ0 = γx = γX0 , σγ = σγx = σγX0

, see Fig. 2.3) and the (x, z)
plane is considered. The surface height and slope PDFs are assumed to be Gaussian.
To be more general, the surface height ζ and slope γ, and the slope of the emission
ray µ are normalized as follows:

s0 =
γ0

σγ
√

2
, h0 =

ζ0

σζ
√

2
, ν =

µ

σγ
√

2
. (2.54)

The corresponding Gaussian distributions of normalized slope and height, s0 and
h0, respectively, become:

ps(s0) =
1√
π

exp
(
−s2

0

)
ph(h0) =

1√
π

exp
(
−h2

0

)
. (2.55)

By doing so, the RMS height σζ and the RMS slope σγ are suppressed, which
reduces the number of degrees of freedom.

2.1.6.1 Marginal histograms p̃0
s,h

Marginal histograms of the illuminated slope and height are useful parameters to
evaluate the performance of the corresponding illumination function. The marginal
histogram of the illuminated slopes and heights without surface reflections are de-
fined respectively as:

p̃0
s(ν, s0) = S

0

M(ν, s0)ps(s0),

p̃0
h(ν, h0) = S

0

M(ν, h0)ph(h0),
(2.56)

where S
0

M(ν, s0) and S
0

M(ν, h0) are the height- and the slope-averaged illumination
functions, respectively.

Fig. 2.8 compares the zero-order marginal histograms of slopes and heights
of the illuminated points, given by the zero-order illumination functions with and
without correlation and by the Monte Carlo method, for a normalized emission ray
slope ν = 0.31 (corresponding to σγ = 0.2, θ = 85◦). The y scale is changed for
each sub-figure, so as to show the result clearly. The Wagner model is compared
with the Monte Carlo model and shown in the upper row, whereas the results of the
Smith model are shown in the lower row. The left column are the slope marginal
histograms p̃0

s, and the right column are the height marginal histograms p̃0
h.

The correlated Smith illumination function agrees better with the results of the
Monte Carlo algorithm than the Wagner one does. For both Wagner’s and Smith’s
models, the uncorrelated illumination functions overestimate the illumination effect
as the normalized slope s0 approaches ν (Fig. 2.8 (a) and (c)). After taking into
account the correlation, the Smith model agrees much better with the Monte Carlo
ray-tracing result. Larger difference can be found in the marginal height histograms
shown in Fig. 2.8 (b). The Smith illumination agrees generally quite well with
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Figure 2.8: Marginal histogram of the illuminated slopes (left column) and heights
(right column) versus normalized slope s0 and height h0, respectively, for the Wag-
ner model (upper row) and the Smith model (lower row).

the Monte Carlo method (d), whereas a large difference is found between the Wag-
ner’s model and the Monte Carlo method (b). It can be concluded that the Smith
illumination function has a better performance.

The result of Masuda’s illumination function is not shown. Firstly, it is not a
function of ζ0, thus it cannot present the marginal illuminated height histogram.
Secondly, it has the same behavior as the height illuminated Smith illumination
function for surfaces with a Gaussian slope PDF. As a result, it would give the same
result as the uncorrelated Smith marginal illuminated slope histogram.

The correlation between two points of the surface is negligible only when the
horizontal distance between two points4x is large in comparison to the correlation
length of the surface. However, as the height of the emission ray from M0 at a
distance 4x = τ equals ζ0 + τµ (see Fig. 2.4), the larger 4x is, the higher is the
ray at that point, the weaker is the probability of having one point on the surface
with that height. As a result, given that a ray M0(θ) is blocked by the surface, it is
more likely that it is blocked by some facet which is close toM0. In such a case,4x
is of the order of the correlation length, which means that the correlation between
these points should be considered. Ignoring this correlation leads to a difference
between the uncorrelated model and the Monte Carlo result, as shown in Fig. 2.8.
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2.1.6.2 Angular illumination behavior

Eqs. (2.25) and (2.36) suggest that, for both Wagner’s and Smith’s models, all
points with slopes γ0 < µ are shadowed equally. However, this is true only when
the correlation between the heights and the slopes of the surface is neglected. It
is interesting to have a close look at the angular illumination behavior of Wagner’s
and Smith’s illumination functions, which equals the height-averaged illumination
function. It is recalled that the uncorrelated height-averaged illumination functions
are given analytically by Eqs. (2.25) and (2.36) for the Wagner and the Smith for-
mulations, respectively, whereas the correlated ones are obtained from numerical
integrations.
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Figure 2.9: Angular illumination behavior of the illumination functions with cor-
relation (dashed curve) and without correlation (full curve) versus the normalized
slope s0 for the Wagner (left) and the Smith (right) models, for a normalized emis-
sion ray slope ν = 0.31.

It is notable that the angular illumination curve of both Wagner’s and Smith’s
models with correlation bend down significantly as s0 approaches ν (for increasing
s0), or equally as γ0 approaches µ, whereas the uncorrelated ones remains constant
for s0 < ν and jump to 0 at s0 > ν. In fact, in the deduction of the Wagner or the
Smith illumination functions, it is never assumed that all points with slope γ0 < µ
should be equally shadowed. Instead, throughout the deductions, the two models
neglect the correlation of the heights and slopes for computational ease. This is the
main difference between the correlated and the uncorrelated models.

2.1.6.3 Average illumination function S
0

M

The zero-order average illumination function S
0

M gives the percentage of the
surface seen by the receiver. The uncorrelated average illumination functions of
Wagner and of Smith are given by Eqs. (2.26) and (2.38), respectively. The corre-
lated ones are calculated from numerical integrations. The results of the models of
Saunders and Masuda are not shown, as they equal the uncorrelated Smith model.

Fig. 2.10 shows the results of the correlated and uncorrelated average illumina-
tion functions without reflections with respect to the parameter ν, which is given by
Eq. (2.54).

It is shown that shadowing effect is significant when ν is small. When ν = 0,
which corresponds to θ = 90◦, the averaged illumination functions equal zero,
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Figure 2.10: Average illumination function of Wagner (a) and Smith (b) versus ν.
The correlated (dashed curve) and uncorrelated (full curve) results are compared
with the Monte Carlo result (triangles).
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meaning that all the surface is shadowed. When ν > 2, the average illumination
function tends to 1, which means that all the surface is illuminated. Compared with
the Monte Carlo ray-tracing results, both uncorrelated models of Wagner and Smith
overestimate the percentage of the illuminated surface. After taking into account
the correlation, better agreements are obtained. In any case, the Wagner and Smith
models agree well with the Monte Carlo result. In addition, it can be seen that
the Smith model shows generally better agreements than the Wagner one with the
Monte Carlo result.

Fig. 2.11 shows the results of the correlated and uncorrelated average illumina-
tion functions without reflections versus the zenith angle θ, for surfaces with RMS
slope σγ = 0.2 (relatively calm sea surface, Beaufort scale ≈ 5).
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Figure 2.11: Average illumination function of Wagner (a) and Smith (b) versus
the zenith angle θ. The correlated (dashed curve) and uncorrelated (full curve)
results are compared with the Monte Carlo result (triangles). The surface RMS
slope σγ = 0.2.
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A similar conclusion as Fig. 2.10 is obtained. Shadowing is negligible for the
small zenith observation angles, e.g. θ < 60◦. For larger θ, the shadowing effect
shows up and increases rapidly. At θ = 90◦, the average illumination function
equals zero, meaning that all the surface is in the shadow of the receiver.

It is shown in Figs. 2.8, 2.10 and 2.11, that the Smith model works better than
the one of Wagner. In the following of thesis, the Smith model is used to evaluate
the shadowing effect.

2.1.6.4 Averaged illumination function S
0

M: 2D surface

To study the influence of the wind direction, the average illumination function
of Smith is also calculated for 2D surfaces. The ray-tracing Monte Carlo method is
not performed, because the time of computation is too long.

Fig. 2.12 shows the average Smith illumination of 2D surface with respect to
the azimuth angle φ (corresponds to the wind direction). The zenith angle is θ =
85◦. The wind speed is u12 = 5 m/s (a) and 10 m/s (b) (corresponding to Beaufort
scale ≈ 3 and 5, respectively). The surface slope PDF is firstly assumed to be
Gaussian (noted as G), then skewness (noted as S) and kurtosis (noted as K) effects
are considered.
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Figure 2.12: Average Smith illumination function of 2D surface with respect to the
azimuth angle φ. The wind speed is u12 = 5 m/s (a) and 10 m/s (b).

It is shown in Fig. 2.12 that the shadowing effect depends on the wind direction.
In general, under the same condition, more points are seen by the receiver at the
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cross-wind directions (φ = 90◦, 270◦). For the same θ and φ, more points are seen
if the wind speed u12 is smaller.

The averaged Smith illumination function S
0

M is symmetry about the up-wind
and cross-wind directions (φ = {0◦, 90◦, 180◦, 270◦}) for Gaussian slope PDF.

After the skewness effect is considered, S
0

M is symmetry only about the up-wind
and down-wind directions (φ = {0◦, 180◦}), which checks the conclusion obtained
in Sec. 1.1.3.2. In general, the averaged Smith illumination function is increased
for θ = 85◦ after considering the skewness and kurtosis effects.

To conclude, this section reviews and compares the existing illumination func-
tions without surface reflections (zero-order). It is shown that shadowing is signif-
icant when the zenith observation angle θ is large, which corresponds to the case
that the receiver is located near the sea surface. When θ is small, shadowing can
be negligible. In the following section, one surface reflection is considered, and the
illumination function with one reflection is derived basing on the Smith model.

2.2 Illumination function with one reflection

It is reported that models of sea surface emissivity which do not consider surface
reflections underestimate the surface emissivity [1, 13, 11]. For higher accuracy,
surface reflections should be taken into account. The key to the problem lies in
deriving the illumination function with surface reflections.

In this section, a statistical illumination function with one surface reflection
(called first-order) is derived. It is recalled that the geometrical optics approxi-
mation (GO) is employed, under which specular reflections are considered. In the
infrared domain, the sea surface is smooth enough in terms of the surface radius cur-
vature versus the studied wavelength, so that the geometrical optics approximation
is assumed to be valid.

To take into account surface reflections, the main task lies in the calculation of
the probability that an emission ray from an arbitrary point of the surface arrives at
the receiver after it is reflected once or several times by some other points of the
surface (surface-emitted surface-reflected). Fig. 2.13 shows one surface reflection
as an example.

θ

θ′

θ1

z z Sensor
ŝ

M0

M1

X ′

Y ′

X
ŝ′⊗Y

Figure 2.13: The emission ray form the source point M1 propagates along the ŝ′

direction. It intersects the surface at M0, and is then reflected specularly to the
receiver along the ŝ direction.
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An emission ray starts from the source point M1 and propagates along the
ŝ′(θ1, φ1) direction. It intersects the surface at point M0, where it is reflected to
the observation direction ŝ(θ, φ), where θ1 ∈ [0◦, 180◦] and φ1 ∈ [0◦, 360◦] are
zenith and azimuth angle of ŝ′. Note that ŝ′, ŝ and ẑ are not necessarily in the same
plane.

The zenith angle θ′ ∈ [0◦, 180◦] of −ŝ′ is an important parameter which affect
heavily the fact that the incident ray ŝ′ originates from the sky or the surface.

Several authors tried to take into account surface reflections in their emissivity
models. For example, the models of Watts et al. [39] and of Wu & Smith [1]
are empirical models which introduced cut-off angles to extimate the probability of
having single surface reflection. The model of Masuda [11] is an analytical model,
but the results were not in good agreement with numerical results [22]. To calculate
the emissivity with surface reflections with accuracy, a more accurate illumination
function with surface reflections has to be developed.

2.2.1 Improved statistical model
In this thesis, one surface reflection is considered for the emissivity calcula-

tion. A monostatic statistical illumination function with one surface reflection is
developed in this section, which gives the probability that the emission ray from an
arbitrary point M1 of the surface arrives at the receiver after it is reflected once by
some other surface point M0.

2.2.1.1 Geometric calculation of the reflection

In this thesis, the GO approximation is assumed to be valid, which means that
local specular reflections are considered. The observation direction ŝ is given by
the zenith angle θ and the azimuth angle φ in Eq. (2.2). The unitary normal vector
n̂0 is given by the slope of M0 in Eq. (2.1).

With the knowledge of ŝ and n̂0, the unitary vector of the reflected ray −ŝ′ can
be obtained by the laws of reflection, given by:

−ŝ′ = 2n̂0(n̂0 · ŝ)− ŝ,
= 2 cosχ0n̂0 − ŝ, (2.57)

where cosχ0 is given by Eq. (2.3), with χ0 being the local angle of incidence.
According to Eq. (2.2), the vector ŝ′ can also be expressed by its zenith angle
θ1 ∈ [0◦, 180◦] and its azimuth angle φ1 ∈ [0◦, 360◦], given by:

θ1 = acos(ŝ′z),
cosφ1 = ŝ′x/ sin θ1,
sinφ1 = ŝ′y/ sin θ1,

(2.58)

with ŝ′x,y,z being the x, y and z component of vector ŝ′. The slope of the rayM0(−ŝ′)
(or the ray M1(ŝ′)) is given by:

µ1 = cot θ1. (2.59)

The local angle of incidence of the point M1 is given in the same way as Eq. (2.3)
by:

cosχ1 =
cos θ1 − (γx1 cosφ1 + γy1 sinφ1) sin θ1√

1 + γ2
x1

+ γ2
y1

, (2.60)
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where γx1 and γy1 are the slopes of the point M1 with respect to the x and y direc-
tions, respectively.

For better convenience in the calculation, a new system of coordinates (X ′, Y ′, z)
is defined by rotating anticlockwise the basis (x, y) through an angle φ1 about the z
axis, so that the ray M1(ŝ′) lies in the (X ′, z) plane. The slope of M1 in the (x, y, z)
and (X ′, Y ′, z) systems of coordinates are related to each other by:

γx1 = γX′1 cosφ1 − γY ′1 sinφ1

γy1 = γX′1 sinφ1 + γY ′1 cosφ1
, (2.61)

or inversely by:
γX′1 = γx1 cosφ1 + γy1 sinφ1

γY ′1 = −γx1 sinφ1 + γy1 cosφ1
, (2.62)

where γX′1 and γY ′1 are the slopes of the point M1 with respect to the X ′ and Y ′ di-
rections, respectively. Note that the directionsX ′ andX are not necessarily colinear
with each other.

2.2.1.2 Statistical determination of the problem

The problem can be expressed equally as determining the probability that the
ray from M0 to the receiver (denoted as M0(ŝ)) does not intersect the surface while
the ray from M0 to M1 (denoted as M0(−ŝ′)) intersects the surface, which can be
written mathematically as:

S1
M = p(M0(ŝ) does not intersect ∩M0(−ŝ′) intersects),

= p(M0(ŝ) does not intersect)
×p(M0(−ŝ′)intersects|M0(ŝ) does not intersect),

= p(M0(ŝ) does not intersect)
× [1− p(M0(−ŝ′) does not intersect |M0(ŝ) does not intersect)]

= p(a)[1− p(b|a)],
(2.63)

where “M0(ŝ) does not intersect the surface” is denoted symbolically as “a” and
“M0(−ŝ′) does not intersect the surface” as “b”.

The probability p(a) corresponds to the statistical illumination function without
surface reflections. The probability p(b) is obtained similarly by:

p(b) = A exp

[
−
∫ 0

−∞
g−(µ1|γx0 , γy0 , ζ0; τ) dτ

]
, (2.64)

Here, the integration range is changed from τ ∈ (0,+∞) to τ ∈ (−∞, 0), because
the ray M0(−ŝ′) propagates toward the negative direction of X ′. The superscript
of g− stands for rays propagating toward the negative direction of X ′. The full
expression of g− is given in Appendix C. The conditional probability p(b|a) can be
obtained by modifying p(b) with the correlation between the events a and b.

There is a strong correlation between the events a and b. The event “M0(ŝ) does
not cross the surface” is the prerequisite for the existence of M0(−ŝ′): M0(−ŝ′) is
the reflected ray of M0(ŝ). It makes θ′ different from θ: θ′ is the reflection angle
which depends on θ and on the slope of M0 according to the law of reflection,
whereas θ is an arbitrary angle ranging from 0 to π/2. The constant A for p(b)
must check that M0(−ŝ′) does not go into the surface at the very beginning. For
example, A might be another unit step function Υ(γX′0 − µ1). However, knowing
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that M0(−ŝ′) is the reflected ray of M0(θ) gives information on both the slopes of
M0 and M0(−ŝ′). According to the law of reflection, it is obvious that the reflected
ray does not go into the surface. In other words, γX′0 > µ1 is always satisfied, which
means that A must be set to A ≡ 1. As a result, p(b|a) is obtained approximately
by modifying p(b) as:

p(b|a) ≈ exp

[
−
∫ 0

−∞
g−(µ1|γx0 , γy0ζ0; τ)dτ

]
. (2.65)

The statistical illumination function with one surface reflection is then derived:

S1 = S0

{
1− exp

[∫ 0

−∞
g−(µ1|γx0 , γy0 , ζ0; τ) dτ

]}
. (2.66)

2.2.1.3 Expression for any uncorrelated process

Fig. 2.14 illustrates 2 configurations in which surface reflections happen. Note
that ŝ′, ŝ and ẑ are not necessarily in the same plane. In case 1, the ray M0(−ŝ′)
propagates downward (θ′ > 90◦), whereas in case 2 it propagates upward (θ′ <
90◦). Eq. (2.66) can be greatly simplified according to each configuration.
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Figure 2.14: Two configurations of surface reflections. (a) case 1, θ′ > 90◦; (b) case
2, θ′ < 90◦. Note that ŝ′, ŝ and ẑ are not necessarily in the same plane (M1 may not
in the (X, z) plane).

The probability p(a) corresponds to the statistical illumination function without
surface reflections. In this thesis, surfaces with infinite length are considered. As
shown in the previous section, the Smith illumination function agrees better with
the Monte Carlo ray-tracing method than the model of Wagner. As a result, it is
employed to evaluate p(a). To simplify the problem, the correlation between the
heights and the slopes of different points is ignored here. The uncorrelated p(a) is
given by:

p(a) = S0
M = Υ(µ− γX0)F (ζ0)Λ(µ). (2.67)

In case 1, where the ray M0(−ŝ′) propagates downward (θ′ > 90◦), the condi-
tional probability p(b|a) = 0. It can be calculated strictly as shown in Appendix C,
or more physically, it can be explained as: a ray propagating downward certainly
intersects the surface. Thus its complementary probability equals 0.
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In case 2, where the ray M0(−ŝ′) propagates upward (θ′ < 90◦), the conditional
probability p(b|a) is given by (see Appendix C for calculation details):

p(b|a) = F (ζ0)Λ−(µ1), for θ′ < 90◦, (2.68)

where Λ−(µ1) is given by:

Λ−(µ1) =
1

µ1

∫ µ1

−∞
(γ − µ1)pγ(γ) dγ. (2.69)

For a Gaussian slope PDF pγ(γ) (see Eq. (1.7)), Λ− is given by:
Λ−(ν1) = −1− exp(−ν2

1)− ν1

√
π erfc(ν1)

2ν1

√
π

ν1 =
µ1

σγ
√

2

(2.70)

For non Gaussian slope PDF pγ(γ) (see Eq. (1.9)), the calculation of Λ− is shown
in Appendix (A).

To sum up, the statistical illumination function with one surface reflection (first-
order) is given by:

S1,unco
M (θ, γx0 , γy0 , ζ0) = Υ(µ− γX0)F (ζ0)Λ(µ)

×
{

1 if θ′ > 90◦

1− F (ζ0)Λ−(µ1) if θ′ < 90◦
.

(2.71)

It is recalled that the illumination function without reflections (zero-order) in-
volves the slope of M0 by the Heaviside function Υ(µ − γX0), which gives only
two alternatives: the facet is either possible (Υ = 1) or impossible (Υ = 0) to be
illuminated. However, the illumination function is more complicated to consider
one reflection, as it involves an incident ray and a reflected ray. The slope of the
reflected ray heavily affects the illumination function. As a result, the points with
slope fulfilling the Υ = 1 condition is redivided in two parts. The first part corre-
sponds to case 1, where the reflected ray goes downward and surely intersects the
surface. Thus, the first-order monostatic illumination function requires only cal-
culating the probability that the point M0 is viewed by the receiver, which equals
F (ζ0)Λ(µ). The other part corresponds to case 2, where the reflected ray goes up-
ward. The first-order illumination function requires considering additionally the
probability that the reflected ray M0(−ŝ′) intersects the surface during propagation.
As a result, an additional term 1− F (ζ0)Λ(µ1) shows up.

2.2.1.4 Expression for a correlated Gaussian process

For a correlated Gaussian surface, the illumination function with one reflection
is given by equation (2.66), where g and g− are obtained with considering the cor-
relation between heights and slopes. The conditional PDF of the heights and slopes
of two points of the surface (Eq. (1.17)) is thus used to include the correlation. The
integration over τ is performed numerically. The calculation is similar to that of the
correlated zero-order illumination function.
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2.2.1.5 Discussion on first-order illumination function

It is notable that this statistical illumination function with one reflection S1
M

depends on the angle of incidence θ (or equally on the slope of the incident ray
µ = cot θ), the height and the slope of M0, while surprisingly, the height and the
slope of M1 have no influence on S1

M. Bourlier et al. [41] developed a statistical
illumination function with multiple surface reflections, where the statistical first-
order illumination function 4 is expressed in terms of the slopes and the heights of
both M0 and M1. The difference comes from the different expression of M1. In
the model developed here, M1 is an uncertain point, which exists but whose exact
position is unknown and of no importance. Bourlier et al. defined the position ofM1

to be the end of an observation length τ = l1. However, l1 is in fact the length of the
sub-surface τ ∈ (0, l1), and S0

M(µ, γ0, ζ0, l1) only gives the probability that the ray
M0(θ) crosses this sub-surface, which does not ensure thatM1 is at the point τ = l1.
Bourlier developed another similar model [15] to calculate the surface emissivity .
The result shows that his model underestimates greatly the surface reflection effect.

Although the monostatic illumination function with one reflection does not de-
pend on M1, it does restrict the height and the slope of M1. As discussed in section
2.2.1.3, the event “ray M0(−ŝ′) intersects the surface” does not give restriction to
M0. However, asM0(−ŝ′) intersects the surface at the pointM1, it gives restrictions
to the height and the slope of M1 as:{

ζ1 ∈ (ζ0,+∞) if θ′ < 90◦

ζ1 ∈ (−∞, ζ0) if θ′ > 90◦
. (2.72)

and
γX′1 < µ1. (2.73)

The above restriction should be taken into account when determining some pa-
rameters which depend on the height and the slope of M1 and on this illumination
function, for example the monostatic illumination function with more reflections
and the surface reflectance.

2.2.1.6 Expression for 1D surfaces

The above expressions of the monostatic illumination function with one reflec-
tion are developed for 2D surfaces (3D problem). Sometimes, it is assumed that the
surfaces is 1D (2D problem) to reduce the complexity of the problem.

For 1D surfaces, the zenith angle of a vector is usually oriented to better defined
the direction of the vector. It is convenient to define the horizontal direction of the
receiver as the positive x direction, and the direction of the receiver’s zenith angle
θ as the positive direction for the zenith angles.

The 1D monostatic illumination function with one reflection S1
M can be obtained

in the same way as the one for 2D surface. Here, S0
M for 1D surfaces is given

directly, by:

S1,unco
M (θ, γ0, ζ0) = Υ(µ− γ0)F (ζ0)Λ(µ)

×


1 if |θ′| > 90◦

1− F (ζ0)Λ−(µ1) if 0 < θ′ < 90◦

1− F (ζ0)Λ(µ1) if −90◦ < θ′ < 0◦
.

(2.74)

4. Bourlier et al. denoted the first-order defined here as second-order. M0 and M1 are also
inversely denoted.
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It is notable that for 2D surfaces, the third case corresponding to −90◦ < θ′ <
0◦ does not exist. For 2D surface, this situation is considered in the case where
φ = φ1 + 180◦, which means that X ′ and X are in opposite directions. Note that
for 1D surfaces, the reflected ray−ŝ propagates toward the possitive end of x under
this situation, thus Λ(µ1) is used.

2.2.2 Numerical results
In this section, the numerical results of the first-order monostatic illumina-

tion function are presented. The marginal histograms of the first-order illuminated
slopes and heights are shown, which describe the distributions of the slopes and the
heights which may lead to single surface reflection. The average monostatic illumi-
nation function with one reflection is also calculated, which equals the proportion
of the surface where surface reflections occur.

To evaluate the performance of the method presented, a Monte Carlo ray-tracing
method is employed. For computational ease, 1D surfaces are considered (γ0 =
γx0 = γX0 , γy0 and γY are suppressed). The upwind direction is studied (σγ = σγx).
It is assumed that the surface is a Gaussian process with Gaussian slope and height
PDFs. The results with and without correlation (Gaussian height autocorrelation)
are simulated and compared.

2.2.2.1 Monte Carlo ray-tracing method

To evaluate the model, a Monte Carlo ray-tracing algorithm is used, shown in
Fig. 2.15. In the ray-tracing algorithm, a large number of 1D rough surfaces are
generated, with Gaussian height and slope distributions. Moreover, the surface
points are assumed to be correlated with a Gaussian height autocorrelation func-
tion, instead of being uncorrelated as in the model of Henderson et al. [13]. In
this subsection, the surfaces generated have surface lengths L = 100Lc, where Lc
is the surface correlation length. The Monte Carlo results are the average result of
N = 2000 surfaces.
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Figure 2.15: One sample of the ray-tracing method with one surface reflection for
θ = 85◦.

After the generation of the rough surfaces, the same ray-tracing algorithm shown
in Sec. 2.1.5.2 is performed. The inverse ray path is used, which means that a ray
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is emitted by the receiver, which propagates along a given zenith observation angle
θ to the surface (blue rays in Fig. 2.15). These rays are traced to find out the
illuminated surface points. The illuminated points are noted as red “+”, and the
corresponding reflected rays (red rays) at these points are traced. For the reflected
rays which intersect the surface again, the intersections, which correspond to point
M1, are noted. The corresponding reflection point is noted as M0. Each surface
point M1 and its corresponding point M0 are called one pair. The histogram of the
slope of point M0 is calculated to obtain the slope distribution, which corresponds
to the marginal slope distribution of the first-order illumination. The percentage of
the surface where single reflection occurs is given by S1,MC

M = Ni/Ns, where Ns is
the number of points of the generated surface, and Ni is the number of pairs of M0

and M1.

2.2.2.2 Marginal histograms p̃1
γ,ζ

The first-order marginal histograms of the illuminated slopes and heights pro-
vide different aspects to examine the performance of the models. They are defined
in a way very similar to that of the zero-order:

p̃1
γ(µ, γ0) = pγ(γ0)

∫ +∞

−∞
S1

M(µ, γ0, ζ0)pζ(ζ0)dζ0,

p̃1
ζ(µ, ζ0) = pζ(ζ0)

∫ +∞

−∞
S1

M(µ, γ0, ζ0)pγ(γ0)dγ0.
(2.75)

For an uncorrelated first-order illumination function, Eq. (2.71) is applied to Eq.
(2.75). For any height PDF, the integrations over ζ0 are shown below.

For case 1, the integration is given by:

p̃1,unco
γ (µ, γ0) = pγ(γ0)

∫ +∞

−∞
F (ζ0)Λ(µ)pζ(ζ0) dζ0

=
1

Λ(µ) + 1
pγ(γ0).

(2.76)

For case 2, the integration is given by:

p̃1,unco
γ (µ, γ0) = pγ(γ0)

∫ +∞

−∞
F (ζ0)Λ(µ)[1− F (ζ0)Λ(µ1)]pζ(ζ0)dζ0

=
Λ−(µ1)

[Λ(µ) + 1][Λ−(µ1) + Λ(µ) + 1]
pγ(γ0).

(2.77)

Unfortunately, as µ1 is a function of γ0, the integration over the slope γ0 has
to be calculated numerically. Moreover, it depends on the slope PDF. The slope
PDF is assumed to be Gaussian for simplification here. The marginal histogram of
illuminated heights is expressed as:

p̃1
ζ,unco(µ, ζ0) = F (ζ0)Λ(µ)pζ(ζ0){∫

γ0∈ case 1
pγ(γ0) dγ0

+

∫
γ0∈ case 2

[
1− F (ζ0)Λ−(µ1)

]
pγ(γ0) dγ0

}
.

(2.78)
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For a correlated process, the correlated first-order illumination function is used
to replace S1

M(µ, γ0, ζ0) in equation (2.75). The calculation of the first-order cor-
related illumination function is explained previously in Sec 2.2.1.4. The variable
transformations given in equation (2.54) are also performed during the calculation.
However, it is impossible to suppress σγ here, as µ1 is a function of θ and γ0 (see
Eqs. (2.58) and (2.59)).

The result is shown in Fig. 2.16. To show the result clearly, the y scales of each
sub-figure are different. Fig. 2.16 (a) and (b) show the histograms of the slopes and
the heights ofM0 of a surface with RMS slope σγ = 0.2 (relatively calm sea surface,
Beaufort scale≈ 5) for an observation zenith angle θ = 80◦. This observation angle
usually corresponds to receivers located near the sea surface, e.g. on a ship. Fig.
2.16 (c) and (d) shows the same simulation but for a surface with σγ = 0.2 (unlikely
to be a sea surface). Fig. 2.16 (e) and (f) show the same histograms as (c) and (d)
but for a much smaller observation zenith angle θ = 5◦. This observation angle
typically corresponds to receivers located near the zenith.

In general, the uncorrelated histograms overestimate the surface reflections. The
correlated first-order marginal histograms agree very well with the Monte Carlo
results.

By comparing Fig. 2.16 (a) (b) and (c) (d), it is shown that for θ = 80◦, surface
reflections are more significant for a surface with smaller RMS slope. In fact, the
θ corresponding to the peak of the rate of occurrence of single surface reflection
differs with the surface RMS slope, which is shown later.

It is interesting to have a closer look at Fig. 2.16 (a) and Fig. 2.16 (e). In Fig.
2.16 (e), two lobes show up, rather than one in 2.16 (a). A smaller lobe shows
up in the region where the slope of M0 has large absolute but negative values. In
this region, the incident ray is reflected backward, which means the reflected ray
propagates toward the receiver. In the lobe where the slope of M0 is positive, the
incident ray is reflected forward, which means the reflected ray propagates away
from the receiver. Fig. 2.17 illustrates the geometric configurations corresponding
to each segment of the slope histogram in Fig. 2.16 (e). The negative slope lobe
does not show up in Fig. 2.16 (a) as θ is too large. To produce a backward reflection,
the slope of M0 should have a very large absolute but negative value (for θ = 80◦,
γ0 ≈ −5.67, for the case in Fig. 2.16 (a) s0 ≈ 28.35), whose probability density is
too low.

2.2.2.3 Average illumination function S
1

M

To see the performance of the presented model, the average monostatic illumi-
nation function with one reflection is studied. It is obtained by integrating S1

M over
the heights and the slopes of M0, given by:

S
1

M(θ) =

∫ +∞

−∞

∫ +∞

−∞
S1

M(θ, γ0, ζ0)p(γ0, ζ0) dζ0 dγ0. (2.79)

The integration over ζ0 is given in the same way as in Eqs. (2.76) and (2.77),
whose result is shown directly as:

S
1

M(θ, γ0) =


1

Λ(µ) + 1
, case 1

Λ−(µ1)

[Λ(µ) + 1][Λ−(µ1) + Λ(µ) + 1]
, case 2

. (2.80)
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Figure 2.16: First-order marginal histogram of slopes (left) and heights (right) ver-
sus the normalized slopes s0 and heights h0.
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Figure 2.17: Configurations corresponding to each segment of the slope histogram.

However, the integration over γ0 is more difficult to derive, as θ1 is a function of γ0

and θ. Besides, the slope PDF of the surface should be given precisely. As a result,
it is calculated numerically, with the slope PDF assumed to be Gaussian.

The average monostatic illumination function with one reflection, with and with-
out correlation, is shown in Fig. 2.18 and compared with the Monte Carlo ray-
tracing method. Fig. 2.18 (a) shows the results for surfaces with RMS slope
σγ = 0.2, whereas the results for surfaces with σγ = 0.5 is shown in Fig. 2.18
(b).

As predicted by Fig. 2.16, the present model without correlation agrees quite
well with the Monte Carlo ray-tracing result. Overestimation is significant for large
zenith observation angles, e.g. θ > 60◦ for surfaces with RMS slope σγ = 0.2.
With correlation, the agreement is greatly improved. Unfortunately, the model with
correlation is too complex in formulation and takes considerably long computation
time.

It is notable that the first-order illumination function is quite large for large
zenith observation angles θ, with a maximum over 0.2 occurring at about θ ≈ 75◦

for surfaces with σγ = 0.2 and about θ ≈ 50◦ for surfaces with σγ = 0.5, which
means that surface reflections are found at 20% area of the surface for these obser-
vation angles. In several papers about surface infrared emissivity [1, 13], it is said
that the models without considering surface reflections underestimate the surface
emissivity at large zenith observation angles by comparison with measurements. It
is shown here that considering one surface reflection can be very promising to re-
duce the discrepancy between the analytical models and the measurements. This
conclusion is proved in the next chapter.

2.2.2.4 Averaged illumination function S
1

M: 2D

The average illumination function with one surface reflection S
1

M is also cal-
culated for 2D surfaces. The ray-tracing Monte Carlo method is not performed,
because the time of computation is too long.
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Figure 2.18: Correlated and uncorrelated average monostatic illumination functions
with one surface reflection compared with Monte Carlo ray-tracing method for RMS
slope σγ = 0.2 (a) and σγ = 0.5 (b).
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Fig. 2.19 shows the average average illumination function with one surface
reflection of 2D surface with respect to the azimuth angle φ (corresponds to the
wind direction). The zenith angle is θ = 85◦. The wind speed is u12 = 5 m/s
(a) and 10 m/s (b) (corresponding to Beaufort scale ≈ 3 and 5, respectively). The
surface slope PDF is firstly assumed to be Gaussian (noted as G), then skewness
(noted as S) and kurtosis (noted as K) effects are considered.
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Figure 2.19: Average illumination function with one surface reflection of 2D surface
with respect to the azimuth angle φ. The wind speed is u12 = 5 m/s (a) and 10 m/s
(b).

It is shown in Fig. 2.19 that S
1

M depends on the wind direction. it is symme-
try about the up-wind and cross-wind directions (φ = {0◦, 90◦, 180◦, 270◦}) for

Gaussian slope PDF. After the skewness effect is considered, S
0

M is symmetry only
about the up-wind and down-wind directions (φ = {0◦, 180◦}), which checks the
conclusion obtained in Sec. 1.1.3.2.

2.2.3 Empirical approach

The performance of the first-order correlated illumination function is high, while
the uncorrelated one takes less computation time and better meets the practical ap-
plication requirements. For example, to compute one single point of the curve of
the average first-order illumination function for a surface with σγ = 0.2 (Fig. 2.18
(a)), the correlated model takes 4.5 s on average, while the uncorrelated model takes
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5.5 × 10−4 s only 5. In this section, we aim at deriving an empirical method which
could improve the performance of the uncorrelated illumination function while no
significant extra computation time is added.

2.2.3.1 Determination of the empirical factor

As the illumination function with one reflection is developed based on the one
without reflection, the goal here is to determine an empirical factor f , which is then
multiplied with the uncorrelated monostatic illumination function without reflection
to obtain an empirical one:

S0,emp
M = fS0,unco

M . (2.81)

This empirical illumination function without reflection should agree well with the
Monte Carlo result. The monostatic first-order illumination function would be im-
proved automatically after the zero-order one is corrected.

The first task is to determine the form of the empirical factor. As we discussed
in Sec. 2.1.6, the drawback of the uncorrelated illumination function without re-
flection is that neglecting the correlation between heights and slopes results in an
equal probability of illumination for the points with γ0 < µ (see the solid curves
in Fig. 2.9). In fact, the illumination probability should decrease as s approaches
ν (see the dashed curves in Fig. 2.9). Thus, the empirical factor should generate a
curve similar to the angular illumination factor given by the monostatic zero-order
illumination function with correlation. We assume that the empirical factor has the
following form:

f = (B − 1) exp [−C(ν − s0)] + 1 for s0 < ν, (2.82)

where B and C are constants for any given v. B ranges from 0 to 1, which de-
scribes the magnitude of the damping. C controls the rate of decreasing. Thus,
the empirical factor decreases from 1 to B as s0 approaches ν, which meets our
requirement.

The next task is to obtain the parameters B and C. To do so, a series of samples
are studied. For a given ν, the numerical sample of f is obtained by:

fnum =
S

0,MC

M

S
0,unco

M

, (2.83)

where S
0,MC

M is the Monte Carlo result of zero-order angular illumination factor,
given by dividing the illuminated slope histogram by the Gaussian slope PDF.
S

0,unco

M is the uncorrelated height-averaged monostatic zero-order illumination func-
tion. B is the fraction given by:

B =
S

0,MC

M (s0 = ν)

S
0,unco

M (s0 = ν)
. (2.84)

With the least square method, C can be obtained without difficulty. The least square
method for the calculation of C can be found in Appendix D. Substituting B and C
back into Eq. (2.82), the empirical factor for a given ν is obtained. Take ν = 0.31
(corresponding to σγ = 0.2, θ = 85◦) for example, B and C are given by:

B = 0.6382 C = 3.6619. (2.85)

5. For an office PC, with CPU 3 GHz and 4.0 GB memory, 32bit system.
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Table 2.1: Parameters for B and C
n 0 1 2 3 4 5
bn 0.8660 1.2388 2.2895 -2.0372 0.8845 -0.1476
cn 6.1608 -18.0344 39.3244 -36.2345 16.2922 -2.7097

The empirical factor f (dashed curve) and the numerical samples fnum (scat-
tered points) are shown for ν = 0.62 in Fig. 2.20 (a). The least square method is
performed to fit only the points where fnum < 1. In the region where fnum ≥ 1,
S

0,MC

M and S
0,unco

M are very similarly to each other, thus it does not need any correc-
tion (See Fig. 2.8 (c)). Multiplying the empirical factor and the angular illumination
factor of the uncorrelated zero-order illumination function leads to the zero-order
empirical angular illumination factor, which is then compared with the correlated
one. It is shown in Fig. 2.20 (b) that the empirical angular illumination factor is no
longer constant but decreases as s0 approaches ν, which is the same case in the cor-
related angular illumination factor. In the region where f < 1, the empirical angular
illumination factor fits that of the correlated illumination function so great that the
empirical illumination function seems to match the performance of the correlated
illumination function.
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Figure 2.20: Empirical factor together with the numerical samples (a), and the com-
parison of angular illumination factor of the correlated, uncorrelated and empirical
zero-order illumination functions (b).

For any ν, the previous step is repeated and B(ν) and C(ν) are obtained. As
indicated by Bourlier et al. [26], shadowing can be neglected for ν > 2. In this
paper, all ν ∈ [0.05, 2] are investigated, with a step equals 0.05. The range ν ∈
[0, 0.05) is not included because the surface generated in the Monte Carlo algorithm
is not of infinite length which heavily affects the result. Unfortunately, B and C are
not constants but vary with ν, as shown by the scattered points in Fig. 2.21. As a
result, a power 5 polynomial is used to fit the data, which is shown:

B =
i=5∑
i=0

biν
i, C =

i=5∑
i=0

ciν
i. (2.86)

Another least square method is performed and the parameters bn and cn are reported
in Tab. 2.1. B and C in equation (2.86) are shown as solid curves in Fig. 2.21.
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Figure 2.21: B (left) and C (right) for v ∈ [0.05, 2].

Although it is time consuming to obtain all the Monte Carlo results needed to
compute bn and cn, it is very easy to compute the empirical factor once bn and cn are
obtained. The data in Tab. 2.1 can be used for the whole region ν ∈ [0, 2] (that is,
including [0, 0.005]), beyond which shadowing is negligible. f is set to 1 for ν > 2.
The empirical factor is then modified as follows to fit all situations:

f(ν, s0) =

{
(B − 1) exp (−C(ν − s0)) + 1 for ν ∈ [0, 2]
1 for otherwise

.

(2.87)

2.2.3.2 Simulation of the empirical S0
M

The zero-order empirical illumination function S0,emp
M is obtained by multiply-

ing zero-order uncorrelated illumination function with the empirical factor. Recall
that the Smith illumination function (Eq. (2.35)) is used in this thesis, the result is
given by:

S0,emp
M (µ, γ0, ζ0) = S0,S,unco

M (µ, γ0, ζ0)× f. (2.88)

As the empirical factor does not depend on the height, it does not affect the in-
tegration over ζ0. Thus the empirical zero-order marginal histogram of illuminated
slopes is given by:

p̃0,emp
γ (µ, γ0) =

Υ(µ− γ0)

Λ(µ) + 1
pγ(γ0)× f. (2.89)

Fig. 2.22 shows the results for ν = 0.31 (corresponding to σγ = 0.2, θ = 85◦)
and ν = 0.62 (corresponding to σγ = 0.2, θ = 80◦). It is shown that the em-
pirical factor improves the performance of the zero-order uncorrelated illumination
function effectively.

The first-order empirical monostatic illumination function is given by:

S1,emp
M (µ, γ0, ζ0) =

{
f(ν, s0)F (ζ0)Λ(µ), case 1

f(ν, s0)F (ζ0)Λ(µ)[1− f(ν1, s0)F (ζ0)Λ(µ1)], case 2
,

(2.90)
where ν1 = µ1/(σγ

√
2). To obtain the average empirical first-order shadowing

function, equation (2.90) is averaged over γ0 and ζ0:

S
1,emp

M (µ) =

∫ +∞

−∞

∫ +∞

−∞
S1,emp

M (µ, γ0, ζ0)pζ(ζ0)pγ(γ0)dζ0dγ0. (2.91)



2.2. ILLUMINATION FUNCTION WITH ONE REFLECTION 99

−3 −2 −1 0 1 2 3
0

0.04
0.08

0.12
0.16

0.2

0.24
0.28

0.32
0.36

0.4

Normalized slopes s
0

N
or

m
al

iz
ed

 h
is

tr
og

ra
m

ν = 0.31

 

 

Monte Carlo
uncorrelatd
empirical

(a)

−3 −2 −1 0 1 2 3
0

0.05
0.1

0.15
0.2

0.25
0.3

0.35
0.4

0.45
0.5

0.55

Normalized slopes s
0

N
or

m
al

iz
ed

 h
is

tr
og

ra
m

ν = 0.62

 

 

Monte Carlo
uncorrelatd
empirical

(b)

Figure 2.22: Zero-order empirical marginal histogram of illuminated slopes for ν =
0.31 (a) (corresponding to σγ = 0.2, θ = 85◦) and ν = 0.62 (b) (corresponding to
σγ = 0.2, θ = 80◦).

The integration over the heights ζ0 can still be done analytically, which is given
by:

S1,e(µ, γ0) =


1

Λ(µ) + 1
f(ν, s0), case 1

[1− f(ν1, s0)][Λ(µ) + 1] + Λ(µ1)

[Λ(µ) + 1][Λ(µ1) + Λ(µ) + 1]
f(ν, s0), case 2

. (2.92)

Thus, the marginal histogram of the illuminated slopes given by the first-order
empirical illumination function is expressed analytically by:

p̃1
γ0,emp(µ, γ0) = S

1,emp

M (µ, γ0)pγ(γ0). (2.93)

Fig. 2.23 shows the results for {σγ = 0.2, θ = 80◦} and for {σγ = 0.5, θ = 5◦},
which are the same parameters as in Fig. 2.16 (a) and (e). It can be seen that the
empirical illumination function agrees greatly with the Monte Carlo result at large
angles of incidence (Fig. 2.23 (a)). At small zenith angles θ, there is no significant
improvement (Fig. 2.23 (b)). Fortunately, the discrepancy is small in this area.
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Figure 2.23: First-order empirical marginal histogram of illuminated slopes.

As µ1 and f(ν1) are functions of γ0, the integration over γ0 is performed numer-
ically. The results are shown in Fig. 2.24 for σγ = 0.2 and 0.5, where again very
good agreements are obtained.
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Figure 2.24: Empirical average first-order illumination function comparing with the
Monte Carlo method.
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It is shown that the empirical illumination function works quite well, with nearly
the same performances as the correlated illumination function. Besides, it consumes
much less computation time. Take the same example as we did at the beginning
of this subsection: to compute one single point of the curve of the average first-
order illumination function for a surface with σγ = 0.2, the empirical model takes
1.1 × 10−3 s only. This empirical factor is a good compromise between accuracy
and time consumption for solving the problem.

The first-order monostatic illumination function is an important parameter when
calculating the sea surface infrared emissivity, and it is the key work of this thesis.
We have published this first-order illumination function in 2011 [28].

2.3 Conclusion
In this chapter, the monostatic illumination function is studied. The main mod-

els of the monostatic illumination function without surface reflections (zero-order)
are reviewed. It is shown that the Smith illumination function agrees best with the
Monte Carlo ray-tracing method. Surface reflections are studied. A statistical il-
lumination function with one surface reflection is developed. It is shown that this
first-order illumination function agrees well with the result of the Monte Carlo ray-
tracing method.

In what follows, the sea surface infrared emissivity is studied, where shadowing
and surface reflections are taken into account. The Smith illumination function is
used to evaluate the shadowing effect. The first-order illumination function is the
main contribution of this thesis. The model developed here is used in the next
chapter to take single surface reflection into account when calculating the surface
emissivity.





3
Sea surface infrared emissivity

Sea surface infrared emissivity in the atmospheric transmission windows (λ ∈
[3, 5] and [8, 13] µm) is an important parameter in oceanic remote sensing, e.g.
for deriving the sea surface temperature. Sea surface infrared emissivity is nearly
constant for observation directions (θ see Fig. 3.1) near zenith, but it varies signif-
icantly with the observation angle measured from zenith (named zenith angle). In
these observation directions, shadowing and surface reflections become significant,
increasing the difficulty in predicting the sea surface emissivity with accuracy.

Early models of sea surface infrared emissivity derived the emissivity without
considering sea surface reflections (named direct emissivity, or zero-order emissiv-
ity). By contrast, the shadowing effect was usually considered. However, Smith et
al. [37] reported a difference of about 0.02-0.03 between the measurements and the
direct emissivity model of Masuda et al. [10] for a zenith angle θ (see Fig. 3.1) of
73.5◦, because surface reflections were ignored.

Several authors tried to include surface reflections in their emissivity models.
The main difficulty lies in the derivation of the probability of observing surface re-
flections at the consider surface point, which is called the nth-order illumination
function, where n denotes the number of surface reflections. This part was stud-
ied in the previous chapter, and an analytical first-order illumination function was
developed.

It is also reported that infrared intrinsic radiation of surfaces is partially polar-
ized at large zenith observation angles (θ → 90◦) [43, 36]. It is of great interest to
study the polarization state of the surface radiation energy.

In this chapter, the sea surface infrared emissivity is determined, by taking both
the zero- (direct) and first-order emissivity contributions into account, denoted as
ε0 and ε1, respectively. The first-order emissivity is also called surface-emitted
surface-reflected emissivity, or SESR for short [39]. Polarization is taken into ac-
count and carefully dealt with, and the degree of polarization (DOP) is calculated.
The sea surface is modeled as one- (1D surface, 2D problem) and two-dimensional
(2D surface, 3D problem). Moreover, the skewness and kurtosis effects of the sea
surface are considered, following the mathematical development of the sea surface
slope probability density function (PDF) given by Cox and Munk [17] and Bourlier
et al. [32].
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This chapter is organized as follows: In section 3.1, the emissivity without sur-
face reflection (ε0, direct emissivity) is calculated, whereas in section 3.2, the ana-
lytical model of the emissivity with one surface reflection (ε1, first-order or SESR
emissivity) is derived. Polarization is taken into account and the degree of polariza-
tion (DOP) is calculated. Emissivity with two surface reflections (ε2, second-order)
is also calculated with a Monte Carlo ray-tracing method. The sea surface infrared
emissivity calculated by the analytical model is then compared with measurements.

3.1 Direct infrared emissivity ε0

The sea surface infrared emissivity without reflection, which is shown in Fig.
3.1, corresponds to the intrinsic radiation energy propagating directly toward the
receiver situated in the observation direction ŝ(θ, φ), where θ ∈ [0◦, 90◦] is the
zenith angle and φ ∈ [0, 360◦] is the azimuth angle measured from the up-wind
direction. It is also called the zero-order emissivity, as no surface reflection occurs.
Models of zero-order sea surface infrared emissivity are well known [10, 32, 6, 7,
35]. A review of these models is given in Sec. 1.3.1. This section follows the work
of Bourlier et al. [32] to derive the zero-order infrared emissivity of sea surfaces.
In addition, polarization is taken into account.

z
n̂0

θ

χ0 ŝ

X
M0

Figure 3.1: Direct surface infrared emissivity. The emission ray propagates directly
toward the receiver located in the ŝ(θ, φ) direction. The figure is presented in the
(X, z) plane, with X being the horizontal direction of the receiver, which forms an
azimuth angle φ with up-wind direction.

The direct emissivity ε0 is calculated firstly for one-dimensional sea surface
(1D surface, 2D problem) in Sec. 3.1.1, as it is simple studied. Then the model is
extended to two-dimensional (2D surface, 3D problem) in Sec. 3.1.2 to study the
cross-polarization effect. When deriving the direct infrared emissivity, shadowing
effect has to be taken into account, as explained in the beginning of Chap. 2.

3.1.1 Model for 1D sea surfaces
3.1.1.1 Derivation of zero-order emissivity

In this subsection, 1D rough surfaces are considered. Thus, the azimuth angle φ
is suppressed. The unitary vectors n̂0 and ŝ are given by:

n̂0 =
1√

1 + γ2
0

[
−γ0

1

]
, ŝ =

[
sin θ
cos θ

]
, (3.1)
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and the local angle of incidence χ0 is given by:

cosχ0 = n̂0 · ŝ =
cos θ − γ0 sin θ√

1 + γ2
0

. (3.2)

It is assumed that the sea is opaque for infrared wavelengths, which means that
all the refractive energy of an infrared incident ray is absorbed. It is also assumed
that the sea surface is in thermal equilibrium. The local emissivity of an arbitrary
surface point M0 (see Fig. 3.1) is given by [10]:

εlocal
0,H,V (χ0) = 1− |rH,V (χ0)|2, (3.3)

where rH,V are the Fresnel reflection coefficients in horizontal (H , the electric vec-
tor is perpendicular to the plane of incidence) and vertical (V , the electric vector is
parallel to the plane of incidence) polarizations, given by Eq. (1.29).

It is notable that, for 1D surfaces, the horizontal and vertical polarization di-
rections of different surface points are identical according to the definition of the
polarization directions. As a 1D surface belongs to a plane, e.g. the (X, z) plane
here, the observation direction ŝ and the local normal to the point n̂0 belong to the
same plane containing the surface (the (X, z) plane). The horizontal polarization
direction is the one perpendicular to this plane, and the vertical polarization direc-
tion is the one parallel to this plane and perpendicular to ŝ. These two directions do
not change from surface point to another. As a result, cross-polarization does not
occur.

The direct infrared emissivity ε0 of a flat surface can be obtained from Eq. (3.3)
by setting γ0 ≡ 0. The direct infrared emissivity of rough surfaces ε0 is the average
of the local emissivity εlocal

0,H,V of the facets seen by the receiver, given by [32]:

ε0,H,V =
〈[

1− |rH,V (χ0)|2
]
g1D

0 S0
M

〉
0,1D

, (3.4)

where 〈· · · 〉0,1D stands for the statistical average:

〈· · · 〉0,1D =

∫ +∞

−∞

∫ +∞

−∞
· · · p(ζ0, γ0) dζ0 dγ0, (3.5)

with p(ζ, γ) being the joint probability density function (PDF) of the heights and
the slopes of the surface.

The term g1D
0 in Eq. (3.4) results from projecting the area of the facet around

M0 onto the orthogonal direction of the observation direction θ. It is given by:

g1D
0 = 1− γ0 tan θ. (3.6)

S0
M is the zero-order illumination function, which gives the probability that point

M0 is viewed by the receiver. In this thesis, the illumination function of Smith [25]
is adopted, which is reviewed in the Sec. 2.1.3. It is recalled that, when deriving S0

M,
the conditional PDF p(ζ, γ | ζ0, γ0; τ) of the heights and the slopes of two points of
the surface is involved [25]. Considering the correlation between the heights and the
slopes of these two points leads to the correlated zero-order illumination function
S0,co

M , otherwise the uncorrelated one S0,unco
M is obtained. In this chapter, both of

them are used to calculate the surface emissivity and compared.
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3.1.1.2 Degree of polarization

Infrared intrinsic radiation of a rough surface is partially polarized at large zenith
observation angles [36, 43]. The degree of polarization (DOP) of the infrared emis-
sivity is given by [43]:

DOP =
εH − εV
εH + εV

, (3.7)

where εH and εV are the emissivities in horizontal and vertical polarizations, re-
spectively.

The magnitude of the DOP describes the fraction of the polarized component
power with respect to the total power, whereas its sign relates to the dominant po-
larized energy. A positive DOP indicates that the horizontally polarized energy (H)
is larger than the vertically polarized (V ) one, and vice versa.

3.1.1.3 Monte Carlo ray-tracing method

To evaluate the accuracy of the model, a Monte Carlo ray-tracing algorithm is
used. In the ray-tracing algorithm, 1D rough surfaces are generated, with Gaussian
height and slope distributions (number of surface N = 2000, each surface with
length L = 100Lc in the chapter). Moreover, the surface points are assumed to be
correlated with a Gaussian height autocorrelation function. After the generation of
the rough surfaces, the same ray-tracing procedure as shown in Fig. 2.6 is performed
to find out all the surface points seen by the receiver.

The local angles of incidence and the Fresnel reflection coefficients of points
seen by the receiver are calculated, and the Monte Carlo zero-order emissivity is
given by:

εMC
0,H,V =

1

Ns

Ni∑
i=1

[
1− |rH,V (χ0,i)|2

]
g0,i, (3.8)

where Ns is the total number of points of the surface and Ni is the number of
surface points seen by the receiver. The parameter g0,i results from projecting each
facet onto the direction orthogonal to the observation direction θ, given by

g0,i = 1− γ0,i tan θ. (3.9)

3.1.1.4 Numerical results for 1D surfaces

The zero-order infrared emissivity and its degree of polarization (DOP) are sim-
ulated for 1D surfaces. The infrared emissivity is simulated at wavelengths in-
side the infrared atmospheric windows of 3 to 5 µm and 8 to 13 µm. The sea
refraction indexes in these two regions are given by the model of Hale and Querry
[49]: for instance, for wavelengths λ = {4, 10} µm, the sea refraction indexes
n = {1.3510 + 0.0046i, 1.2180 + 0.0508i}, respectively. The sea refraction in-
dexes used in this thesis can be found in Appendix E. We recall that the model of
Hale and Querry does not take into account the sea water salinity. The upwind di-
rection is studied, where the RMS slope relates to the wind speed u12 at 12.5 m
above the sea surface, which is given by [17] 1:

σ2
γ = 3.16× 10−3u12. (3.10)

1. The uncertainty of measurement shown in Eq. 1.8 is not considered.
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As the local emissivity of a facet εlocal
0 does not depends on the height of the

facet (see Eq. (3.3)), and the integration of the monostatic zero-order illumination
function S0

M over the surface heights holds for any form of height PDF, the knowl-
edge of the exact surface height PDF is not required. The surface slope PDF is
assumed to be Gaussian (Eq. (1.7)) first, and then the non-Gaussian slope PDF (Eq.
(1.11)) is considered to study the skewness and kurtosis effects (see Sec. 1.1.3.2 for
introduction of the skewness and kurtosis effects). For the surfaces Gaussian slope
PDF, the correlation between the heights and the slopes of different surface points
is considered when determining the illumination function S0

M.

Zero-order emissivity ε0 Fig. 3.2 shows the zero-order emissivity of 1D rough
surfaces without considering the shadowing effect (set S ≡ 1). The results are
compared with the model with shadowing effect. The wind speed u12 at 12.5 m
above the sea surface 10 m/s and the wavelength is λ = 10 µm.
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Figure 3.2: 1D zero-order infrared emissivity ε0 of a surface, with and without con-
sidering the shadowing effect. The wind speed is u12 = 10 m/s and the wavelength
λ = 10 µm.

It is shown that, the zero-order emissivities ε0 in horizontal (H , lower) or verti-
cal (V , upper) polarizations with and without considering shadowing effect are very
similar when the zenith observation angle θ is small, e.g. θ < 70◦ for surfaces with
wind speed u12 = 10 m/s. This is because shadowing is not significant for these
zenith angles θ. As θ continues to increase, discrepancies show up and increase
rapidly. For θ > 85◦, the zero-order emissivity ε0 exceeds 1 and tends to infinity as
θ increases to 90◦, which is not physical. The reason is that shadowing is signifi-
cant for large zenith angles θ. The model without considering the shadowing effect
takes all the surface points to calculate the surface emissivity, including the ones in
the shadow of the receiver, which does not contribute to the surface radiation. As
a result, it is essential to built accurately the monostatic illumination function S0

M,
which evaluates the shadowing effect.

Fig. 3.3 shows the 1D zero-order infrared emissivities ε0 of a flat surface and
that of sea surfaces with wind speeds u12 = 5 and 10 m/s, in H polarization on the
left (a) and V polarization on the right (b). The sea surface slope PDF is assumed
to be Gaussian and the correlation between the heights and slopes is not considered.
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The wavelength λ equals 10 µm. The results for λ = 4 µm are also calculated, but
are not shown as they are very similar and lead to the same conclusion.
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Figure 3.3: 1D zero-order infrared emissivity ε0 of a flat surfaces and two wind
roughenned surfaces, in H polarization on the left (a) and V polarization on the
right (b). The wavelength λ = 10 µm. The sea surface slope PDF is assumed to be
Gaussian.

It is shown that the zero-order infrared emissivity ε0 is close to 1 when θ is
small. The zero-order emissivity of a flat surface equals 0 for θ = 90◦, whereas the
ones of wind roughened surfaces do not. Moreover, as the wind speed u12 increases,
the zero-order emissivity slightly decreases at moderate zenith angles (e.g. 50◦ .
θ . 70◦), and significantly increase at large zenith angles (e.g. θ & 70◦).

Fig. 3.4 shows the results of the zero-order sea surface emissivity with Gaussian
slope PDF. The correlation between the heights and the slopes of the surface points
are considered. The wavelength λ equals 10 µm. The results are compared with the
ones of the Monte Carlo ray-tracing method.
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Figure 3.4: 1D zero-order infrared emissivity ε0 of sea surfaces with wind speed
u12 = 5 m/s, and the wavelength λ = 10 µm. The sea surface slope PDF is assumed
to be Gaussian. The correlation between the heights and the slopes of the surface
points is considered.

It is shown that the results agree very well with each other for θ . 85◦. In
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general, the zero-order emissivity with correlated height and slope PDF agrees with
the Monte Carlo result better. Small differences are found for θ > 85◦. In this
region, the calculation error in the numerical integration of gco over τ (see Eq.
(2.39)) and the one of the local emissivity over γ0 becomes significant, which is the
main reason for this discrepancy.

In Fig. 3.4, it is notable that the V polarized emissivity slightly increases to a
maximum around θ = 55◦ and then decreases, while the H polarized component
decreases monotonically with respect to θ. This phenomenon occurs because of the
Brewster angle (θB ≈ 50.6◦ for λ = 10 µm, flat surface).

The skewness and kurtosis effects are then studied. Fig. 3.5 shows the results
of 1D zero-order emissivity ε0 of sea surfaces with Gaussian slope PDF (denoted
G), Gaussian PDF plus skewness effect (denoted GS), Gaussian PDF plus kurtosis
effect (denoted GK), and Gaussian PDF plus skewness and kurtosis effects (denoted
GSK). The correlation between the heights and the slopes of the surface is not con-
sidered. The wind speeds u12 = 5 (left) and 10 (right) m/s are compared, and the
wavelength λ = 10 µm.

When the sea surface is relatively calm, for example u12 = 5 m/s (Fig. 3.5
(a), Beaufort scale ≈ 3), the zero-order emissivity with Gaussian and non Gaussian
slope PDFs are very similar, which means that the skewness and kurtosis effects
are not significant. The differences between them are shown in Fig. 3.5 (c) in
horizontal polarization and (e) in vertical polarization. For small zenith angles, e.g.
θ . 60◦, the differences are negligible. For moderate and large zenith angles, e.g.
60◦ . θ . 85◦, ε0 is increased after taking into account the skewness effect (G-
GS<0), while it is decreased after taking into account the kurtosis effect (G-GK>0).
In total, the skewness and kurtosis effects increases the zero-order emissivity for
moderate zenith angles θ. For very large zenith angles, e.g. θ & 85◦, the skewness
and kurtosis effects both reduce the zero-order emissivity (G-GS>0, G-GK>0).
In general, the differences are of the order of 10−3. The differences between the
emissivities in H polarization (c) and in V polarization (e) have a similar trend and
are of the same order.

As the wind speed increases, the skewness and kurtosis effects become more
significant. Fig. 3.5 (a) shows the zero-order emissivity of surfaces with wind speed
u12 = 10 m/s (Beaufort scale ≈ 5), with Gaussian and non Gaussian slope PDFs.
The differences between them are shown in (d) in horizontal and (f) in vertical
polarizations. The same conclusion as in Fig. 3.5 (a), (c) and (e) is found, except
that the differences are increased.

In general, the influence of the skewness effect is more significant for higher
wind speeds. For example, in Fig. 3.5 (c) where u12 = 5 m/s, the maximum of the
contribution of the skewness effect (G-GS) is about 7.4 × 10−3, whereas the one
of the kurtosis effect (G-GK) is about 2.5 × 10−3. In Fig. 3.5 (d), the wind speed
increases to u12 = 10 m/s. The maximum of the contribution of the skewness effect
is about 1.5 × 10−2, whereas the one of the kurtosis effect is about 2.7 × 10−3. It
is notable that the contribution of the skewness effect is doubled by the increase of
wind speed, but the contribution of the kurtosis effect is hardly changed.

Degree of polarization The polarization state is also studied. Fig. 3.6 shows the
degree of polarization (DOP) of sea surface emissivities with wind speed u12 = 5
and 10 m/s. The wavelength is λ = 10 µm. The results of Gaussian and non
Gaussian surface slope PDFs are compared. The receiver is located in the up-wind
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Figure 3.5: 1D zero-order infrared emissivity ε0 of Gaussian and non-Gaussian sea
surfaces and their differences. In the left column, u12 = 5 m/s, and in the right
column, u12 = 10 m/s.
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Figure 3.6: Degree of polarization (DOP) of the zero-order emissivity for λ = 10
µm. The wind speed is 5 (lower group) and 10 (upper group) m/s. The results for
Gaussian and non Gaussian slope PDF are compared. The receiver is located in the
up-wind direction.

To study the influence of the wind speed on the DOP, the results are shown both
for u12 = 5 m/s and for u12 = 10 m/s. It is shown that the DOP is always negative,
meaning that the H polarized direct emissivity ε0 is always smaller than the V
polarized component (see Eq. (3.7)), which is predictable from Fig. 3.5 (a) and (b).
As the wind speed increases, the absolute value of the DOP decreases, which means
that the increase in wind speed reduces the polarization characteristics of the direct
emissivity. In general, DOP is quite large for large zenith angles θ. For example,
for a wind speed u12 = 10 m/s and λ = 10 µm, the DOP of the direct emissivity
is about −0.1, meaning that about 10% of the surface intrinsic radiation energy at
λ = 10 µm is polarized.

The DOPs of surfaces with Gaussian and non-Gaussian (skewness and kurtosis)
slope PDFs are very similar for a wind speed u12 = 5 m/s. The differences are
more obvious for u12 = 10 m/s at large zenith angles, e.g. θ & 80◦. It can be
concluded that the influence of the skewness and kurtosis effects is more obvious
for high wind speeds and for large zenith observation angles θ. The DOP of zero-
order emissivity ε0 with GS slope PDF and that with GSK PDF are very similar,
meaning that in the up-wind direction, skewness effect is the main non-Gaussian
effect. The contribution of the kurtosis effect is weak.

The 1D surface model is simpler to build and faster to calculate. However, it
hides some characteristics of a general 2D surface, for example the cross-polarization
effect. In what follows, the model for 2D surfaces is studied.

3.1.2 Model for 2D sea surfaces
3.1.2.1 Rotation angle α

In this subsection, general 2D rough surfaces (3D problem) are considered. The
direct emissivity of 2D surfaces is calculated in a very similar way as for the 1D
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model.
Fig. 3.7 shows the tangent plane of an arbitrary surface point M0 of the sea

surface, with unitary normal vector n̂0. The x̂ direction is the up-wind direction,
and the ŷ direction is the cross-wind direction. The vector ẑ points to the zenith.
The receiver is located in the direction ŝ(θ, φ), with θ being the zenith angle and φ
being the azimuth angle measured from the up-wind direction. For convenience, a
new coordinate system (X, Y ) is defined by rotating anticlockwise the basis (x, y)
through an angle φ about the z axis, so that the receiver lies in the (X, z) plane.

Figure 3.7: Tangent plane of an arbitrary surface point M0 (red) of the sea surface,
with a unitary normal n̂0. The receiver is located in the ŝ(θ, φ) direction. The light-
green plane crosses point M0 and is perpendicular to ŝ. The normal to the tangent
plane n̂0 and the direction of observation ŝ define the local plane of incidence, as
well as the local angle of incidence χ0 and the local horizontal h0 and vertical v0 po-
larizations. The normal to the average surface (horizontal plane) ẑ and ŝ define the
global plane of incidence, as well as the global horizontal H and vertical V polar-
izations. When n̂0 is different from ẑ, there is an angle α between the corresponding
local and global polarization directions.

The local plane of incidence of M0 is defined by the local normal to the tangent
plane n̂0 and the observation direction ŝ. The angle χ0 between n̂0 and ŝ is the
local angle of incidence. The local horizontal polarization (denoted h0, the electric
vector is perpendicular to the local plane of incidence) and local vertical polarization
(denoted v0, the electric vector is parallel to the local plane of incidence) are defined.
The unitary vector ûv0 of the v0 polarization direction belongs to the local plane of
incidence and is perpendicular to ŝ, and points upward of the tangent plane. The
unitary vector ûh0 of the h0 polarization direction is perpendicular to the local plane
of incidence and checks the relation:

ûv0 × ûh0 = ŝ, (3.11)

where × is the cross product. As the slope of M0 is arbitrary, the direction of the
local normal vector n̂0 is arbitrary, as well as the local polarization directions.

To describe the polarization state of the sea surface infrared emissivity, the av-
erage sea surface is considered, which is parallel to the horizontal plane ((X, Y ) or
(x, y)). The normal vector ẑ to the average plane and the propagation direction ŝ
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of the emission ray define the global plane of incidence. The global horizontal po-
larization (denoted H) and global vertical polarization (denoted V ), as well as the
corresponding unitary vectors ûV and ûH , are defined in the same way as the local
ones, by replacing the local normal vector n̂0 with the global one ẑ. The global po-
larization directions are fixed by the observation direction ŝ and the zenith direction
ẑ.

Generally, the tangent plane at an arbitrary surface point M0 is not identical to
the average sea surface (horizontal plane), which means that the local normal vector
n̂0 is not identical to the ẑ direction. As a result, the local plane of incidence is
generally not identical to the global one. As ûV , ûH , ûv0 and ûh0 are perpendicular
to ŝ, they belong to the same plane (the light green plane in Fig. 3.7). However,
as the tangent plane is “rotated” from the average sea surface, there is an angle α
between the local and global planes of incidence, which equals the one between ûV
and ûv0 , or between ûH and ûh0 (see Fig. 3.7). As the local polarization directions
differ from a surface point to another, the intensity of the intrinsic radiation in local
v0 and h0 polarizations should be projected onto the global V and H polarization
directions when deriving the sea surface infrared emissivity. As a result, a part
of the locally horizontally (or vertically) polarized energy may pass to vertical (or
horizontal) polarization in a global point of view. This effect is named “cross-
polarization” for short here. “cross-polarization” never occurs when deriving the
zero-order 1D sea surface infrared emissivity in Sec. 3.1, because the local and
global planes of incidence are always identical, which means α equals 0.

3.1.2.2 Derivation of ε0 for 2D surfaces

To derive the polarized zero-order infrared emissivity of sea surfaces, the local
emissivity of an arbitrary pointM0 is calculated firstly. The local angle of incidence
χ0 is given by Eq. (2.3). The local emissivity of point M0 is then given by:

εlocal
0,h0,v0

(χ0) = 1− |rh0,v0(χ0)|2, (3.12)

where rh0,v0(χ) are the Fresnel reflection coefficients in local horizontal and vertical
polarizations, given by Eq. (1.29).

To derive the polarized emissivity of the sea surface, the local emissivity in v0

and h0 polarizations is projected onto the V and H polarization directions. The
emissivities in v0V (local v0 polarization projected to global V polarization), v0H ,
h0V , h0H polarizations are given by:

ε0,v0V = εlocal
0,v0

cos2 α
ε0,v0H = εlocal

0,v0
sin2 α

ε0,h0V = εlocal
0,h0

sin2 α
ε0,h0H = εlocal

0,h0
cos2 α

, (3.13)

where the squares in cos2 α and sin2 α show up because emissivity corresponds to
energy intensity, which relates to the square of the wave magnitude. The rotation
angle α is derived in detail in Appendix F. The emissivities in global V and H
polarizations are given by:

ε′0,V = ε0,v0V + ε0,h0V

ε′0,H = ε0,v0H + ε0,h0H
. (3.14)
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Following the same method as for 1D surfaces, the zero-order infrared emissiv-
ity θ0 of the 2D surfaces is given by:

ε0,V =
〈
ε′0,V g

2D
0 S0

M

〉
0,2D

ε0,H =
〈
ε′0,H g2D

0 S0
M

〉
0,2D

, (3.15)

where 〈· · · 〉0,2D stands for the statistical average:

〈· · · 〉0,2D =

∫ +∞

−∞

∫ +∞

−∞
· · · p(ζ0, γx0 , γy0) dζ0 dγx0 dγy0 (3.16)

with p(ζ, γx, γy) being the joint probability density function (PDF) of the heights
and the slopes of the surface. The term g2D

0 results from projecting the surface area
around the point M0 onto the direction perpendicular to the observation direction
(θ, φ), given by:

g2D
0 = 1− (γx0 cosφ+ γy0 sinφ) tan θ. (3.17)

We recall that the Smith illumination function S0,S
M is used. To agree with the

Smith illumination function, the change of variables given in Eq. (2.5) is also per-
formed, which allows us to study the problem in the (X, Y, z) coordinates. The
integration variables in Eq. (3.16) become:

dγx0 dγy0 = |J |dγX dγY , (3.18)

where J = 1 is the Jacobian of the change of variables.

3.1.2.3 Numerical results for 2D surfaces

Cross-polarization The polarized zero-order infrared emissivity ε0 with shadow-
ing effect and its DOP are calculated for 2D surfaces. It is recalled that the polariza-
tion state of the sea surface infrared emissivity is measured by the global horizontal
and vertical polarizations, which are defined referring to the average sea surface.

The most important difference between 1D and 2D surfaces is that, cross-polari-
zations occur for 2D surfaces. The cross-polarization effect is studied in Fig. 3.8.

Fig. 3.8 (a) and (b) shows the zero-order emissivity ε0 with shadowing effect
in h0H , h0V , v0H and v0V polarizations (the terms of the right-hand side of Eq.
(3.14)) for the wavelength λ = 10 µm. The receiver is located in the up-wind
direction (φ = 0◦). The wind speed u12 at 12.5 m above the sea surface equals 5
and 10 m/s. The surface slope PDF is assumed to be Gaussian. The results for other
φ and for a non-Gaussian PDF are also calculated, but are not shown here as they
have similar trends and lead to the same conclusions.

It is shown that the cross-polarization terms (h0V and v0H) are significant only
for small zenith angles θ, e.g. θ < 30◦ for u12 = 5 m/s and θ < 35◦ for u12 = 10
m/s. It can be concluded that the increase of wind speed u12 enhances the cross-
polarization effect for small zenith angles θ.

These cross-polarization terms decrease rapidly with the increase of the zenith
angle θ and are rather small for large zenith angles: for instance, ε0,h0V ≈ 0.0068
and ε0,v0H ≈ 0.0093 for θ = 85◦ in Fig. 3.8 (a). On the other hand, the terms ε0,h0H

and ε0,v0V are always strong.
To find the reason for the rapid decrease of the cross-polarization terms, the

average of the rotation angle α, given by 〈αS0
M〉0, is calculated for both Gaussian
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Figure 3.8: Sea surface zero-order emissivity in v0V , h0V , h0H and v0H polariza-
tions for u12 = 5 m/s (a) and u12 = 10 m/s (b). The average rotation angle 〈αS0

M〉0
is also shown for u12 = 5 m/s (c) and for u12 = 10 m/s (d). The receiver is located
in the up-wind direction (φ = 0◦).

and non-Gaussian surface slope PDFs. The angle α is derived in Appendix F. The
illumination function S0

M is taken into account to eliminate the influence of the
points in shadow, which do not contribute to the observed emissivity. The results
are shown in Fig. 3.8 (c) and (d) for u12 = 5 and 10 m/s, respectively.

It is shown that the average of α is slightly over 40◦ for θ = 0◦ for both u12 = 5
and 10 m/s. This is consistent with Fig. 3.8 (a) and (c), which show that the co-
(h0H, v0V ) and cross-polarization terms are similar for θ = 0◦, implying that α is
close to 45◦.

The average of α decreases with the increase of θ, from slightly over 40◦ for
θ = 0◦ to about 0◦ for θ = 90◦. As a result, sinα decreases rapidly as θ increases,
and the cross-polarization terms vanish (see Eq. (3.13)). Besides, the average of α
decreases more rapidly when the wind speed is small.

Comparison of 1D and 2D ε0 In Fig. 3.9, the results of zero-order emissivity
ε0 of 1D and 2D surfaces are compared. The receiver is located in the up-wind
direction φ = 0◦. The wavelength is λ = 10 µm, and the wind speed is u12 = 5 and
10 m/s. The surface slope is assumed to be Gaussian, and the correlation between
the heights and the slopes of surface points is not considered.

Fig. 3.9 (a) and (b) shows the zero-order emissivity ε0 for wind speeds u12 = 5
and 10 m/s, respectively. Although cross-polarization occurs for 2D surfaces, the
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Figure 3.9: Polarized sea surface zero-order infrared emissivity ε0 of 1D and 2D
surfaces (upper row) and their differences (lower row). The wind speed is u12 = 5
(left) and 10 m/s (right), and the wavelength is λ = 10 µm.

zero-order emissivities ε0 in global H and V polarizations are very similar with
the ones of 1D surfaces. The surface emissivity in H polarization continuously
decreases with the increase of θ, while the one in V polarization slightly increases
to a maximum value and then decreases, because of the Brewster angle (θB ≈ 50.6◦

for λ = 10 µm, flat surface).
Their differences are shown in Fig. 3.9 (c) and (d) for wind speed u12 = 5 and

10 m/s, respectively. It is shown that the differences between the 1D and 2D surface
models are relatively small and are of the same order for u12 = 5 and 10 m/s. The
differences between the emissivity in horizontal polarization stay nearly constant,
with maxima about 2× 10−4. The differences in vertical polarization increase with
the zenith observation angle θ, with maxima about 3.5× 10−3 for u12 = 5 m/s and
about 5.5 × 10−3 for u12 = 10 m/s at θ = 90◦. In general, the 1D surface model
of sea surface zero-order emissivity ε0 is a good approximation of the one for 2D
surfaces.

Non-Gaussian effect The zero-order infrared emissivity of 2D surfaces in global
H and V polarizations are calculated for both Gaussian and non-Gaussian sea sur-
face slope PDFs, with the same parameters as in Fig. 3.9, using Eq. (3.14).

The skewness and the kurtosis effects are studied separately. Very similar results
are found as in Fig. 3.5 for 1D surfaces, and the same conclusions are obtained. It is
shown in Fig. 3.10 (a) and (b) that the zero-order emissivities ε0 of 2D surfaces with
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Figure 3.10: Polarized sea surface zero-order infrared emissivity ε0 of 2D surface
with Gaussian and non-Gaussian slope PDFs (a) and (b). Their differences are
shown in (c)-(f). The wind speed is u12 = 5 (left) and u12 = 10 m/s. The receiver
is located in the up-wind direction (φ = 0◦).
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Gaussian (noted G) or non-Gaussian surface slope PDFs (noted GS for Gaussian
plus skewness, GK for Gaussian plus kurtosis, and GSK for Gaussian plus skewness
and kurtosis) have similar trends. Their differences are also small, but becomes
larger for large zenith angles θ > 85◦, meaning that the skewness and kurtosis
effects become significant only in this region.

Again, it is shown that the differences between the emissivities with G and GS
PDFs for large θ are larger than those between emissivities with G and GK PDFs,
meaning that influence of the skewness effect is more significant for the up-wind
direction.

By comparing Fig. 3.5 and Fig. 3.10, it can be concluded again that the 1D
surface model of zero-order sea surface emissivity ε0 is a good approximation of
that for 2D surfaces.

Fig. 3.11 shows the zero-order emissivity versus the azimuth angle (correspond-
ing to the wind direction) in globalH polarization in (a) and in global V polarization
in (b). The wind speed is u12 = 10 m/s and the wavelength is λ = 10 µm. The
zenith angle is θ = 85◦.

0 45 90 135 180 225 270 315 360
0.64
0.65
0.66
0.67
0.68
0.69

0.7
0.71

Azimuth angle φ (degrees)

Z
er

o−
or

de
r 

em
is

si
vi

ty

θ = 85o, u
12

 = 10 m/s,  λ = 10 µm, H pol.

 

 

G GK GSK

(a)

0 45 90 135 180 225 270 315 360
0.76
0.77
0.78
0.79

0.8
0.81
0.82
0.83

Azimuth angle φ (degrees)

Z
er

o−
or

de
r 

em
is

si
vi

ty

θ = 85o, u
12

 = 10 m/s,  λ = 10 µm, V pol.

 

 

G GK GSK

(b)

Figure 3.11: Zero-order emissivity ε0 versus azimuth angle φ in global H polariza-
tion in (a) and in global V polarization in (b). The wind speed is u12 = 10 m/s and
the wavelength is λ = 10 µm. The zenith angle is θ = 85◦.

The zero-order emissivity ε0 with Gaussian PDF (noted G), Gaussian PDF plus
kurtosis effect (noted GK) and Gaussian PDF plus skewness and kurtosis effects
(noted GSK) are shown. It is shown that ε0 with G and GK PDFs are symmet-
rical about the up-wind (φ = 0◦), down-wind (φ = 180◦) and the cross-wind
(φ = {90◦, 270◦}) directions. After taking into account the skewness effect, ε0
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with GSK PDF is not symmetrical about the cross-wind directions, whereas ε0 is
always symmetrical about the up-wind and down-wind directions. This checks the
conclusion in 1.1.3.2.

It is difficult to conclude which of the skewness and the kurtosis effects is more
significant. It depends on the zenith angle θ and the azimuth angle φ. In gen-
eral, the skewness effect is more significant than the kurtosis effect in the up-wind
(φ = 0◦) and down-wind (φ = 180◦) directions. In the cross-wind directions
(φ = {90◦, 270◦}), ε0 with GK and GSK PDFs are very similar, meaning that the
kurtosis effect is the dominant one and the influence of skewness effect is negligible.

Degree of polarization The DOP of the zero-order emissivity of 2D surfaces is
also calculated according to Eq. (3.7). Fig. 3.12 shows the DOPs of zero-order
emissivity versus the zenith angle θ, for wind speed u12 = 5 m/s (a) and u12 = 10
m/s (b), and are compared with the results of 1D surface model. The wavelength is
λ = 10 µm. The sea surface slope PDF is assumed to be Gaussian. The receiver is
located in the up-wind direction (φ = 0◦).
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Figure 3.12: Degree of polarization of 2D sea surfaces with wind speeds u12 = 5
m/s (a) and u12 = 10 m/s (b). The sea surface slope PDF is assumed to be Gaussian.
The receiver is located in the up-wind direction (φ = 0◦).

The same conclusion is obtained as Fig. 3.6 for 1D surface model. Besides,
although cross-polarization occurs for 2D surfaces, the DOPs of 1D and 2D surfaces
are very similar. Small differences are found for large zenith observation angles θ,
which increases with θ. The differences are larger for a wind speed equals 10 m/s.

As the zero-order emissivities ε0 and their DOPs of 1D and 2D surfaces are very
similar, we may conclude that the 1D surface model is a good approximation, which
gives reasonably accurate results and takes a short computation time.

Fig. 3.13 shows the DOP of zero-order emissivity of 2D sea surfaces versus the
azimuth angle φ (corresponding to wind direction). The wind speed is u12 = 10 m/s
and the wavelength is λ = 10 µm. The zenith angle is θ = 80◦ in (a) and θ = 85◦

in (b).
It is shown that the DOP of ε0 depends on the wind direction φ. Similar con-

clusions are obtain as in Fig. 3.11. The DOP with G and GK PDFs are sym-
metrical about the up-wind (φ = 0◦), down-wind (φ = 180◦) and the cross-wind
(φ = {90◦, 270◦}) directions. After taking into account the skewness effect, the
DOP with GSK PDF is not symmetrical about the cross-wind directions, whereas
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Figure 3.13: Degree of polarization of zero-order emissivity ε0. The wind speed is
u12 = 10 m/s and the wavelength is λ = 10 µm. The zenith angle is θ = 80◦ (a)
and θ = 85◦ (b).

it is always symmetrical about the up-wind and down-wind directions. This checks
the conclusion in 1.1.3.2.

The influence of the kurtosis effect is reduced as the zenith angle θ increases
from 80◦ to 85◦, whereas the influence of the skewness effect increases signifi-
cantly, especially in the up-wind and down-wind directions. This conclusion can be
predicted by Fig. 3.10. The skewness effect is small in the cross-wind directions.

In General, the skewness and kurtosis effects together increase the absolute
value of the DOP in the up-wind direction (φ = 0◦), and reduce it in the down-
wind direction (φ = 180◦). The change of DOP in the cross-wind directions
(φ = {90◦, 270◦}) are relatively small.

3.2 Infrared emissivity with one reflection ε1

The comparisons with measurements showed that the zero-order models under-
estimate the sea surface infrared emissivity for large zenith angles θ [39, 1, 22].
A reason is that the surface-emitted surface-reflected emissivity (SESR, first-order
contribution) is not taken into account, as the surface reflection effect is significant
for large zenith angles θ.

In this section, the analytical model of infrared emissivity with one surface re-
flection is developed. Fig. 3.14 illustrates the geometrical configuration of the
first-order emissivity. The first-order illumination function derived in Sec. 2.2.1 is
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used. In addition, polarization is taken into account. In the end, the sea surface in-
frared emissivity obtained by the analytical model is compared with measurements.

n̂0 θ

χ0

ŝ

n̂1

χ1

θ′

θ1

M0

M1

z

z

ŝ′

Figure 3.14: First-order infrared emissivity. The emission ray form the source M1

intersects the surface at M0, and is then reflected specularly to the receiver along
the ŝ(θ, φ) direction.

The sea surface is firstly modeled as one-dimensional (1D) in Sec. 3.2.1 and
then two-dimensional (2D) in Sec. 3.2.2 to study the cross-polarization effect. It is
recalled that geometric optics approximation is assumed to be valid, which implies
that specular reflections are considered.

3.2.1 Model for 1D sea surfaces
3.2.1.1 Derivation of first-order emissivity ε1

In this subsection, 1D rough surfaces are considered. Thus, the azimuth angle
φ is suppressed. The up-wind direction (φ = 0◦) is taken, which means that the
surface belongs to the (x, z) plane.

The first-order emissivity ε1 corresponds to the energy emitted from a surface
point M1 which is reflected to the observation direction by the facet at point M0.
The energy emitted at point M0 is ignored, as it is already included in the zero-
order emissivity. As a result, the first-order local emissivity of the facet at point M0

is given by [15]:
εlocal

1 =
[
1− |r(χ1)H,V |2

]
|r(χ0)H,V |2. (3.19)

Attention must be paid to the polarization of the first-order local emissivity. For
1D rough surfaces, the emission and the reflection rays both belong to the (x, z)
plane. The polarization state of the emission ray is not changed when it propagates
to the facet of reflection. As a result, the cross-polarization terms do not contribute.
In other words, the H polarized first-order local emissivity results from the com-
bination of rH(χ1) and rH(χ0) [HH for short, where the first H corresponds to
the subscript of r(χ1) and the second corresponds to that of r(χ0)] in Eq. (3.19).
The same remark holds for the V polarized first-order local emissivity. The V H
and HV combinations never contribute for 1D surfaces. Thus, the first-order local
emissivity is given by:{

εlocal
1,H = [1− |rH(χ1)|2] |rH(χ0)|2
εlocal

1,V = [1− |rV (χ1)|2] |rV (χ0)|2 . (3.20)
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The first-order emissivity is given in the same way as that of the zero-order:{
ε1,V =

〈
εlocal

1,V g0,1DS
1
M

〉
1,1D

ε1,H =
〈
εlocal

1,H g0,1DS
1
M

〉
1,1D

, (3.21)

where g0,1D is given by Eq. (3.9). The symbol 〈· · · 〉1,1D stands for the first-order
statistical average:

〈· · · 〉1,1D =

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞
· · ·

×p(ζ1, γ1, ζ0, γ0) dζ1 dγ1 dζ0dγ0, (3.22)

with p(ζ1, γ1, ζ0, γ0) the joint PDF of the heights and the slopes of points M1 and
M0, respectively.

S1
M is the first-order illumination function which gives the probability that single

reflection is observed at the studied point. In this thesis, the first-order illumination
function developed in Sec. 2.2.1 is used.

3.2.1.2 Estimation of the slope PDF of M1

The first-order illumination function S1
M developed in Sec. 2.2.1 is a function

of the height ζ0 and the slope γ0 of point M0. However, it does not depend on the
height and the slope of point M1. In fact, no information about ζ1 or γ1 is provided,
which makes it difficult to compute the statistical average in Eq. (3.22).

As the first-order local emissivity does not depend on the heights ζ0 or ζ1 of the
surface points M0 or M1, and the average of the first-order illumination function
does not depend on the height PDFs of M1 and M0, the knowledge of the height
PDF of ζ1 and ζ0 are unnecessary. However, the first-order local emissivity does
depend on the slopes of point M0 and M1. As a result, the PDF of γ1 has to be
derived first. As discussed in Sec. 2.2.1.5, to ensure |χ1| < 90◦, the slope γ1 must
satisfy:

γ1 ≤ µ1, (3.23)

where µ1 = cot θ1 is the slope of the ray ŝ′ (see Fig. 3.14). As no further informa-
tion about γ1 is provided, any slope checking Eq. (3.23) is equally considered as
the slope of point M1. The PDF of γ1 is then given by:

p(γ1) =
Υ(µ1 − γ1)∫ µ1

−∞
pγ(t) dt

pγ(γ1) (3.24)

where pγ is the surface slope PDF.

3.2.1.3 Monte Carlo ray-tracing method

To evaluate the model, the Monte Carlo ray-tracing algorithm shown in Sec.
2.2.2.1 is used again. In the algorithm, all the pairs of M0 and M1 are found. Then
the Fresnel reflection coefficients at these points are calculated, and the Monte Carlo
first-order emissivity is given by:

εMC,H =
1

Ns

Ni∑
i=1

[
1− |rH(χ1,i)|2

]
|rH(χ0,i)|2g1D

0

εMC,V =
1

Ns

Ni∑
i=1

[
1− |rV (χ1,i)|2

]
|rV (χ0,i)|2g1D

0

, (3.25)
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where Ns is the total number of points of the surface and Ni is the number of pairs
of points M0 and M1.

3.2.1.4 Numerical results for 1D surfaces

In this subsection, the first-order infrared emissivity and its degree of polariza-
tion (DOP) are simulated for 1D surfaces. The up-wind direction is taken, which
means that φ = 0◦.

As the distance between the surface points M0 and M1 is unknown, it is as-
sumed that the heights and the slopes of the surface are uncorrelated (except for
the calculation of the correlated illumination function). Under such an assumption,
the knowledge of the surface height PDF is not required. The surface slope PDF is
assumed to be Gaussian, given by Eq. (1.7). The skewness and kurtosis effects will
be included in the 2D surface model in Sec. 3.2.2.

First-order emissivity ε1 Figs. 3.15 and 3.16 show the results of the polarized
first-order infrared emissivity of sea surfaces with wind speeds u12 = 5 and 10 m/s.
The wavelength λ is 4 µm in Fig. 3.15 and 10 µm in Fig. 3.16.
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Figure 3.15: First-order emissivity for λ = 4 µm, in H polarization (left column)
and in V polarization (right column), and for u12 = 10 m/s (upper row) and u12 = 5
m/s (lower row).

It is shown that the first-order infrared emissivity contributes at large observation
angles. Employing the uncorrelated first-order illumination function S1

M, the present
model predicts the first-order emissivity quite well in both H and V polarizations.
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Figure 3.16: First-order emissivity for λ = 10 µm, in H polarization (left column)
and in V polarization (right column), and for u12 = 10 m/s (upper row) and u12 = 5
m/s (lower row).

The first-order emissivities in H and V polarizations are slightly overestimated at
large observation angles. This was predictable, as the adopted uncorrelated first-
order illumination function slightly overestimates the surface reflection effect at
these angles (see Fig. 2.18).

The agreements are significantly improved when the correlated first-order illu-
mination function is employed. However, the agreements are not as good as that
shown for the corresponding surface reflection effect in Fig. 2.18. For both H
and V polarizations, the present model using the correlated first-order illumination
function slightly overestimates the first-order emissivity at large observation angles
(θ > 80◦), while slightly underestimates it at smaller observation angles (θ < 80◦).

A closer look at Eq. (3.21) helps us explain this deviation. Indeed, the first-order
emissivity ε1 depends on three terms: the first-order local emissivity εlocal

1 , the area
projection term g0, and the first-order illumination function S1

M. It has already been
observed in Sec. 2.2.2 that the first-order illumination function works very well and
that the slope distribution of point M0 is also well predicted. As g0 depends only
on the slope of point M0 and on the observation angle θ, it should not be the source
of the error. As a result, the discrepancy should come from the first-order local
emissivity, which depends on the slopes of points M0 and M1. As the distribution
of γ0 is well predicted by the first-order illumination function (see Fig. 2.16 (a) and
(c)), the error should mainly come from the fact that the definition of the PDF of γ1

is not enough accurate.
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The PDF of γ1 is given in Eq. (3.24), which is based on the assumption that all
the slopes which fulfill the prerequisite “the local angle of incidence χ1 is not larger
than 90◦ in absolute value” could equally be the slope of point M1. Until now, no
rigorous proof is found to support this assumption. However, as little knowledge
about γ1 is given by the first-order illumination function, this problem is left to
future work.

Referring to the Monte Carlo ray-tracing method, the first-order emissivity has
a maximum of about 2.5 × 10−2 and tends to zero at θ = 90◦. However, the first-
order emissivity of Masuda (Fig. 3 of [11], noted r?1) reaches a maximum of about
5×10−2, which is nearly twice the maximum of the Monte Carlo result. In addition,
it does not equal zero at θ = 90◦ while the Monte Carlo result does. There are two
possible reasons for the appearance of this discrepancy. Firstly, Masuda used a
weighting function to estimate the probability of observing one surface reflection,
which is built on a shadowing term. The shadowing term gives the proportion that
the surface is illuminated, which does not equal the probability that a certain point
is illuminated and which is not suitable for extension to higher orders. The second
reason is that Masuda used the direct emissivity of the surface at θ > 90◦. In this
region, the receiver is below the sea surface, which is not physical.

The Monte Carlo ray-tracing method for calculating the second-order infrared
emissivity (with two surface reflections) was also developed, and the corresponding
results are shown in Figs. 3.15 and 3.16 (squares). A maximum of about 2.5×10−3

at 80◦ is observed for both H and V polarizations, which is less than the sensitivity
requirement 5 × 10−3 reported by Wu and Smith in 1997 [1]. The Monte Carlo
results for calculating three surface reflections were also computed, which show a
maximum of about 4 × 10−4 (not shown here). As a result, the second and higher
orders infrared emissivities are negligible for our application.

Total emissivity of the surface εtot The total infrared emissivity is obtained by
summing up the zero- and first-order ones, whereas the higher orders are ignored:

εtot = ε0 + ε1. (3.26)

Although the first-order emissivity model using the correlated first-order illumi-
nation function better agrees with the Monte Carlo result, the uncorrelated model
is considered because of its significantly lower time consumption. Fig. 3.17 shows
the uncorrelated zero-order and total emissivities of the surface for a wind speed
u12 = 10 m/s and a wavelength λ = 10 µm. The results for u12 = 5 m/s and for
λ = 4 µm are not shown as they lead to the same observations and conclusions.

It is shown that the total emissivity of the sea surface decreases with the ob-
servation angle. Compared with the zero-order emissivity, the total emissivity is
significantly increased at large observation angles by taking the first-order emissiv-
ity into account. The analytical results agree well with the Monte Carlo results,
except for gazing angles (θ > 80◦).

Degree of polarization To study the polarization state of the sea surface emissiv-
ity, the degree of polarization (DOP) of the zero-order, the first-order and the total
infrared emissivities are calculated according to equation (3.7) and plotted in Fig.
3.18. The results for u12 = 5 m/s and for λ = 4 µm are not shown as they lead to
the same conclusions.
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Figure 3.17: Uncorrelated zero-order emissivity ε0 of the surface (solid) and the
corresponding Monte Carlo result (triangle), and the total emissivity ε0+ ε1 of the
surface (dashed) and the corresponding Monte Carlo result (wedge) in H polar-
ization (a) and in V polarization (b). The wind speed is u12 = 10 m/s and the
wavelength λ = 10 µm.
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Figure 3.18: DOP of the first-order infrared emissivity ε1 of the sea surface (a), and
the comparison between the DOPs without surface reflections ε0 (solid line in (b))
and with one reflection ε0 + ε1(dashed line in (b)).

Fig. 3.18 (a) shows the DOP of the first-order infrared emissivity of the sea
surface. It is shown that the first-order infrared emissivity ε1 can be highly polarized
at small to moderate observation angles (up to 65% at θ ≈ 40◦ in Fig. 3.18 (a)),
although the magnitude of ε1 is close to zero and very small compared to ε0 (see
Fig. 3.15 and 3.16). The DOP of ε1 decreases to zero at θ ≈ 85◦, and continuously
decreases to about −5% at θ = 90◦. In other words, for the polarized component of
the first-order infrared emissivity, the globally H polarized energy is the majority
for θ < 85◦, while the globally V polarized energy is the majority for θ > 85◦. At
θ ≈ 85◦, ε1 is unpolarized.

Fig. 3.18 (b) shows the DOPs of the uncorrelated zero-order and total infrared
emissivities of the sea surface. It is shown that the DOP of the total infrared emis-
sivity of the surface is negative and decreases to about−9% as the observation angle
increases to θ = 90◦, which means that the globally V polarized energy is the ma-
jority, and that up to 9% of the energy is polarized at θ = 90◦. The DOP of the
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total surface emissivity is slightly reduced in magnitude at large observation angles,
which means that surface reflections slightly reduce the polarization feature of the
surface radiation.

3.2.2 Model for 2D sea surfaces
3.2.2.1 Rotation angle β

In this subsection, 2D rough surfaces (3D problem) are considered. The first-
order emissivity of 2D rough surfaces is calculated in the same way as that for 1D
rough surfaces. It is recalled that, to describe the polarization state of the sea sur-
face infrared emissivity, the average sea surface is considered and global horizontal
polarization (H) and global vertical polarization (V ) are defined (see Sec. 3.1.2 for
details).

Fig. 3.19 shows two points M1 and M0 of the sea surface and their tangent
planes. An emission ray ŝ′ propagates from M1 to M0, where it is then reflected
specularly to the receiver. Unlike 1D surfaces, the propagation direction of the
emission ray ŝ′ and the normals to these two points are generally not in the same
plane. As a result, the local planes of incidence (defined by ŝ′, ŝ and the local
normals n̂1 and n̂0) of these two points are not identical, but differ from a rotation
angle β, as shown in Fig. 3.19. The angle β is derived in Appendix F.

Figure 3.19: The tangent planes (red planes) of points M0 and M1, and the local
planes of incidence (blue plane for M0, magenta plane for M1).

The local vertical and horizontal polarizations (denoted as v1 and h1 to avoid
confusion) of the emission ray from M1 are defined in the same way as v0 and h0.
The v′0 and h′0 directions are the local vertical and horizontal polarization directions
of the incident ray ŝ′ to the point M0. Before calculating the reflection, the intensity
of the intrinsic radiation of v1 and h1 polarizations should be projected to the v′0 and
h′0 polarizations, which also leads to the cross-polarization effect.
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3.2.2.2 Derivation of the first-order emissivity ε1

In this subsection, the sea surface infrared emissivity with one reflection ε1 is
developed according to the slopes of the points M0 and M1 and the observation
angle ŝ(θ, φ).

The calculation of the geometry can be found in Sec. 2.2.1.1. The vector ŝ′ and
the local angle of incidence χ1 are given by Eqs. (2.57) and (2.60), respectively.

The local emissivity in v1 and h1 polarizations referring to the point M1 is then
given by:

εlocal
1,v1,h1

= 1− |rv1,h1(χ1)|2. (3.27)

Before reflecting the ray specularly from ŝ′ to ŝ, the intensity of the intrinsic radia-
tion in v1 and h1 polarizations should be projected to v′0 and h′0 polarizations, given
by:

εlocal
1,v1v′0

= εlocal
1,v1

cos2 β = [1− |rv1(χ1)|2] cos2 β,

εlocal
1,v1h′0

= εlocal
1,v1

sin2 β = [1− |rv1(χ1)|2] sin2 β,

εlocal
1,h1v′0

= εlocal
1,h1

sin2 β = [1− |rh1(χ1)|2] sin2 β,

εlocal
1,h1h′0

= εlocal
1,h1

cos2 β = [1− |rh1(χ1)|2] cos2 β.

(3.28)

After the reflection, the emissivity in v0 and h0 polarizations is given by:

εlocal
1,p1q0

= εlocal
1,p1q′0
|rq0(χ0)|2, (3.29)

where p1 = {v1, h1}, q0 = {v0, h0}.
To derive the polarized emissivity of the sea surface, the local emissivity is

projected to the global polarization directions V and H as:

ε1,p1,q0,C = εlocal
1,p1,q0

f(α), (3.30)

where C = {V,H}. The function f(α) = cos2 α if q0 and C are both horizontal
or vertical polarizations. Otherwise, f(α) = sin2 α. The emissivity in V and H
polarizations is given by:

ε′1,V =
∑

p1={v1,h1},q0={v0,h0} ε1,p1,q0,V ,

ε′1,H =
∑

p1={v1,h1},q0={v0,h0} ε1,p1,q0,H .
(3.31)

Compared with the emissivity of 1D sea surfaces (see Eq. (3.20)), cross-pola-
rization terms, where p0, q0 and C do not represent the same polarization, appear
here. For 1D surfaces, these terms never occur, as the angles α and β both equal 0.

Finally, the polarized emissivity of the sea surface is obtained by averaging ε′1,V
and ε′1,H over the slopes of M1 and M0, given by:

ε1,V =
〈
ε′1,V g

2D
0 S1

M

〉
1,2D

,

ε1,H =
〈
ε′1,Hg

2D
0 S1

M

〉
1,2D

,
(3.32)

where S1
M is the monostatic first-order illumination function developed in Sec. 2.2.1.

The symbol 〈· · · 〉1,2D stands for the statistical average over the heights and the
slopes of M1 and M0:

〈· · · 〉1,2D =

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞
· · ·

p(ζ1, γx1 , γy1 , ζ0, γx0 , γy0) dζ1 dγx1 dγy1 dζ0 dγx0 dγy0 ,

(3.33)
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where p(ζ1, γx1 , γy1 , ζ0, γx0 , γy0) is the joint PDF of the heights and the slopes with
respect to the x and y directions of the points M1 and M0.

To calculate the integration in Eq. (3.33), the changes of variables given by Eqs.
(2.5) and (2.61) are performed. The integration variables in Eq. (3.33) become:

dγx1 dγy1 dγx0 dγy0 = |J | dγX′ dγY ′ dγX dγY , (3.34)

where J = 1 is the Jacobian of the changes of variables.

3.2.2.3 Estimation of the slope PDF of M1

The joint PDF p(ζ0, γx0 , γy0 , ζ1, γx1 , γy1) of the heights and the slopes of the sur-
face points M0 and M1 is involved when calculating the integrations in Eq. (3.33).
It is given by:

p(ζ0, γx0 , γy0 , ζ1, γx1 , γy1) = pγ(ζ0, γx0 , γy0)p(ζ1, γx1 , γy1 | ζ0, γx0 , γy0). (3.35)

The statistical correlation between the heights and slopes of M0 and M1 is ig-
nored, as the distance between them is unknown. Thus, only the physical correla-
tion is considered. As the integration of the first-order illumination function over
the heights holds for any height PDF, and the first-order local emissivity does not
depend on the height PDF, the integrations over ζ0 and ζ1 are not shown in detail
here.

As we discussed in Sec. 3.2.1.2, the slopes of M1 must fulfill the condition that
|χ1| ≤ 90◦, and all the slopes fulfilling this condition are assumed to be the slope
of M1 with the same probability. According to Eq. (2.60), the following condition
is then obtained:

cos θ1 − (γx1 cosφ1 + γy1 sinφ1) sin θ1 > 0, (3.36)

or equally:
γX′ < µ1. (3.37)

The slope PDF of the point M1 is then given by:

p(γx1 , γy1 | γx0 , γy0) =
Υ(µ1 − γX′)∫ µ1

−∞
pγ(t)dt

pγx′ (γx1 , γy1), (3.38)

where pγx′ is the marginal surface slope PDF along the X ′ direction.

3.2.2.4 Numerical results for 2D surfaces

First-order emissivity In this section, we present calculations based upon the
first-order components of sea surface infrared emissivity. The calculation is per-
formed for wavelengths inside the infrared atmospheric windows of 3 to 5 µm and
8 to 13 µm. The sea refraction index n in these regions is given by Hale and Querry
[49]. We recall that Hale and Querry did not take salinity into account.

The first-order sea surface infrared emissivity (SESR) ε1 is calculated by Eq.
(3.32). The calculations are performed for 2D sea surfaces with Gaussian or non-
Gaussian slope PDF, and are compared with the 1D surface model. The results for
a wind speed u12 = 5 m/s and the wavelengths 4 and 10 µm are shown in Fig. 3.20,
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Figure 3.20: First-order sea surface infrared emissivity in H polarization (left col-
umn) and in V polarization (right column). The wavelength is 4 µm (upper row)
and 10 µm (lower row). The receiver is located in the up-wind direction. The wind
speed is u12 = 5 m/s.

and the results for u12 = 10 m/s are shown in Fig. 3.21. The receiver is located in
the up-wind direction (φ = 0◦).

For any wind speed, it is shown that the first-order sea surface emissivity ε1 is
significant for large zenith angles, e.g. θ > 60◦. This region is enlarged with the
increase of the wind speed u12. Maxima about 0.025 are found around θ = 80◦.
The first-order emissivity of 1D and 2D surfaces (solid and dashed lines in Fig.
3.20 and Fig. 3.21) are similar. The surface emissivity of 2D surfaces in either H
or V polarization is slightly smaller than that of 1D surfaces for large zenith angles
θ > 70◦.

The cross-polarization terms (terms where p1, q0 and C do not represent the
same polarization) are very weak for both wind speed. It is shown that these terms
are weaker for u12 = 5 m/s. It can be concluded that the increase of wind speed
enhances the cross-polarization effect.

The averages of the angles α and β are calculated, which are given by 〈αS̄1
M〉1

and 〈βS̄1
M〉1. The first-order illumination function is taken into account so as to

weight each α and β according to the corresponding probability of observing sur-
face reflections. The result is shown in Fig. 3.22, with the same parameters as in
Fig. 3.20 and Fig. 3.21.

It is shown that the average values of α and β are very small, with maxima about
3◦ for β and 1◦ for α (sin2(3◦) ≈ 2.7× 10−3, sin2(1◦) ≈ 3× 10−4) for u12 = 5 m/s,
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Figure 3.21: First-order sea surface infrared emissivity in H polarization (left col-
umn) and in V polarization (right column). The wavelength is 4 µm (upper row)
and 10 µm (lower row). The receiver is located in the up-wind direction. The wind
speed is u12 = 10 m/s.

and with maxima about 4◦ for β and 1.5◦ for α (sin2(4◦) ≈ 4.9×10−3, sin2(1.5◦) ≈
6.8 × 10−4) for u12 = 10 m/s. In other words, the local and global polarization
directions are almost the same, thus the cross-polarization terms are weak. This
also proved that the increase of wind speed enhance the cross-polarization effect.

In addition, as α and β are small, the local planes of incidence at the source point
(M0) and the reflection point (M1), and the global plane of incidence are almost
parallel with each other. As a result, only a narrow angular area of the sea surface
around its intersection with the global plane of incidence participates in producing
the first-order emissivity.

Although a receiver can neither measure the emissivity of p1q0C polarization
separately, nor measure the value of the rotation angles α and β, it is relevant
to study the cross-polarization effect. First of all, it helps us better understand
the physical process. Secondly, when the surface reflectivity is calculated, cross-
polarization can be measured.

Fig. 3.23 compares the polarized first-order emissivity ε1 with Gaussian and
non-Gaussian sea surface slope PDFs versus the zenith angle θ, in global H polar-
ization on the left (a) and V polarization on the right. The wind speed is u12 = 10
m/s and the wavelength is λ = 10 µm. The receiver is located in the up-wind
direction (φ = 0◦).

It is shown that in the up-wind direction (φ = 0◦), the first order emissivities ε1
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Figure 3.22: Averaged α and β. The wind speed u12 = 5 m/s on the left (a) and
u12 = 10 m/s on the right. The receiver is located in the up-wind direction.
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Figure 3.23: Comparison of the first-order sea surface infrared emissivity with
Gaussian and non-Gaussian slope PDF versus the zenith angle θ, in global H po-
larization on the left (a) and V polarization on the right (b). The wind speed is
u12 = 10 m/s and the wavelength is λ = 10 µm. The receiver is located in the
up-wind direction (φ = 0◦).

with G and GK PDFs are very similar in both H and V polarizations, meaning that
kurtosis effect is very weak. Skewness effect is dominant for φ = 0◦. In general,
taking into account the skewness and kurtosis effects (GSK), ε1 is slightly larger for
moderate zenith angles (e.g. 20◦ < θ < 60◦) and smaller for larger zenith angles
(e.g. θ > 60◦). The largest differences caused by the skewness and kurtosis effects
are about 2.5× 10−3, which occurs around θ = 80◦.

Fig. 3.24 shows the first-order surface emissivity ε1 versus the azimuth angle φ,
with the H polarized component shown in (a) and the V polarized one in (b). The
zenith angle is θ = 85◦. The other parameters are the same as in Fig. 3.23.

The first-order emissivity ε1, in H or V polarization, varies with the azimuth
angle. It is shown that ε1 with Gaussian slope PDF if symmetrical about the up-
wind, down-wind and cross-wind directions. The same conclusion is found when
the kurtosis effect is taken into account (GK). The first-order emissivity is slightly
increased for all φ, with the most significant increase occurring in the cross-wind
directions (φ = {90◦, 270◦}).
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Figure 3.24: Comparison of the first-order sea surface infrared emissivity with
Gaussian and non-Gaussian slope PDF versus the zenith angle θ, in global H po-
larization at the top (a) and V polarization at the bottom (b). The wind speed is
u12 = 10 m/s and the wavelength is λ = 10 µm. The receiver is located in the
up-wind direction (φ = 0◦).

After taking into account the skewness effect in additional, the first-order emis-
sivity ε1 is not symmetrical about the cross-wind directions, whereas it is always
symmetrical about the up- and down-wind directions. The skewness effect is more
significant for the up- and down-wind directions, whereas it is very weak in the
cross-wind directions (the curves of GK and GSK PDFs overlap).

In general, the emissivity with one surface reflection ε1 is more sensitive to the
wind direction after taking the skewness and kurtosis effects into account. The first-
order emissivity ε1 reaches minimum in the up- and down-wind direction, and has
maximum in the cross-wind directions. The largest difference for ε1 with Gaussian
slope is about 0.0015, in both H and V polarizations. After taking into account the
skewness and the kurtosis effects, ε1 has smaller value for φ = 0◦ and has larger
value for φ = 90◦, with the difference increasing to about 0.0035.

Total emissivity of the sea surface εtot As we showed in the 1D model that emis-
sivities with two and more reflections (second and higher order , or SESRSR, · · · )
are negligible, the total emissivity εtot of the sea surface can be estimated by the
sum of the zero- and first-order contributions, ε0 and ε1 respectively.

Fig. 3.25 shows the zero-order emissivity and the total emissivity of the sea
surface (a) and their DOPs (b), versus the zenith angle θ. The other parameters are
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the same as in Fig. 3.23.
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Figure 3.25: Sea surface infrared emissivity (a) and the degree of polarization
(DOP) (b) with Gaussian and non-Gaussian slope PDFs versus the zenith angle
θ. The differences of DOPs with Gaussian and non-Gaussian slope PDFs are shown
in (b) as diamonds and pluses.

It is shown that the total sea surface infrared emissivity (εtot = ε0 +ε1) is signif-
icantly increased after taking into account one surface reflection for large zenith an-
gles, e.g. θ > 60◦ (see Fig. 3.25 (a)), in both H and V polarizations. The influence
of the skewness and kurtosis effects is not obvious for θ < 70◦. Beyond this angle,
the skewness and kurtosis effects effects contribute. The zero-order emissivity ε0

and the total emissivity εtot are both reduced in the up-wind direction (φ = 0◦),
which can be predicted by Fig. 3.11 and Fig. 3.24, in which ε0 and ε1 are reduced
by the skewness effect in the up-wind direction.

The DOP of the sea surface emissivity is also calculated and shown in 3.25 (b)
versus the zenith angle θ. It is notable that the DOP is negative, which means that
surface radiance in V polarization is larger (which can be verified in 3.25 (a)). The
absolute value of the DOP can be relatively large for large θ, e.g. it is larger than
6% for θ > 60◦, meaning that the sea surface infrared intrinsic radiance is partially
polarized, with over 6% energy emitted being polarized. The absolute value of the
DOP is reduced after taking one reflection into account. In other words, surface
reflection reduces the polarization property of the sea surface intrinsic radiation.

As the DOPs of ε0 and εtot with G and GSK PDFs are very similar, the differ-
ence of their DOPs are shown in 3.25 (b) (diamonds and pluses). The DOPs with
Gaussian and non-Gaussian PDFs are very similar for θ < 70◦ (difference ≈ 0),
meaning that skewness and kurtosis effects are weak. Beyond this angle, the skew-
ness and kurtosis effects contribute. The absolute value of the DOPs are increased,
meaning that skewness and kurtosis effects enhance the polarization characteristics
of the surface intrinsic radiation.

Fig. 3.26 shows the zero-order emissivity and the total emissivity of the sea
surface (a) and their DOPs (b), versus the azimuth angle φ. The other parameters
are the same as in Fig. 3.24.

It is shown that the total sea surface infrared emissivity is significantly increased
after taking into account one surface reflection for any φ when θ = 85◦, in both H
and V polarization. The zero-order emissivity ε0 and the total emissivity εtot both
have larger values in the up- and down-wind directions φ = {0◦, 180◦} than in the
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Figure 3.26: Sea surface infrared emissivity in H (a) and V (b) polarizations, and
the degree of polarization (DOP) (c), with Gaussian and non-Gaussian slope PDFs,
versus the azimuth angle φ.
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cross-wind directions φ = {90◦, 270}, as the sea surface has a larger RMS slope in
the up- and down-wind directions.

The total emissivity of the surface is symmetrical about the up- cross- and down-
wind directions when Gaussian PDF is considered. The same properties of symme-
try is obtained when the kurtosis effect is considered. After the skewness effect is
taken into account, it is not symmetrical about the cross-wind directions, but it is
always symmetrical about the up- and down-wind directions. This conclusion can
be predicted by Fig. 3.11 and Fig. 3.24, in which the zero-order emissivity ε0 and
the first-order emissivity ε1 has the same properties of symmetry.

The degree of polarization (DOP) of the total emissivity εtot is also calculated
and compared with that of the zero-order emissivity ε0. The results are shown in
3.26 (c). The DOP of the total emissivity also depends on the wind direction. Gen-
erally, for Gaussian and non-Gaussian PDFs, the surface infrared intrinsic radiation
is less polarized in the cross-wind directions than in the up-wind and down-wind
directions (minima in absolute value).

The DOP of surfaces with Gaussian and non-Gaussian slope PDFs are com-
pared. It is shown that the DOPs of ε0 and εtot have the same properties of sym-
metry. After taking into account the skewness and kurtosis effect, ε0 and εtot are
more polarized in the region φ ∈ [0◦, 90◦] ∪ [270◦, 360◦] (absolute values of DOPs
increased), and are less polarized in the region φ ∈ [90◦, 270◦] (absolute values of
DOPs reduced).

3.2.2.5 Comparison with measurements

Comparison with Smith et al. Smith et al. [37] derived the sea surface infrared
emissivity in the Gulf of Mexico by measurements. The measurements were car-
ried out in January 1995. The sea surface emissivity was obtained for zenith angles
θ = 36.5◦, 56.5◦ and 73.5◦, whereas the azimuth angle φ was not specified. During
the measurements, the wind speed was ranging from 2 to 8 m/s. The unpolarized
emissivity was then obtained for wavelengths λ ∈ [8, 12] µm (1/λ ∈ [830, 1250]
cm−1) and compared with the analytical model of Masuda et al. [10], in which no
surface reflection was considered. It was shown that the measurements and the an-
alytical result agreed well with each other for θ = 36.5◦ and 56.5◦, but a difference
of over 0.02 appeared for θ = 73.5◦.

In this subsection, the 2D sea surface emissivity is calculated under similar con-
ditions. The non-Gaussian surface slope PDF is used rather than the Gaussian one,
as it better represents real sea surfaces. Besides, the results with Gaussian and
non-Gaussian PDFs are quite similar for θ = 73.5◦. The unpolarized sea surface
emissivity is obtained by averaging the emissivities in H and V polarizations. As
the azimuth angle is not specified in the measurement, an error-bar is obtained cor-
responding the uncertainty of the wind directions φ =∈ [0◦, 180◦] during the cal-
culation. The wind speed is set to u12 = 5 m/s, which is the average wind speed
during the measurement. The results are shown in Fig. 3.27.

It is shown in Fig. 3.27 that the analytical results and the measurements have a
similar form. The error-bars in the measurement corresponds to the error of mea-
surement. For θ = 36.5◦, no difference is obtained after taking the first-order emis-
sivity ε1 into account, as ε1 is really small for this zenith angle. For θ = 56.5◦, a
small improvement in the agreement is obtained after taking ε1 into account. For
θ = 73.5◦, the zero-order emissivity ε0 underestimates the sea surface emissivity
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Figure 3.27: Comparison of the sea surface infrared emissivity with the measure-
ment of Smith et al. for θ = 73.5◦.

by at least 0.02. A much better agreement is obtained after taking the first-order
emissivity ε1 into account. However, the analytical results still underestimate the
measurements, although their error-bars overlap for some wavenumbers (around
1/λ ≈ 1060 cm−1).

This underestimation can be attributed to several reasons. As surface emis-
sivities with two and more surface reflections are very weak (emissivity with two
reflection (SESRSR) ε2 ≈ 0.001 for u12 = 5 m/s, θ = 73.5◦, see Figs. 3.15 and
3.16 for 1D surfaces), taking into account higher orders surface reflected emissivi-
ties should not reduce significantly the underestimation. One reason is that we do
not take the salinity and the temperature of sea water into account (the refraction
index we used is derived for fresh water at 25◦C). Another reason might be that the
wind speed was not measured precisely enough. In Fig. 3.27, we also show the
calculation result for a wind speed u12 = 7 m/s and θ = 73.5◦, where a much better
agreement is obtained.

Comparison with Niclòs et al. Niclòs et al. [38] derived the sea surface infrared
emissivity of the Mediterranean sea from an oil rig above the sea surface. The
measurement data are obtained for four channels of wavelengths: 8-14, 8.2-9.2,
10.5-11.5, and 11.5-12.5 µm. Measurements were carried out under two different
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wind speeds u12, which were approximately 4.5 and 10.3 m/s. The wind direction
was not specified.

To make a comparison, calculations are carried out for similar conditions. For
the channel 8.2-9.2 µm, the sea surface emissivity is calculated with a step of 0.2
µm and is then averaged. For the channels 10.5-11.5 and 11.5-12.5 µm, a step
of 0.5 µm is taken. These wavelengths are chosen because the corresponding sea
surface refraction indices are provided by Hale and Querry [49]. An error-bar is
obtained corresponding to the uncertainty of the wind direction φ ∈ [0◦, 180◦] dur-
ing the calculation. The results with non-Gaussian slope PDF are compared with
measurements in Fig. 3.28.

Generally, the analytical result better agrees with measurements for large zenith
angles (θ = 55◦ and 65◦) after taking into account the first-order emissivity ε1. In
most of the cases, considering one reflection brings the analytical results into the
uncertainty of measurements for θ = 65◦ (at least error-bars overlap), except for
the cases of Figs. 3.28 (e). Even though in case of Figs. 3.28 (e), considering one
surface reflection still reduces the difference between the analytical result and the
measurements.

3.3 Conclusion
This chapter calculates the polarized infrared emissivity of the sea surface with

an analytical model, where one surface reflection is considered. A 1D surface an-
alytical model is firstly derived, which gives a good agreement with the results of
a Monte Carlo ray-tracing method. This model was published in 2011 in [22].
Further, a 2D surface model is developed, thereby allowing consideration of the
“cross-polarization” effect. The skewness and kurtosis effects are also studied. It
is shown that the agreement between the model and the measurement is greatly
improved for large zenith angles θ by considering one surface reflection. The cross-
polarization effect in the zero-order sea surface infrared emissivity ε0 is significant
for small zenith angles, but it vanishes rapidly as the zenith angle increases. Cross-
polarization is always weak when studying the first-order emissivity. The skewness
and kurtosis effects are significant for grazing zenith angles (θ > 80◦). Sea sur-
face infrared emissivity is sensitive to the wind direction, with φ = 180◦ being
the axis of symmetry. It is also symmetrical about φ = 90◦ for Gaussian sur-
faces, whereas it is not after taking into account the skewness effects. For Gaussian
surfaces, surface emissivities for grazing zenith angles reache maxima in the up-
wind (φ = 0◦) and down-wind (180◦) directions, whereas minima are found in the
cross-wind (φ = 90◦, 270◦) directions. After taking into account the skewness and
kurtosis effects, the surface emissivity has larger value in the down-wind direction
(φ = 180◦) than in the up-wind direction (φ = 0◦). The 2D surface model was
published in 2012 in [44].

As discussed in Chap. 1, to predict the signal received by the receiver which is
measuring the surface radiance, the surface emissivity ε and the surface reflectivity
ρ must be derived. As the sea surface emissivity is derived by now, in what follows,
the surface reflectivity is derived. The bistatic illumination function is studied in
Chap. 4, and then the surface reflectivity is derived in Chap. 5.
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Figure 3.28: Comparison of the sea surface infrared emissivity with the measure-
ments of Niclòs et al., for channels 8.2-9.2 µm ((a) (d)), 10.5-11.5 µm ((b) (e)),
11.5-12.5 µm ((c) (f)), and for wind speed u12 = 4.5 m/s ((a)-(c)) and u12 = 10.3
m/s ((d)-(f)).





4
Bistatic illumination function

When solving rough/sea surface reflectivity ρ, shadowing from the transmitter
and the receiver (shadowing from the transmitter is also called “hiding”, and shad-
owing from the receiver is also called “masking” [50]) must be studied, especially
when the transmitter and the receiver are close to the horizon (θi and θ are large,
see Fig. 1.2 (c)). On the other hand, the incident ray may undergo multiple surface
reflections before it is reflected into the receiver direction (see Fig. 1.2 (d) for two
surface reflections).

To deal with the phenomena of shadowing and multiple surface reflections, a
bistatic illumination function SnB must be employed, where n = 1, 2, 3, . . . denotes
the number of reflections. The subscript “B” stands for the bistatic configuration,
which means that the transmitter and the receiver are at different locations.

In this chapter, the bistatic illumination function SnB is studied. Geometric optics
approximation is assumed to be valid, thus only specular reflections are considered.
In Sec. 4.1, the bistatic illumination function with one surface reflection S1

B is stud-
ied. The Smith bistatic illumination function [37, 4] is adopted and reviewed. In
Sec. 4.2, an improved bistatic illumination function with two surface reflections S2

B

is developed and compared with a Monte Carlo ray-tracing method. These bistatic
illumination functions S1,2

B are then used in Chap. 5 to calculate the surface reflec-
tivity with accuracy.

4.1 Illumination function with one reflection

4.1.1 Hiding and masking

Fig. 4.1 shows an incident ray ŝi reflected by a rough surface into the observa-
tion direction ŝ. The receiver is located in the direction ŝ(θ, φ), where θ ∈ [0◦, 90◦]
is the zenith angle and φ ∈ [0◦, 360◦] is the azimuth angle. The transmitter is located
in the direction ŝ−i (θi, φi) = −ŝi, with the zenith angle being θi ∈ [0◦, 90◦] and the
azimuth angle being φi ∈ [0◦, 360◦]. The superscript “−” stands for the inversion
of direction. The direction of the incident ray ŝi can also be denoted by the zenith
angle θ1 ∈ [90◦, 180◦] and the azimuth angle φ1 ∈ [0◦, 360◦]. Note that the incident
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ray ŝi, the reflection ray ŝ and the zenith direction ẑ usually do not belong to the
same plane. The definition of these angles are illustrated in Fig. 4.2.

ŝ
z

z

X

X ′

θi

θ

θ1

ŝi

Figure 4.1: Bistatic shadowing: Hiding from the transmitter and masking from the
receiver. For 2D surfaces, zenith angles are not oriented.

Because of the roughness of the surface, some part of the surface lies in the
shadow of the transmitter, denoted as the blue dashed lines in Fig. 4.1. Similarly,
some part of the surface lies in the shadow of the receiver, denoted as the red dashed
lines in Fig. 4.1. If the incident ray ŝi intersects the rough surface in the red dashed
region, the reflected ray would be blocked by the surface. This phenomenon is also
called masking [50].

The shadowing effect from the transmitter is studied in the (X ′z) plane, whereas
the masking effect from the receiver is studied in the (X, z) plane. Note that the
(X ′z) plane and the (X, z) plane are not necessarily parallel. Hiding and masking
cannot be ignored for large angles of incidence θi and for large observation angles
θ.

For better convenience in the calculation, two new systems of coordinates are
defined. The first One (X, Y, z) is defined by rotating the basis (x, y) anticlockwise
through an angle φ about the z axis, so that the receiver lies in the (X, z) plane.
The system of coordinates (X, Y, z) is related to the receiver’s direction, with X
being the horizontal direction of the receiver. This system of coordinates is also
used when defining the monostatic illumination function S0

M in Sec. 2.1.2. The
other system of coordinates (X ′, Y ′, z) is defined by rotating the basis (x, y) anti-
clockwise through an angle φ1 about the z axis, so that the ray ŝi lies in the (X ′, z)
plane. The system of coordinates (X ′, Y ′, z) is related to the transmitter direction,
withX ′ being the horizontal direction of the transmitter. This system of coordinates
is also used when defining the monostatic illumination function S1

M in Sec. 2.2.1
by replacing the transmitter with another surface point M1. The definition of these
systems of coordinates is illustrated in Fig. 4.2.

The rays ŝ and ŝi may be seen as two independent rays. Otherwise ŝ is treated as
the reflected ray of ŝi. For the second case, the inverse path is used when deriving
the bistatic illumination function, which assumes that a ray is emitted from the
receiver, so as to be consistent with the configuration of the emissivity problem.
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Figure 4.2: Bistatic shadowing: Hiding from the transmitter and masking from the
receiver - 3D representation with the different systems of coordinates. Zenith angles
are not oriented.

For a given observation direction ŝ and a given surface point M0, the direction
of the incidence ray ŝi, under geometrical optics approximation, is given by:

ŝi = ŝ− 2n̂0(n̂0 · ŝ), (4.1)

where n̂0 is the unitary normal to the surface point M0. The vector ŝ−i = −ŝi can
also be obtained. Using Eq. (2.58), the angles θi, φi are obtained by applying ŝ−i ,
whereas θ1, φ1 are obtained by applying ŝi.

4.1.2 Smith bistatic illumination function S1
B

4.1.2.1 S1
B for 1D surfaces

To solve the hiding and masking effect, a bistatic illumination function with one
surface reflection S1

B must be employed. Wagner defined S1
B from his monostatic

illumination function S0
M [3]. He defined the bistatic illumination function by two

joint monostatic shadowing problems. Bourlier et al. [4] followed the same idea
as Wagner [3] to extend the monostatic illumination function S0

M of Smith [25] to a
bistatic configuration. This bistatic illumination function gives the probability that
an arbitrary point of the surface is seen by both the transmitter and the receiver. As
it was shown in Sec. 2.1.6 that the Smith illumination function was more accurate
than the Wagner one, the Smith model is adopted here to deal with the bistatic
configuration and briefly reviewed.

Here, the profile of a 2D surface in the (X, z) plane is chosen as a 1D surface,
and the (X, z) coordinates are used (see Fig. 4.2 for the definition of X). For 1D
surfaces, the azimuth angle is reduced to {0◦, 180◦}. Thus, it is more convenience
to define the zenith angles as oriented to better define the direction of a vector. As
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the (X, z) coordinates are used, the direction of the zenith angle θ is defined as the
positive direction.

Fig. 4.3 shows 3 cases of single reflection of 1D surfaces. The event “the ray
M0(ŝ) does not intersects the surface” is denoted as a and that “the rayM0(ŝ−i ) does
not intersects the surface” is denoted as b. M0 is an arbitrary point of the surface
with height ζ0 and slope γ0. The bistatic illumination function with one surface
reflection S1

B is given by [3, 2, 4]:

S1
B = p(a)p(b|a). (4.2)

The probability p(a) equals the monostatic illumination function without surface
reflection S0

M. Note that a similar conditional probability p(b|a) is calculated in
Sec. 2.2.1 when deriving the monostatic illumination function with one surface
reflection. The difference is that, here, the probability that the point is seen in both
directions is calculated, which means M0(ŝ) and M0(ŝ−i ) are two independent rays,
instead of being an incident ray and a reflected ray, which is the case in Sec. 2.2.1.
The fact that M0(ŝ) and M0(ŝ−i ) are an incident ray and a reflected ray will be taken
into account later.

θi

θ

z ŝ

M0

(a)

θi
θ

z

ŝ

M0

(b)

θi

θ

z
ŝ

M0

(c)

Figure 4.3: Three cases of single surface reflection for 1D surfaces. (a) the transmit-
ter and the receiver are on different sides of M0; (b) the transmitter and the receiver
are on the same side with θi smaller; (c) the transmitter and the receiver are on the
same side with θ smaller. Zenith angles are oriented, with the direction of θ being
the positive direction.

In Fig. 4.3 (a), the transmitter and the receiver are on different sides (with re-
spect to the zenith direction) of the point of interest (denoted as pointM0). This case
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corresponds to φ1 = φ in the 2D surface model (X and X ′ in the same direction),
denoted as case 1 (note that θi is negative here as it is in the opposite direction of
θ). As no obvious correlation between the events a and b is found, it is assumed that
they are uncorrelated for this configuration. Then, the bistatic illumination function
is given for the first case by [3, 2, 4]:

S1
B(θ, θi, γ0, ζ0) = p(a)p(b|a),

= p(a)p(b),
= S0

M(θ, γ0, ζ0)S0
M(θi, γ0, ζ0).

(4.3)

In Fig. 4.3 (b), the transmitter and the receiver are on the same side of M0 with
respect to the zenith direction. This case corresponds to φ1 = φ + 180◦ in the 2D
surface model (X and X ′ in the opposite directions), denoted as case 2. Obvious
correlation between the events a and b can be found. As θ > θi > 0, the receiver
is lower than the transmitter. Given that M0 is seen by the receiver, it is sure that it
would be also seen by the transmitter. Thus, p(b|a) = 1. The bistatic illumination
function is given for case 2 by [3, 2, 4]:

S1
B(θ, θi, γ0, ζ0) = p(a)p(b|a),

= p(a)× 1,
= S0

M(θ, γ0, ζ0).
(4.4)

The case 3 shown in Fig. 4.3 (c) is very similar to case 2, but with 0 < θ < θi.
Therefore, given that M0 is seen by the transmitter, it is sure that it would be also
seen by the receiver. Thus, p(a|b) = 1. The bistatic illumination function is given
for case 3 by [3, 2, 4]:

S1
B(θ, θi, γ0, ζ0) = p(b)p(a|b),

= p(b)× 1,
= S0

M(θi, γ0, ζ0).
(4.5)

To sum up and applying the uncorrelated Smith illumination function [25], the
uncorrelated first-order bistatic illumination function is given by:

S1
B(θ, θi, γ0, ζ0) =

 Υ(µ− γ0)Υ(γ0 − µi)F (ζ0)Λ(µ)+Λ−(µi) for case 1
Υ(µ− γ0)F (ζ0)Λ(µ) for case 2
Υ(µi − γ0)F (ζ0)Λ(µi) for case 3

,

(4.6)
where µ = cot θ and µi = cot θi are the slopes of the observation and incident rays
M0(ŝ) and M0(ŝ−i ), respectively. Λ and Λ− are defined in Eqs. (2.20) and (2.69),
respectively.

The model S1
B considering the correlation between the heights and the slopes

of different surface points can be obtained by applying the correlated monostatic
Smith illumination function, which is given by Eq. (2.39).

As stated before, S1
B gives the probability that M0 is seen by both the trans-

mitter and the receiver, which means that M0(ŝ) and M0(ŝ−i ) are two independent
rays. Recall that geometric optics approximation is employed, and only specular
reflections are considered. To take into account the fact that ŝ is the reflected ray
of ŝi, a Dirac delta function is multiplied by S1

B to define another version of bistatic
illumination function:

S1,spe
B (θ, θi, γ0, ζ0) = S1

B(θ, θi, γ0, ζ0)δ(γspe
0 − γ0), (4.7)
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where the superscript “spe” stands for that the specular reflection is considered. γspe
0

is the slope of the surface point corresponding to the specular reflection, given by:

γspe
0 = − tan

(
θi + θ

2

)
, (4.8)

where θi and θ are oriented global incidence and reflection angles.

4.1.2.2 Extension of S1
B to 2D surfaces

For 2D surfaces, the bistatic Smith illumination function with one surface re-
flection S1

B is given by:

S1
B(θ, φ, θi, φi, γx0 , γy0 , ζ0) = Υ(µ− γX)Υ(γX′ − µi)F (ζ0)Λ(µ)+Λ−(µi), (4.9)

where γx0 , γy0 , γX0 and γX′0 are the slope of the point M0 with respect to the x,
y, X and X ′ directions, respectively. µ = cot θ is the slope of the reflected ray
with respect to the X direction and µi = cot θ1 = − cot θi (note that θ1 and θi are
not oriented for 2D surfaces) is the slope of the incident ray with respect to the X ′

direction.
As shown in Eq. (4.6) for 1D surfaces, for the cases where the transmitter and

the receiver belongs to the same plane and are on the same side ofM0 with respect to
the zenith, strong dependence is found between the events “M0(ŝ) does not intersect
the surface” and “M0(ŝ−i ) does not intersect the surface” (cases 2 and 3 as shown
in Fig. 4.3). This configuration corresponds to φ1 = φ for 2D surfaces. In addition,
this strong dependence is also hold when the transmitter and the receiver are close
in azimuth angle (|φ− φ1| is small). However, this dependence is difficult to study.
Thus, it is left for future research.

To take into account the fact that ŝ is the reflected ray of ŝi, S1
B in Eq. (4.9) is

multiplied by two Dirac delta functions, given by:

S1,spe
B (θ, φ, θi, φi, γx0 , γy0 , ζ0) = S1

B(θ, φ, θi, φi, γx0 , γy0 , ζ0)
×δ(γspe

x0
− γx0)δ(γspe

y0
− γy0),

(4.10)

where γspe
x and γspe

y are the slopes, with respect to the x and y directions, of M0

corresponding to the specular reflection.
For given incidence direction ŝi (thus ŝ−i = −ŝi is also given) and observa-

tion direction ŝ, the unitary normal to the point M0 corresponding to the specular
reflection is given by:

n̂spe
0 =

ŝ+ ŝ−i
‖ŝ+ ŝ−i ‖

. (4.11)

According to Eq. (2.1), the slopes γspe
x0

and γspe
y0

can be given by:

γspe
x0

= −n
spe
0,x

nspe
0,z

, γspe
y0

= −n
spe
0,y

nspe
0,z

, (4.12)

where nspe
0,x , nspe

0,y and nspe
0,z are the components of n̂spe

0 in the x, y and z directions,
respectively.



4.1. ILLUMINATION FUNCTION WITH ONE REFLECTION 147

4.1.3 Monte Carlo ray-tracing method
To evaluate the model, a Monte Carlo ray-tracing method is employed. In this

section, 1D surfaces are considered to simplify the problem. Ray tracing is per-
formed for both the transmitter and the receiver directions. The points viewed by
both the transmitter and the receiver are marked. The slope histogram of these
points are calculated, as well as the proportion of these points over the whole sur-
face. This method corresponds to the bistatic illumination function shown in Eq.
(4.6), which treats the rays M0(ŝ−i ) and M0(ŝ) independently.

For the bistatic illumination function which takes into account the fact that ŝ
is the reflected ray of ŝi (Eq. (4.7)), another method of ray-tracing is performed.
The inverse ray-path is used. For a given observation direction ŝ(θ), an incident
ray is put along the −ŝ direction (inverse path) to find out all the points seen by the
receiver. Then, the reflected rays at these points are traced. For the points whose
reflected ray does not intersect the surface, the slope of these points and the slope
of the reflected rays are recorded.

4.1.4 Numerical results
In this section, the numerical results of the bistatic illumination function S1

B and
S1,spe

B are calculated. The results are compared with the Monte Carlo ray-tracing
method (number of generated surfaces N = 2000, surface length L = 100Lc).
1D surfaces (2D problem) are considered to be consistent with the Monte Carlo
method. The surface height and slope PDFs are assumed to be Gaussian (Eqs.
(1.5) and (1.6)), and the Gaussian height auto-correlation function (Eq. (1.14)) is
employed. For simplicity, only the case where the transmitter and the receiver are
on different sides of the point of interest with respect to the zenith (the case shown
in Fig. 4.3 (a)) is considered.

4.1.4.1 Marginal histogram of S1
B

The marginal histograms of the heights and the slopes of the points seen by both
the transmitter and the receiver are defined by:

p̃1
B,γ = pγ(γ0)

∫ +∞

−∞
S1

B(θ, θi, γ0, ζ0)pζ(ζ0) dζ0,

p̃1
B,ζ = pζ(ζ0)

∫ +∞

−∞
S1

B(θ, θi, γ0, ζ0)pγ(γ0) dγ0,
(4.13)

where pγ , pζ are the surface slope and height PDFs, respectively.
Applying the uncorrelated Smith illumination function and the Gaussian height

and slope PDFs, Eq. (4.13) becomes:

p̃1
B,γ = pγ(γ0)

Υ(µ− γ0)Υ(γ0 − µi)
1 + Λ(µ) + Λ−(µi)

,

p̃1
B,ζ = pζ(ζ0)

1

2
[erfc(νi)− erfc(ν)]F (ζ0)Λ(µ)+Λ−(µi),

(4.14)

with
νi =

cot θi

σγ
√

2
, ν =

cot θ

σγ
√

2
, (4.15)
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where νi and ν are the normalized slopes of the incident and the observation direc-
tion. Note that θi < 0 here as it is in the opposite direction of θ (θ > 0).

The correlated marginal histograms can be obtained in the same way by apply-
ing the correlated Smith illumination function, which requires numerical integra-
tions. The results of the correlated p̃1

B,γ and p̃1
B,ζ are also shown, without presenting

their complex mathematical expressions.
Fig. 4.4 and Fig. 4.5 shows the marginal histograms of the slopes and the

heights of the points seen by both the transmitter and the receiver. The results are
shown versus the normalized slope s0 = γ0/(σγ

√
2) and the normalized height

h0 = ζ0/(σζ
√

2). The surface RMS slope is σγ = 0.2 in Fig. 4.4 and is σγ = 0.5 in
Fig. 4.5. The directions of the transmitter and the receiver are θi = −80◦, θ = 80◦

(top) and θi = −85◦, θ = 80◦ (bottom).
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Figure 4.4: Marginal histogram of the slopes (left) and the heights (right) versus
normalized slope s0 and height h0. The directions of the transmitter and the receiver
are θi = −80◦, θ = 80◦ (top) and θi = −85◦, θ = 80◦ (bottom). The surface RMS
slope is σγ = 0.2.

As this bistatic illumination function with one surface reflection S1
B is the com-

bination of two Smith monostatic illumination functions S0
M, it can be predicted that

S1
B would agree well with the Monte Carlo ray-tracing method, which is proved in

Fig. 4.4 and Fig. 4.5. General good agreements are obtained, for both the height and
the slope histograms. As expected, the uncorrelated model slightly overestimates
the result as s0 approaches ν and νi (see Fig. 4.4 and Fig. 4.5 (a) and (c)), which
also occurs for the monostatic illumination function S0

M (see Fig. 2.8 (a) and (c)).
The reason is that the uncorrelated Smith illumination function S0

M assumes that
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Figure 4.5: Marginal histogram of the slopes (left) and the heights (right) versus
normalized slope s0 and height h0. The directions of the transmitter and the receiver
are θi = −80◦, θ = 80◦ (top) and θi = −85◦, θ = 80◦ (bottom). The surface RMS
slope is σγ = 0.5.

all points with |χ0| < 90◦ are equally illuminated. Slight overestimations are also
found in the marginal height histograms (see Fig. 4.4 Fig. 4.5 (b) and (d)) when the
surface points are low. After taking into account the correlation, the above discrep-
ancies are largely reduced. The correlated model agrees very well with the Monte
Carlo ray-tracing method. The reason is that, if a surface point is shadowed, it is
very likely that it is shadowed by some point nearby, which is so close that the
correlation between the heights and the slopes cannot be neglected.

4.1.4.2 Average bistatic illumination function S
1

B

The average bistatic illumination function with one reflection S
1

B gives the pro-
portion of the surface seen by both the transmitter and the receiver. It is obtained by
averaging S1

B over the heights and the slopes of M0, given by:

S
1

B(θi, θ) =

∫ +∞

−∞

∫ +∞

−∞
S1

B(θ, θi, γ0, ζ0)pζ(ζ0)pγ(γ0) dγ0 dζ0, (4.16)

where pγ , pζ are the surface slope and height PDFs, respectively.
Applying the uncorrelated Smith illumination function and the Gaussian slope
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PDFs, Eq. (4.16) becomes:

S
1

B(θi, θ) =
1

2
[erfc(νi)− erfc(ν)]

1

1 + Λ(µ) + Λ−(µi)
. (4.17)

The correlated average bistatic illumination function with one surface reflection can
be obtained in the same way by applying the correlated Smith illumination function.

The result of the correlated S
1

B will be shown directly.
Fig. 4.6 shows the average first-order bistatic illumination function S1

B, which
gives the proportion of the surface seen by both the transmitter and the receiver. The
surface RMS slope is σγ = 0.2 (top) and σγ = 0.5 (bottom). The receiver direction
is θ = 80◦ (left) and then θ = 85◦ (right). The results are shown versus the incident
angle θi.
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Figure 4.6: Average first-order bistatic illumination function S1
B versus θi. The

receiver is located at θ = 80◦ (left) and then at θ = 85◦ (right).

As can be predicted by Fig. 4.4 and Fig. 4.5, the uncorrelated model agrees
generally well with the Monte Carlo method, and the correlated model gives an

even better agreement. The average first-order bistatic illumination function S
1

B is
affected by the directions of both the transmitter θi and the receiver θ. When θi
tends to −90◦, S

1

B = 0, as all the surface is in the shadow of the transmitter. As the

transmitter elevates (|θi| becomes smaller), S
1

B increases because more area of the
surface can be seen by the transmitter. When the transmitter is sufficiently high, e.g.
θi > −60◦ for surfaces with σγ = 0.2 and receiver direction θ = 80◦ (Fig. 4.6 (a)),
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S
1

B stays constant because all the surface is seen by the transmitter. In this region,

only the direction of the receiver affects S
1

B. S
1

B ≈ 0.7 for surfaces with σγ = 0.2
when the receiver is in the direction θ = 80◦ (Fig. 4.6 (a)), meaning that about 70%
of the surface is seen by the receiver under this condition. Similar conclusions can
be found for Fig. 4.6 (b) (c) and (d). The constant value reduces for surfaces with
larger σs and more grazing zenith angles θ.

4.1.4.3 Average bistatic illumination function S
1,spe

B

In this subsection, the ray ŝ is considered as the reflection ray of ŝi. The config-
uration that the receiver and the transmitter are at different sides of the surface with
respect to the zenith is considered.

For given receiver θ and transmitter θi directions, the average bistatic illumina-

tion function with one reflection S
1,spe

B is given by integrating S1,spe
B over the slopes

and heights of M0. It gives the bidirectional distribution of S1
B, which equals the

probability density that M0 is seen by both the transmitter and the receiver, and the

incident ray ŝi is reflected specularly into the ŝ direction. S
1,spe

B is given by:

S
1,spe

B (θi, θ) =

∫ +∞

−∞

∫ +∞

−∞
S1,spe

B (θ, θi, γ0, ζ0)pζ(ζ0)pγ(γ0) dγ0 dζ0∫ +∞

−∞

∫ +∞

−∞
S1

B(θ, θi, γ0, ζ0)δ(γ0 − γspe
0 )pζ(ζ0)pγ(γ0) dγ0 dζ0

(4.18)
Applying the uncorrelated Smith S1

B, Eq. (4.18) becomes:

S
1,spe

B (θi, θ) = S
1

Bpγ(γ
spe
0 ), (4.19)

where S
1

B is the height-averaged S1
B, given by

S
1

B =



1

Λ(µ) + Λ−(µi) + 1
for −90◦ < θi < 0 and 0 < θ < 90◦

1

Λ(µ) + 1
for 0 < θi < θ < 90◦

1

Λ−(µi) + 1
for 0 < θ < θi < 90◦

, (4.20)

The correlated one can be obtained by applying the correlated S1
B. The result of the

correlated S
1,spe

B will also be shown.
For a given θ, Eq. (4.18) or (4.19) gives the distribution density of θi. As it is

difficult to compare the distribution density of θi with the histogram of θi obtained
with the Monte Carlo method (problem of normalization), the Dirac delta function
used in Eq. (4.18) is replaced by a window function W , which is defined as:

W =

{
1 for θi −4θi < ϑi < θi +4θi
0 otherwise , (4.21)

where4θi > 0 is a small number (4θi = 0.1◦ is used in this thesis). For a given θ,

S
1

B(θi, θ,W ) gives the probability that M0 is seen by the receiver and the reflected
ray of −ŝi leaves the surface in the region θi ±4θi (inverse path).
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Figs. 4.7 and 4.8 show the average bistatic illumination function S
1,spe

B , with
4θi = 0.1◦. The surface RMS slope is σγ = 0.2 in Fig. 4.7 and is σγ = 0.5 in Fig.
4.8. The direction of the receiver is given (with small zenith angle θ = 30◦ (top),
moderate θ = 60◦ (middle) and large θ = 80◦ (bottom)), and the distribution of θi
is shown. In the inverse path, S

1,spe

B shown in Fig. 4.7 and Fig. 4.8 equals the distri-
bution of the directions of the reflected rays leaving the surface. The corresponding
result of the Monte Carlo method is given by:

S
1,spe

B,MC(θi, θ,W ) =
Ni

Ns

, (4.22)

where Ni is the number of points where the angle of reflection belongs to the θi ±
4θi region.

It is shown that the uncorrelated and the correlated models both agree very
well with the Monte Carlo ray-tracing model. For all the three directions θ =
{30◦, 60◦, 80◦} studied here, the average bistatic illumination function has maxima
around the global specular reflection directions θi = {−30◦,−60◦,−80◦}, mean-
ing that it is most likely that the reflected ray would leave the surface in the global
specular reflection direction of the incident ray.

It is notable that the width of the lobes become narrower as the zenith angle θ
of the receiver direction increases, which means that the reflection energy is more
concentrated angularly.

4.1.4.4 Hemispherical average bistatic illumination function S
1,hemi

B

The hemispherical average bistatic illumination function with one reflection
gives the proportion of the surface which is seen by the receiver (θ), and whose
reflected ray leaves the surface after one surface reflection (inverse path). The hemi-

spherical average bistatic illumination function with one surface reflection S
1,hemi

B

can be obtained in a similar way as S
1,spe

B (θi, θ) by enlarging the width of the win-
dow function in Eq. (4.21) to:

W =

{
1, for − 90◦ < θi < 90◦

0, otherwise . (4.23)

The angle θi is expressed with respect to θ and the slope γ0 of M0 as:

θi = −2arctan(γ0)− θ. (4.24)

The hemispherical average bistatic illumination function S
1,hemi

B is then given by:

S
1,hemi

B (θ) =

∫ ∞
−∞

S
1

BWpγ(γ0) dγ0,

=

∫ γspe,20

γspe,10

1

Λ−(µi) + 1
pγ(γ0) dγ0

+

∫ γspe,30

γspe,20

1

Λ(µ) + 1
pγ(γ0) dγ0

+

∫ γspe,40

γspe,30

1

Λ−(µ) + Λ(µ) + 1
pγ(γ0) dγ0,

(4.25)
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Figure 4.7: Average bistatic illumination function S1,spe
B , which corresponds to the

distribution of the reflect (or incidence) angle given the incidence (or reflection)
direction. The receiver direction is θ = 30◦ (a), θ = 60◦ and θ = 80◦ (d). The
surface RMS slope is σγ = 0.2.
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Figure 4.8: Average bistatic illumination function S1,spe
B , which corresponds to the

distribution of the reflected (or incident) angle given the incidence (or reflection)
direction. The receiver direction is θ = 30◦ (a), θ = 60◦ and θ = 80◦ (d). The
surface RMS slope is σγ = 0.5.
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where γspe,1,2,3,4
0 is the slope of M0 corresponding to θi = {90◦, θ, 0◦,−90◦}, re-

spectively, given by:

γspe,1
0 = − tan

(
θ + 90◦

2

)
, γspe,2

0 = − tan θ,

γspe,3
0 = − tan

(
θ

2

)
, γspe,4

0 = − tan

(
θ − 90◦

2

)
.

(4.26)

Fig. 4.9 shows the hemispherical average bistatic illumination function S
1,hemi

B .
The surface RMS slope is σγ = 0.2 in Fig. 4.9 (a) and σγ = 0.5 in Fig. 4.9 (b).
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Figure 4.9: Hemispherical average bistatic illumination function with one surface

reflection S
1,hemi

B . The surface RMS slope is σγ = 0.2 in (a) and σγ = 0.5 in (b).

It is shown that the hemispherical average bistatic illumination function S
1,hemi

B

decreases monotonously with the observation angle θ. The results of the model
agree very well with the Monte Carlo ray-tracing results. Considering the corre-
lation between the heights and the slopes of the surface points does not lead to a
significant improvement in the agreement.

For surfaces with RMS slope σγ = 0.2, the hemispherical average bistatic il-
lumination function S1,hemi

B is close to 1 when θ < 40◦, which means that all the
surface is seen by the receiver, and all the reflected rays −ŝ′ leave the surface with-
out intersecting the surface again. This conclusion can be predicted by Fig. 2.18
(a), where the average monostatic illumination function with one surface reflection

S
1

M is shown. It is shown that S
1

M ≈ 1 for θ < 40◦, meaning that no reflected ray
intersects the surface.

For surfaces with RMS slope σγ = 0.5, S
1,hemi

B ≈ 0.9 for θ = 0◦, meaning that
about 90% of the surface points fulfill both the conditions that “it is seen by the
receiver” and “the reflected ray leaves the surface”. This result is also consistent

with the average monostatic illumination function S
1

M. In Fig. 2.18 (b), it is shown

that for surfaces with σγ = 0.5, S
1

M ≈ 0.1, meaning that about 10% of the surface
points fulfill that “it is seen by the receiver” and “the reflected ray intersects the
surface”.

The bistatic illumination function with one surface reflection S1,spe
B is used to

calculate the sea surface reflectivity with one reflection. To improve the accuracy of
the reflectivity model, more reflections should be considered. As a consequence, in
what follows, the illumination function with two reflections is derived.
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4.2 Illumination function with two reflections

4.2.1 Surface reflections
It is possible that the incident ray undergoes multiple reflections before it is

reflected to the receiver. This section considers two reflections. Fig. 4.10 illustrates
the geometry configuration of this problem for 1D surfaces.

θi

θ

zz

ŝ

M0

M1

ŝi

ŝ′

Figure 4.10: The incident ray ŝi is reflected twice by the surface before it is reflected
to the observation direction ŝ. For 1D surfaces, zenith angles are oriented, with the
direction of θ being the positive direction.

An incident ray ŝi intersects the surface at M1, where it is reflected into a di-
rection ŝ′. Then, the ray ŝ′ intersects the surface again, where it is reflected to the
observation direction ŝ. Note that the transmitter, ŝi, ŝ′ and ŝ are not necessarily in
the same plane.

The receiver is located in the direction ŝ(θ, φ), where θ ∈ [0◦, 90◦] is the zenith
angle and φ ∈ [0◦, 360◦] is the azimuth angle. The transmitter is located at the
direction ŝ−i (θi, φi) = −ŝi, with the zenith angle being θi ∈ [0◦, 90◦] and the az-
imuth angle being φi ∈ [0◦, 360◦]. The superscript “−” stands for the inversion of
direction. The direction of the incident ray ŝi can also be denoted by the zenith
angle θ2 ∈ [90◦, 180◦] and the azimuth angle φ2 ∈ [0◦, 360◦]. The direction of the
reflected ray ŝ′ can be obtained according to the direction of the incident ray ŝ−

and the unitary normal n̂0 to point M0, given by Eq. (2.57). The vector ŝ′ is ex-
pressed by the zenith angle θ1 ∈ [0◦, 180◦] and the azimuth angle φ1 ∈ [0◦, 360◦],
whereas −ŝ′ is expressed by the zenith angle θ′ ∈ [0◦, 180◦] and the azimuth angle
φ′ ∈ [0◦, 360◦]. The definitions of these angles are illustrated in Fig. 4.11.

For computational ease, several new systems of coordinates are defined. The
first one (X, Y, z) is defined according to the receiver direction. It is obtained by
rotating the basis (x, y) anticlockwise through an angle φ about the z axis. This
system of coordinates is frequently used in this thesis. The second one (X ′, Y ′, z)
is defined relating to the points M1 and M0. It is defined by rotating anticlockwise
the basis (x, y) through an angle φ1 about the z axis, so that the ray ŝ′ lies in the
(X ′, z) plane, and M0 is at the positive side of M1 along the X axis. This system
of coordinates is used when defining the monostatic illumination function with one
surface reflection S1

M. The third one (X ′′, Y ′′, z) is defined according to the trans-
mitter direction. It is defined by rotating anticlockwise the basis (x, y) through an
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angle φ2 about the z axis, so that the ray ŝi lies in the (X ′′, z) plane. The definitions
of these system of coordinates are illustrated in Fig. 4.11.

Figure 4.11: Definition of the new systems of coordinates and the angles. The
incident ray ŝi intersects the surface at M1 where it is specularly reflected into ŝ′. ŝ′

intersects the surface again at M0, where it is specularly reflected to the direction ŝ.
For 2D surfaces, zenith angles are not oriented.

As mentioned in Sec. 4.1.1, the inverse path is used. For a given direction of the
receiver ŝ, the direction of the ray ŝ′ is given by:

ŝ′ = ŝ− 2n̂0(n̂0 · ŝ), (4.27)

where n̂0 is the unitary normal of the surface point M0. The angles θ′, φ′ and θ1, φ1

are obtained by applying −ŝ′ and ŝ′ to Eq. (2.58), respectively.
The direction ŝi can be obtained in the same way. Given ŝ′, ŝi is given by:

ŝi = ŝ′ − 2n̂1(n̂1 · ŝ′), (4.28)

where n̂1 is the unitary normal to the surface point M1. The angles θi, φi and θ2, φ2

are obtained by applying −ŝi and ŝi to Eq. (2.58), respectively.

4.2.2 Model of Lynch & Wagner
Lynch & Wagner [12] developed a bistatic illumination function with two sur-

face reflections for 1D surfaces (see Fig. 4.10), from the height-averaged Smith
monostatic illumination function S

0

M. The surface slope PDF is assumed to be Gaus-
sian. This subsection summarizes the model of Lynch & Wagner for the case where
the transmitter and the receiver are at different sides of the surface with respect to
the zenith (θ > 0, θi < 0).

In the model of Lynch & Wagner [12], the inverse path is also used. To express
the bistatic illumination function with two reflections S2

B, 4 events are defined 1:

1. The definition of symbols is modified to agree with that in this thesis.
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– “the ray ŝ does not intersect the surface” is denoted as a;
– “the ray ŝ′− intersects the surface at M1” is denoted as b;
– “M0 has a slope which specularly reflects ŝ′− to the given direction ŝ−i ” is

denoted as c;
– “the ray ŝ−i does not intersect the surface” is denoted as d.

The bistatic illumination function S2
B is then given by:

S2
B = p(abcd) = p(a)p(b|a)p(c|ab)p(d|abc) (4.29)

Lynch & Wagner [12] defined the first part p(a) as the uncorrelated height-
averaged Smith illumination function, given by:

p(a) = Υ(µ− γ0)
1

1 + Λ(µ)
, (4.30)

where µ = cot θ is the slope of ray ŝ.
The second part p(b|a) is given by [12]:

p(b|a) = 1− p(b̄|a) = 1− p(b̄a)

p(a)

=


Λ(|µ|)

1 + Λ(µ) + Λ(|µ1|)
for |θ′| ≤ 90◦,

1 for |θ′| > 90◦,

(4.31)

where µ1 = cot θ1 = cot θ′ is the slope of the ray ŝ′. Note that for 1D surfaces, the
zenith angles are oriented, with the direction of θ being the positive direction. The
angles θ′ and θ1 can be positive or negative, depending on the θ and on slope γ0 of
the point M0.

The third part p(c|ab) corresponds to the probability density of the slope of the
point M1. Considering the dependence on the events a and b, Lynch & Wagner
[12] stated that the slope of M1 should check the condition that the local angle of
incidence at M1 should fulfill |χ1| < 90◦. Inversely, they assumed that any slope
checking this condition can equally be the slope of M1. This assumption is also
used in Sec. 3.2.1 when calculating the sea surface emissivity. Thus, p(c|ab) is
defined as:

p(c|ab) =
pγ(γ

spe
1 )

1− 1

2
erfc

( |µ1|√
2σγ

) , (4.32)

where pγ is the surface slope PDF.
When calculating the fourth term p(d|abc), which is the probability that M1 is

viewed by the transmitter along the ŝ−i direction, given that ŝ does not intersect
the surface and ŝ′− intersects the surface at M1 and is reflected into ŝ−i , Lynch &
Wagner [12] pointed out that it is difficult to take into account the influence of a, b
and c on d. Thus, their dependence is ignored, and p(d|abc) is approximated by:

p(d|abc) ≈ p(d) =



1

1 + Λ(|µi|)
, for θ1 < θi < 0

0, for θi < θ1 < 0
1

1 + Λ(|µi|)
, for θ1 > θi > 0

0, for θi > θ1 > 0

(4.33)
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where µi = cot θi is the slope of the ray ŝi.
The bistatic illumination function with two reflections S2

B is then obtained by
substituting Eqs. (4.30), (4.31), (4.32) and (4.33) into Eq. (4.29). Lynch & Wagner
[12] indicated that after taking into the second reflection of the surface, the energy
conservation condition was better met. As the model of Lynch et al. [12] was
developed from the height-averaged illumination function S

0

M, it is not possible to
take into account the correlation between the surface heights and slopes.

4.2.3 Development of a statistical model
In this section, a statistical model of a bistatic illumination function with two

surface reflections S2
B is developed, based on the statistical monostatic illumination

function without reflection S0
M and that with one reflection S1

M.

4.2.3.1 Mathematical expression for 2D surfaces

The bistatic illumination function with two reflections is developed in a similar
way as that of Lynch & Wagner [12]. The same 4 events a, b, c and d in the list in
Sec. 4.2.2 are used.

Determination of p(a)p(b|a) Note that the two terms p(a)p(b|a) equals the mono-
static illumination function with one surface reflection S1

M developed in Sec. 2.2.1,
which is given by:

p(a)p(b|a) = Υ(µ− γX0)F (ζ0)Λ(µ)

×
{

1 if θ′ > 90◦,
1− F (ζ0)Λ−(µ1) if θ′ < 90◦,

(4.34)

where γX0 , µ = cot θ is the slope ofM0 and the slope of the ray ŝwith respect to the
X direction, and µ1 = cot θ1 (see Fig. 4.11 for the definition of θ1) is the slope of
the ray ŝ′ with respect to the X ′ direction. Note that for 2D surfaces, the vectors ŝ,
ŝ′ are defined by their zenith and azimuth angles, and zenith angles are not oriented.

Determination of p(c|ab) The conditional probability p(c|ab) equals the slope
probability density of the point M1 given that the ray ŝ does not intersects the sur-
face whereas ŝ′− intersect the surface at M1.

To calculate the slope PDF of M1, the approximation used in Sec. 3.2.1.2 when
calculating the sea surface emissivity is also employed, which assumes that any
slope checking the condition |χ1| < 90◦ can equally be the slope of the point M1.
The PDF of M1 is then given by:

p(γX′1) =
Υ(µ1 − γX′1)∫ µ1

−∞
pγX′ (t) dt

pγX′ (γ1), (4.35)

where pγX′ is the surface marginal slope PDF in the X ′ direction. The model of
Lynch & Wagner [12] also uses this approximation.

The conditional probability p(c|ab) is then given by multiplying Eq. (3.24) with
two Dirac delta functions:

p(c|ab) = p(γX′1)δ(γx1 − γ
spe
x1

)δ(γy1 − γspe
y1

), (4.36)
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where (γspe
x1
, γspe

y1
) is the slope the point M1 which reflects ŝ′− specularly into the

direction ŝ−i , which is given by:

n̂spe
1 =

ŝ+ ŝ−i
‖ŝ+ ŝ−i ‖

. (4.37)

γspe
x1

= − n̂
spe
1,x

n̂spe
1,z

, γspe
y1

= − n̂
spe
1,y

n̂spe
1,z

, (4.38)

Determination of p(d|abc) The conditional probability p(d|abc) is the conditional
probability that M1 is viewed by the transmitter along the ŝ−i direction, given that ŝ
does not intersect the surface and ŝ′− intersects the surface at M1 and is specularly
reflected into ŝ−i . As no obvious correlation is found, these correlations are ignored,
allowing to simply p(d|abc) as:

p(d|abc) ≈ p(d) = F (ζ1)Λ−(µ2), (4.39)

where µ2 = cot θ2 is the slope of ŝi with respect to the X ′′ direction.
The bistatic illumination function with two surface reflections S2

B for 2D sur-
faces is then obtained by substituting Eqs. (4.34), (4.36) and (4.39) into Eq. (4.29).

4.2.3.2 Discussion about the height PDF of M1

Unlike the monostatic illumination function with one reflection S1
M or the sur-

face emissivity, the height ζ1 of M1 is involved in Eq. (4.39). As discussed in Sec.
2.2.1.5, M1 is lower than M0 (ζ1 < ζ0) for θ′ > 90◦, and M1 is higher than M0

(ζ1 > ζ0) for θ′ < 90◦. The height PDF might be defined accordingly.
However, as the integration of Eq. (4.39) over ζ1 does not require the knowledge

of the PDF of ζ1, and as the surface reflectivity (subject of the next chapter) does
not depend on ζ1, the height PDF of M1 is not calculated in this thesis.

4.2.3.3 Mathematical expression for 1D surfaces

To reduce the complexity of the problem and to save computation time, it is
usually more convenient to calculate the bistatic illumination function S2

B for 1D
surfaces (2D problem).

Recall that for 1D surfaces, the zenith angle of a vector is oriented. The horizon-
tal direction of the receiver is defined as the positive x direction, and the direction of
the receiver zenith angle θ is defined as the positive direction for the zenith angles.
The 1D bistatic illumination function with two reflections S2

B can be obtained in the
same way as the one for 2D surfaces. The result is given directly here.

The first part p(a)p(b|a) equals the monostatic illumination function with one
surface reflection S1

M, the 1D expression is given in Sec. 2.2.1.6 by:

p(a)p(b|a) = Υ(µ− γ0)F (ζ0)Λ(µ)

×


1 if |θ′| > 90◦

1− F (ζ0)Λ(µ1) if θ < θ′ < 90◦

1− F (ζ0)Λ−(µ1) if −90◦ < θ′ < 0◦
,

(4.40)

where µ = cot θ and µ1 = cot θ1 = − cot θ′ are the slopes of the ray ŝ and ŝ′,
respectively. The case θ′ < 0◦ corresponds to the situation where φ1 = φ + 180◦

for 2D surfaces, which means that X ′ and X are in opposite directions.
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The second part p(c|ab) relates to the slope PDF of point M1, which is approxi-
mated as:

p(γ1) =



Υ(µ1 − γ1)∫ µ1

−∞
pγ(t) dt

pγ(γ1) if 0 < θ′ < 90◦,

Υ(γ1 − µ1)∫ +∞

µ1

pγ(t) dt

pγ(γ1) if −90◦ < θ′ < 0◦.
(4.41)

The conditional probability p(c|ab) is then given by:

p(c|ab) = p(γ1)δ(γ1 − γspe
1 ), (4.42)

where γspe
1 is the slope of M1 which reflects ŝ′− specularly into ŝ−i , given by:

γspe
1 = − tan

(
θi + θ1

2

)
. (4.43)

The last conditional probability p(d|abc) is given by:

p(d|abc) ≈ p(d) =


F (ζ1)Λ−(µ2), for θ1 < θi < 0
0, for θi < θ1 < 0
F (ζ1)Λ(µ2), for θ1 > θi > 0
0, for θi > θ1 > 0

(4.44)

where µ2 = cot θ2 is the slope of ŝi. Note that either Λ− or Λ is used as depending
on the sign of θi, corresponding to ŝ−i propagating toward the negative or the positive
side of the x axis.

The bistatic illumination function with two surface reflections S2
B for 1D sur-

faces is then obtained by substituting Eqs. (4.40), (4.42) and (4.44) into Eq. (4.29).
Surprisingly, the statistical average of p(a)p(b|a) defined here over ζ0 is math-

ematically the same as p(a)p(b|a) of Lynch & Wagner [12] when the surface slope
PDF is even. The same approximations are used in the definitions of p(c|ab) and
p(d|abc). As a result, the uncorrelated model developed here would have the same
result as that of Lynch & Wagner. The advantage of the model presented here is that,
the correlation between the surface heights and slopes can be taken into account.

4.2.4 Monte Carlo ray-tracing method

To evaluate the model, a Monte Carlo ray-tracing method is employed. In this
section, 1D surfaces are considered to save computation time. The inverse ray-path
is used. The same ray-tracing algorithm as that used for calculating the monostatic
illumination function with one reflection is firstly performed. For a given direction
of observation ŝ(θ), an incident ray is put along the −ŝ direction (inverse path) to
find out all the points seen by the receiver (corresponding toM0). Then, the specular
reflected rays at these points are traced. For the points whose reflected ray intersects
the surface (corresponding to point M1), their reflected rays are traced. Finally, for
the points whose reflected ray does not intersect the surface again, the slope of the
points M0 and M1, and the slope of the reflected rays are recorded.
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4.2.5 Numerical results
In this subsection, numerical results of the bistatic illumination function with

two surface reflections S2,spe
B is calculated. For computational ease, 1D surfaces are

considered. The surface height and slope PDFs are assumed to be Gaussian (Eqs.
(1.5) and (1.6)), and a Gaussian height auto-correlation function (Eq. (1.14)) is
considered. The results of the model are then compared with the ones of the Monte
Carlo ray-tracing method.

4.2.5.1 Average illumination function S
2,spe

B

The average bistatic illumination function with two reflections gives the bidi-
rectional distribution of S2,spe

B . It is obtained by:

S
2,spe

B (θi, θ) =

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞
S2

Bp(γ0, ζ0, γ1, ζ1) dζ1 dγ1 dζ0 dγ0, (4.45)

where p(γ0, ζ0, γ1, ζ1) is the joint PDF of the heights and the slopes of points M0

and M1. Applying the uncorrelated S0
M, the integrations over ζ1, γ1 and ζ0 can be

carried out analytically. The result is given by:

S
2,spe

B (θi, θ) =

∫ +∞

−∞

∫ +∞

−∞
S

2

Bδ(γ1 − γspe
1 )pγ1(γ1) dγ1pγ(γ0) dγ0 (4.46)

=

∫ +∞

−∞
S

2

Bp(γ
spe
1 )pγ(γ0) dγ0 (4.47)

where S
2

B is obtained by averaging S2
B over the heights of M1 and M0, given by:

S
2

B(θi, θ, γ0) =

1

(1 + Λ(µi))(1 + Λ(µ))
if θ′ > 90◦

1

(1 + Λ−(µi))(1 + Λ(µ))
if θ′ < 90◦

Λ(µ1)

(1 + Λ−(µi))(1 + Λ(µ))(1 + Λ(µ) + Λ(µ1))
if θ < θ′ < 90◦

Λ−(µ1)

(1 + Λ(µi))(1 + Λ(µ))(1 + Λ(µ) + Λ−(µ1))
if −90◦ < θ′ < 0◦

(4.48)

As θ′, µ1, γspe
1 are all functions of γ0, the integration over γ0 in Eq. (4.47) is

performed numerically. Applying the correlated S0
M, the correlated S

2,spe

B can be
obtained, with all the integrations being performed numerically. The mathematical
expression is not shown here because of its complexity.

As it is difficult to compare the S
2,spe

B with that obtained by the Monte Carlo ray-
tracing method (because of problem of normalization), the same strategy as used in
S1,spe

B is applied again. The Dirac delta function used in Eq. (4.42) is replaced by a
narrow window function given by Eq. (4.21), with4θi = 0.1◦.

Figs. 4.12 and 4.13 shows the average bistatic illumination function with two

reflections S
2,spe

B . The surface RMS slope is σγ = 0.2 in Fig. 4.12 (sea surface with
Beaufort scale ≈ 5) and σγ = 0.5 in Fig. 4.13 (not a sea surface). The observation



4.2. ILLUMINATION FUNCTION WITH TWO REFLECTIONS 163

−90 −60 −30 0 30 60 90
0

0.5
1

1.5
2

2.5
3

3.5x 10
−5

Incidence angle θ
i

A
ve

ra
ge

 S
B2,

sp
e

σγ = 0.2, θ = 30o

 

 

uncorrelated
correlated
Monte Carlo

(a)

−90 −60 −30 0 30 60 90
0

2

4

6

8x 10
−4

Incidence angle θ
i

A
ve

ra
ge

 S
B2,

sp
e

σγ = 0.2, θ = 60o

 

 

uncorrelated
correlated
Monte Carlo

(b)

−90 −60 −30 0 30 60 90
0

0.2
0.4
0.6
0.8

1
1.2x 10

−3

Incidence angle θ
i

A
ve

ra
ge

 S
B2,

sp
e

σγ = 0.2, θ = 80o

 

 

uncorrelated
correlated
Monte Carlo

(c)

Figure 4.12: Average bistatic illumination function with two reflections S
2

B, which
corresponds to the bidirectional distribution of S2

B. The surface RMS slope is σγ =
0.2. The observation direction is θ = {30◦, 60◦, 80◦} in (a), (b) and (c), respectively.
The surface RMS slope is σγ = 0.2.
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Figure 4.13: Average bistatic illumination function with two reflections S
2

B, which
corresponds to the bidirectional distribution of S2

B. The surface RMS slope is σγ =
0.2. The observation direction is θ = {30◦, 60◦, 80◦} in (a), (b) and (c), respectively.
The surface RMS slope is σγ = 0.5.
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direction is θ = {30◦, 60◦, 80◦} in (a), (b) and (c), respectively. The results are
compared with a Monte Carlo ray-tracing method.

Differences show up between the result of the model and that of the Monte
Carlo ray-tracing method, especially for the smaller observation zenith angle θ =
30◦. The maxima of the present model, with or without considering the correlation
between the surface heights and slopes, occur almost for the same θi ≈ −80◦ for
different θ, whereas the Monte Carlo ray-tracing result suggest that its location
should significantly depend on the angle θ.

One possible reason for this discrepancy is that the slope PDF of M1 is not well
calculated in the model. In the derivation of the slope PDF of M1, it is assumed
that any slope γ1 fulfilling |χ1| < 90◦ can equally be the slope of M1, which de-
pends only on the slope of ŝ′, but does not take into account the influence of the
observation angle θ.

Except for this drawback, the results of the present model are generally in the

same level as the ones of the Monte Carlo ray-tracing model. The maxima of S
2,spe

B

for surface with σγ = 0.2 are of the order of 10−5, 10−4 and 10−3 (recalling that
4θi = 0.1◦) for θ = 30◦, 60◦ and 80◦, respectively, which means that double surface
reflections are more probable for large observation angles θ (or incident angles θi,

for the inverse path). The maxima of S
2,spe

B for surface with σγ = 0.5 are of the
same order for θ = 30◦, 60◦ and 80◦, meaning that double surface reflections are
nearly the same significant for any observation direction.

4.2.5.2 Hemispherical average illumination function S
2,hemi

B

The hemispherical average illumination function with two surface reflections

S
2,hemi

B gives the proportion of the surface which is seen by the receiver (inverse
path), and whose reflected rays leave the surface after two surface reflections (see
Fig. 4.10).

The hemispherical average bistatic illumination function with two surface re-

flections can be obtained in a similar way as for S
2,spe

B (θi, θ), by enlarging the width
of the window function in Eq. 4.21 to:

W =

{
1, for − 90◦ < θi < 90◦

0, otherwise . (4.49)

The angle θi is given by θ1 and the slope γ1 of M1 as:

θi = 2arctan(−γ1)− θ1. (4.50)

The hemispherical average bistatic illumination function with two surface reflec-
tions is then given by:

S
2,hemi

B (θ) =

∫ +∞

−∞

∫ +∞

−∞
S

2

BWpγ1(γ1) dγ1pγ(γ0) dγ0,

=

∫ +∞

−∞

∫ γspe,21

γspe,11

S
2

Bpγ1(γ1) dγ1pγ(γ0) dγ0,

(4.51)

where

γspe,1
1 = − tan

(
θ1 + 90◦

2

)
γspe,2

1 = − tan

(
θ1 − 90◦

2

)
(4.52)
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The first integration over γ1 leads to the marginal slope histogram of γ0, which
is seen by the receiver (inverse path) and whose reflected ray leaves the surface after
two reflections, given by:

p̃2,hemi
γ = pγ(γ0)

∫ γspe,21

γspe,11

S
2

Bpγ1(γ1) dγ1. (4.53)

Fig. 4.14 shows the histogram p̃2,hemi
γ of the slopes of M0. The surface RMS

slope is σγ = 0.2 on the left, and σγ = 0.5 on the right. The observation angle (or
named angle of incidence, in the inverse path) θ = 30◦ (top), 60◦ (middle) and 80◦

(bottom). The results are shown versus the normalized slope s0 = γ0/(σγ
√

2).
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Figure 4.14: Histogram of M0 leading to double surface reflections.
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Although the distribution of θi was not well predicted in Fig. 4.12 and Fig.
4.13, the histograms of the slopes of M0 after averaging over θi ∈ [−90◦, 90◦]
agree quite well with the results of the Monte Carlo ray-tracing method. In general,
the uncorrelated model slightly overestimates the results, while the correlated one
gives a better agreement, although the overestimation is not fully overcome. Thus,
the present model predicts quite well the slope distribution ofM0, both in shape and
in level.

Besides, it is shown that double surface reflections are much more significant
for surfaces with σγ = 0.5 than that with σγ = 0.2 for θ = 30◦. For θ = 60◦ and
80◦, they are of similar levels.

Fig. 4.15 shows the hemispherical average bistatic illumination function with
two reflections. The surface RMS slope is σγ = 0.2 (a) and σγ = 0.5 (b).
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Figure 4.15: Hemispherical average bistatic illumination function with two surface
reflections of surfaces with σγ = 0.2 on the left (a) and σγ = 0.5 on the right (b).

It is shown that the model agrees quite well with the Monte Carlo ray-tracing
method, especially for surfaces with σγ = 0.2. The model, either correlated or
uncorrelated, slight underestimates the result at small and moderate θ, e.g. θ < 65◦

for surfaces with σγ = 0.2, and θ < 40◦ for surfaces with σγ = 0.5. For large θ, the
model overestimates the result. In general, a better agreement is obtained by taking
into account the correlation between surface heights and slopes.

It is notable that the hemispherical average bistatic illumination function with

two reflections S
2,hemi

B has similar shapes as the average monostatic illumination

function with one reflection S
1

M shown in Fig. 2.18, but smaller in level. This is
because the bistatic illumination function with two reflections S2,spe

B is built on the
monostatic illumination function with one reflection S1

M, by multiplying S1
M with

two terms smaller than 1.

4.3 Conclusion
Bistatic illumination function is the most important parameter in the calculation

of sea surface reflectivity. Usually, one surface reflection is considered. In order to
improve the accuracy, more surface reflections have to be taken into account, which
implies to calculate the corresponding illumination function. This chapter reviews
the bistatic illumination function of Smith, which takes one surface reflection into
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account. Then, a statistical model of bistatic illumination function with two sur-
face reflections S2

B is developed based on the monostatic illumination function with
one surface reflection S1

M which is shown in Chap. 2. Although the bidirectional
distribution of S2

B shows a discrepancy with the Monte Carlo ray-tracing, the hemi-
spherical average S2

B agrees quite well with the Monte Carlo ray-tracing method.
This bistatic illumination function can still be promising for calculating the surface
reflectivity.

In the next chapter, sea surface reflectivity is derived with the bistatic illumi-
nation functions shown in this chapter. Sea surface reflectivity with one surface
reflection is developed by using the bistatic illumination function with one surface
reflection S1,spe

B , and the surface reflectivity with two surface reflections is devel-
oped by using the one with two reflections S2,spe

B .



5
Sea surface infrared reflectivity

When deriving the sun glitter of the sea surface or the bidirectional reflectance
distribution function (BRDF), sea surface infrared reflectivity is calculated. Usually,
one surface reflection is considered [23, 8, 45, 6]. To be more accurate, more surface
reflections have to be taken into account [9, 12].

In this chapter, the sea surface infrared reflectivity ρ is calculated. We recall that
geometric optics approximation is assumed to be valid, so that only specular reflec-
tions are considered. The first-order reflectivity ρ1, which considers single surface
reflection, is calculated in Sec. 5.1 using the bistatic illumination function with one
reflection S1,spe

B . In Sec. 5.2, the second-order reflectivity ρ2 is calculated using
the bistatic illumination function with two reflections S2,spe

B which is introduced in
Chap. 4.

5.1 Reflectivity with one surface reflection
The first-order sea surface infrared reflectivity corresponds to the radiance from

the sky (sun, atmosphere) which is reflected once by the surface into the observation
direction. Fig. 5.1 shows an emission ray from the sky which is reflected by the sea
surface.

The receiver is in the observation direction ŝ(θ, φ), and the transmitter is in
the direction ŝ′−(θi, φi). New systems of coordinates (X, Y, z) and (X ′, Y ′, z) are
defined according to the receiver and the transmitter directions, respectively. The
definitions of the angles and the systems of coordinates are the same as the ones
used in Chap. 4 (see Sec. 4.1.1 and Fig. 4.2 for details).

As mentioned in Chap. 4, shadowing from the transmitter (sky) and the receiver
have to be both considered. In this section, the Smith bistatic illumination function
with one surface reflection [4] is used to evaluate the hiding and masking effects.

5.1.1 Model for 1D surfaces
In this subsection, 1D rough surfaces are considered. For 1D surfaces, the in-

cident and reflected rays and the zenith direction belong to the same plane (named

169
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θi
θ

χ0

χ0

z ŝ

M0

n̂0

ŝi

Figure 5.1: An incident ray ŝi intersects the surface at a point M0 and is reflected
into the observation direction ŝ. Illustration for 1D surfaces. Zenith angles are
oriented with the direction of θ being the positive direction.

(X, z) plane). The local angle of incidence χ0 is given by Eq. (3.2) and is recalled
here:

cosχ0 = n̂0 · ŝ =
cos θ − γ0 sin θ√

1 + γ2
0

, (5.1)

where n̂0 is the unitary normal to M0 and γ0 is its slope.
The local reflectivity of an arbitrary surface point M0 (with local angle of inci-

dence χ0) is given by:

ρlocal
1,H,V (χ0) = |rH,V (χ0)|2, (5.2)

where rH,V are the Fresnel reflection coefficients in horizontal and vertical polar-
izations, respectively, given by Eq. (1.29).

It is notable that, for 1D surfaces, the horizontal and vertical polarization direc-
tions of different surface points are identical for given incident ŝ′ and observation ŝ
directions. As a 1D surface belongs to a plane (the (X, z) plane), the observation
direction ŝ and the local normal n̂0 to the point belong to the same plane contain-
ing the surface (the (X, z) plane). The horizontal polarization direction H is the
one perpendicular to this plane, and the vertical polarization direction V is the one
parallel to this plane and perpendicular to ŝ. These two directions do not change
from one surface point to another. The same holds for the incident direction ŝ′. As
a result, cross-polarization does not occur.

The first-order reflectivity of sea surfaces is the average of the local reflectivity
of the surface facets seen by both the transmitter and the receiver, given by [23]:

ρ0,H,V =
〈
|rH,V (χ0)|2g1D

0 S1,spe

B

〉
0,1D

, (5.3)

where 〈· · · 〉0,1D stands for the statistical average over the heights ζ0 and the slopes
γ0 of M0, given by Eq. (3.5). The term g1D

0 results from projecting the area of the
facet around M0 onto the orthogonal direction of the observation direction θ, given
by Eq. (3.9). S1,spe

B is the first-order bistatic illumination function given by Eq.
(4.7), which gives the probability density that M0 is seen by both the receiver and
the transmitter, with the slope γ1 = γspe

1 corresponding to the specular reflection
from the incident ray ŝi into the direction of the reflected ray ŝ.
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5.1.2 Model for 2D surfaces
For 2D surfaces, the incident and reflected rays and the zenith direction usually

do not belong to the same plane. Thus, new systems of coordinates (X, Y, z) and
(X ′, Y ′, z) are defined according to the directions of the transmitter and the receiver
(see Sec. 4.1.1), so that the receiver belongs to the (X, z) plane, and the transmitter
belongs to the (X ′, z) plane. The local angle of incidence χ0 is given by Eq. (2.3),
and is recall here:

cosχ0 =
cos θ − (γx0 cosφ+ γy0 sinφ) sin θ√

1 + γ2
x0

+ γ2
y0

. (5.4)

The local first-order reflectivity of an arbitrary surface point M0 (with local
angle of incidence χ0) is given by:

ρlocal
1,h0,v0

(χ0) = |rh0,v0(χ0)|2, (5.5)

where rh0,v0 are the Fresnel reflection coefficients in local horizontal and vertical
polarizations, respectively.

It is notable that, for 2D surfaces, the local polarization directions differ from
one surface point to another. To describe the polarization state of the sea surface
reflectivity, the average sea surface is considered, which is parallel to the horizontal
plane ((X, Y ) or (x, y)). The global horizontal polarization and the global vertical
polarization are defined with respect to the average sea surface.

Consider an incident ray, with components in global Hi and Vi polarizations
(defined with respect to the average sea plane and the incident ray ŝi), which inter-
sects the sea surface at point M0. Because the tangent plane of M0 is not identical
to the average sea surface in general, there is an angle αi between the polarization
directions Hi and h0,i (local horizontal polarization h0,i defined by the local tan-
gent plane of M0 and ŝi), or equally between Vi and v0,i (local vertical polarization
v0,i defined by the local tangent plane of M0 and ŝi). As a result, before performing
the reflection, the components in globalHi and Vi polarizations have to be projected
onto the local h0,i and v0,i polarization directions. In other words, cross-polarization
occurs. This situation is very similar to that in Fig. 3.7, with the vector ŝ replaced
by −ŝ′, and α replaced by αi.

We suppose that the incident ray is unpolarized, which means that its compo-
nents in Hi and Vi polarizations have the same intensity (IHi

= IVi ≡ I). The
intensities of the components in Hih0,i (global Hi polarization projected to local
h0,i polarization), Vih0,i, Hiv0,i and Viv0,i polarizations are given by:

ICip0,i = Ifi(αi), (5.6)

with

fi(αi) =

{
cos2 αi, for Ci, p0,i stands for the same polarization,
sin2 αi, otherwise, (5.7)

where Ci = {Hi, Vi} and p0,i = {h0,i, v0,i}. Then, the components of the incident
ray in local h0,i and v0,i polarizations are given for IHi

= IVi ≡ I by:

Ih0,i = IHih0,i + IVih0,i = I(cos2 αi + sin2 αi) = I,
Iv0,i = IViv0,i + IHiv0,i = I(cos2 αi + sin2 αi) = I.

(5.8)
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It is notable that the intensity of the incident ray in h0,i and v0,i polarizations both
equal the ones in Hi and Vi polarizations. In other words, the projection about αi
is not necessary. This is physical because the incident ray is unpolarized, which
means that the intensities in any polarization are the same.

After the surface reflection, the intensity of the reflected ray in local h0 and v0

(defined by the local facet M0 and ŝ) are given by:

Ih0 = Ih0,i|rh0(χ0)|2 = I|rh0(χ0)|2,
Iv0 = Iv0,i|rv0(χ0)|2 = I|rv0(χ0)|2. (5.9)

Note that the local h0 and v0 polarization directions are different from the global
H and V (defined by the average surface and ŝ) polarization directions if the local
facet is not identical to the average surface. As a result, there is an angle α between
h0 and H , or equally between v0 and V . This is exactly the same situation as that
discussed in Fig. 3.7. The components in local h0 and v0 polarizations are then
projected onto the global H and V directions, given by:

Ip0C = Ip0f(α), (5.10)

with

f(α) =

{
cos2 α, for C, p0 stands for the same polarization,
sin2 α, otherwise, (5.11)

where C = {H, V } and p0 = {h0, v0}. The intensity of the components of the
reflected ray ŝ in global H and V polarizations are given for IHi

= IVi ≡ I by:

IH = Ih0Hi
+ Iv0Hi

= I(|rh0(χ0)|2 cos2 α + |rv0(χ0)|2 sin2 α),
IV = Ih0Vi + Iv0Vi = I(|rh0(χ0)|2 sin2 α + |rv0(χ0)|2 cos2 α),

(5.12)

Thus, the local polarized reflectivity of an arbitrary facet is given by:

ρlocal
1,H = IH/IHi

= |rh0(χ0)|2 cos2 α + |rv0(χ0)|2 sin2 α
ρlocal

1,V = IV /IVi = |rh0(χ0)|2 sin2 α + |rv0(χ0)|2 cos2 α
(5.13)

The polarized reflectivity of rough 2D surfaces is the average of the local reflec-
tivity over all the surface, given by:

ρ1,H,V =
〈
ρlocal

1,H,V g
2D
0 S1,spe

B

〉
0,2D

, (5.14)

where 〈· · · 〉0,2D stands for the statistical average over the heights ζ0 and the slopes
γx0 and γy0 of M0, given by Eq. (3.16). The term g2D

0 results from projecting the
surface area around the pointM0 onto the direction perpendicular to the observation
direction ŝ. S1,spe

B is the bistatic illumination function with single surface reflection,
which gives the probability density that M0 is seen by both the receiver and the
transmitter, with the slope in x and y directions γx0 = γspe

x0
and γy0 = γspe

y0
corre-

sponding to the specular reflection from ŝi to ŝ.
For a fully or partially polarized incident ray, it is difficult to define the polar-

ized reflectivity. As the intensity of the incident ray in Hi and Vi polarizations are
different, ρ1,H depends on IVi/IHi

and ρ1,V depends on IHi
/IVi . In other words, the

polarized reflectivity depends on the polarization state of the incident ray. This case
is not considered in this thesis.
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5.1.3 Monte Carlo ray-tracing method
To evaluate the accuracy of the result, a Monte Carlo ray-tracing method is

used. In the ray-tracing algorithm, 1D rough surfaces are generated, with Gaussian
height and slope distributions (number of surfaces N = 2000, each surface with
length L = 100Lc in this chapter). Moreover, the surface points are assumed to be
correlated with a Gaussian height autocorrelation function. After the generation of
the rough surfaces, ray-tracing is performed. To be consistent with the model of
surface emissivity, the inverse ray path is used. For a given observation direction
ŝ(θ), an incident ray is put along the −ŝ (inverse path) direction to find out all the
points seen by the receiver. Then, the reflected rays at these points are traced. For
the points whose reflected ray does not intersect the surface, the local reflectivity
ρlocal

1 of these points and the angle θi of the reflected rays are recorded.
For a given observation direction θ, the average surface (directional) reflectivity

is given by:

ρspe
1,MC(θ, θi) =

1

Ns

Nj∑
j=1

ρlocal,j
1 g0,iδ(θ

j
i − θi), (5.15)

where Ns is the total number of the surface points, and Nj is the number of the
surface points seen by the receiver and whose reflected ray ŝ−,ji (inverse path) does
not intersect the surface. The subscript “i” stands for “incident”, and the superscript
“j” is the index of the surface points selected by the ray-tracing algorithm. However,
it is not possible to calculate the distribution of the reflectivity with respect to θ and
θi by Eq. (5.15). As a numerical method, with a given θ, the ray-tracing algorithm
is almost unable to obtain a reflection ray ŝ−,ji in the exact θi direction. As a result,
instead of using the Dirac delta function δ(θji−θi), a window function is used, given
by:

W =

{
1, for |θji − θi| ≤ 4θi
0, otherwise

, (5.16)

where 4θi is taken as 0.1◦ in this chapter. In other words, if the global angle of
reflection θji is in a small region (θi ± 0.1◦) around θi, it is considered that this
reflected ray ŝji reaches the transmitter (inverse path).

For a given θ, the hemispherical average reflectivity is also calculated, given by:

ρhemi
1,MC =

1

Ns

Nj∑
j=1

ρlocal,j
1 g0,i. (5.17)

No restriction is put on the direction θi. Any reflected ray leaving the surface after
one surface reflection contributes to the first-order surface reflectivity.

5.1.4 Numerical results
In this subsection, numerical results of the first-order reflectivity are presented.

To be consistent with the Monte Carlo ray-tracing method, 1D surfaces (2D prob-
lems) are considered. The cross-polarization effect may be interesting to study,
which involves 2D surfaces. This point is not study here, because of the complexity
in programming and the lack of time.

The surface slope PDF is assumed to be Gaussian. The correlation between
surface heights and slopes is taken into account, with a Gaussian height auto-
correlation function. The average first-order reflectivity ρspe

1 (bidirectional) is shown,



174 CHAPTER 5. SEA SURFACE INFRARED REFLECTIVITY

as well as the hemispherical average reflectivity ρhemi
1 . The results are compared

with the Monte Carlo ray-tracing method.

5.1.4.1 Average first-order reflectivity ρspe
1

The average first-order reflectivity is obtained by Eq. (5.3), where the bistatic il-
lumination function with one surface reflection S1,spe

B is involved. Recall that S1,spe
B

involves the Dirac delta function δ(γ0 − γspe
0 ), which corresponds to considering

specular reflections. However, to be consistent with the Monte Carlo ray-tracing
method, this Dirac delta function is replaced by the window function given by Eq.
(4.21), with4θi = 0.1◦.

Figs. 5.2 and 5.3 show the results of the average first-order sea surface reflec-
tivity ρspe

1 in H and V polarizations. The up-wind direction is considered. Three
observation angles θ = {30◦, 60◦, 80◦} are studied, and the results are shown versus
the angle of incidence θi. The wavelength is λ = 10 µm, and the wind speed u12 is
5 m/s in Fig. 5.2 and 10 m/s in Fig. 5.3.

It is shown that the model agrees very well with the Monte Carlo ray-tracing
method. Taking into account the correlation between the surface heights and slopes
hardly modifies the result. Its influence is visible only for u12 = 10 m/s and θ = 80◦.

It is shown that the H and V polarized reflectivities with one reflection ρspe
1 do

not equal each other. The V polarized ρspe
1 is always smaller, which means that

the surface reflection changes the global polarization state of the incident ray. The
reflection of an unpolarized ray, whose intensity in any polarization is the same,
would be partially polarized, with the intensity in H polarization being stronger.

It is notable that the location of the peaks of ρspe
1 in H and V polarizations are

different. In addition, they are not located in the global specular reflection direction.
This effect is the most significant for θ = 60◦ shown in Figs. 5.2 (b) and 5.3 (b),
where the peaks of ρspe

1 are shifted to about θi ≈ −75◦. This effect is reported in
the measurements of the sea surface sun glitter [8, 45]. It is reported that the peak
of the sun glitter was shifted toward the horizon (|θi| is larger).

5.1.4.2 Hemispherical average reflectivity ρhemi
1

The hemispherical average reflectivity with one surface reflection ρhemi
1 is ob-

tained in the same way as ρspe
1 , with the window function being enlarged to θi ∈

[−90◦, 90◦]. The new window function is given by Eq. (4.23), which is also used
when calculating the hemispherical average bistatic illumination function.

Fig. 5.4 shows the hemispherical average reflectivity ρhemi
1 versus θ. The wind

speed is u12 = 5 m/s (left) and u12 = 10 m/s (right). The wavelength is λ = 4 µm
(up) and λ = 10 µm (down).

The model generally agrees well with the result of the Monte Carlo ray-tracing
method. For grazing angles θ > 80◦, the model slightly overestimates ρhemi

1 . In
general, the correlated model gives a better agreement with the Monte Carlo ray-
tracing method, except for θ ≈ 90◦. However, this discrepancy should be mainly
caused by the large calculation error in the numerical method.

It is shown that the H polarized ρhemi
1 monotonously increases with the obser-

vation zenith angle θ, while the V polarized ρhemi
1 slightly decreases to a minimum

value and then increases, because of the Brewster angle. Besides, the H polarized
ρhemi

1 is always larger than that in V polarization, which is opposite from the sea
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Figure 5.2: Average first-order reflectivity ρspe
1 of the sea surface versus θi, with

wavelength λ = 10 µm. The observation angle is θ = 30◦ in (a), θ = 60◦ in (b),
and θ = 80◦ in (c). The wind speed u12 = 5 m/s.
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Figure 5.3: Average first-order reflectivity ρspe
1 of the sea surface versus θi, with

wavelength λ = 10 µm. The observation angle is θ = 30◦ in (a), θ = 60◦ in (b),
and θ = 80◦ in (c). The wind speed u12 = 10 m/s.
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Figure 5.4: Hemispherical average first-order sea surface reflectivity ρhemi
1 with re-

spect to θ for u12 = 5 m/s (left) and 10 m/s (right), and for λ = 4 µm (up) and 10
µm (down).

surface emissivity ε0, where ε0,V is always larger (see Fig. 3.5). This is phys-
ical, because more energy is reflected implies that less energy is absorbed (then
re-emitted).

It is reported that, considering only the zero-order emissivity ε0 and the first-
order reflectivity ρhemi

1 does not fulfill the energy conservation law [6]. The conclu-
sion is also found latter in Figs. 5.12 and 5.12. The sum of reflected energy (ρhemi

1 )
and the absorbed energy (ε0) does not equal the incident energy. Yoshimori et al.
[6] stated that it was because multiple surface reflections are neglected. As a con-
sequence, in the next section, sea surface reflectivity with two surface reflections is
studied.

5.2 Reflectivity with two reflections
The second-order sea surface infrared reflectivity corresponds to the radiance

from the sky (sun, atmosphere) which is reflected twice by the surface into the
observation direction. Fig. 5.5 shows an emission ray from the sky reflected twice
by the sea surface.

The receiver is located in the observation direction ŝ(θ, φ), and the transmitter is
located in the direction ŝ−i (θi, φi). New systems of coordinates (X, Y, z), (X ′, Y ′, z)
and (X ′′, Y ′′, z) are defined according to the directions of the receiver, of the reflec-
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Figure 5.5: An incident ray intersects the surface at point M0 and is reflected into
the ŝ′ direction. The reflected ray ŝ′ intersects the surface again at M0 and is then
reflected to the observation direction ŝ. Illustration for 1D surfaces. Zenith angles
are oriented with the direction of θ being the positive direction.

tion point M1 and of the transmitter, respectively. The definitions of the angles and
systems of coordinates are the same as the ones used in Chap. 4 (see Sec. 4.1.1 and
Fig. 4.11 for details).

In this section, the bistatic illumination function with two surface reflections
S2,spe

B developed in Sec. 4.2 is used to estimate the probability of the occurrence of
double surface reflections.

5.2.1 Model for 1D surfaces

In this subsection, 1D surfaces (2D problem) are considered (see Fig. 5.5). For
1D surfaces, the zenith direction, and the rays ŝi, ŝ′ and ŝ belong to the same plane,
named (X, z) plane. In other words, cross-polarization never occurs. The local
angle of incidence χ0 at point M0 is given by Eq. (3.2), and the one at point M1 is
given by Eq. (2.60).

Let the intensity of ŝi in horizontal (noted H1) and vertical (noted V1) polariza-
tion directions being IH1 and IV1 , respectively. The intensity of the components of
the ray ŝ′ in horizontal (noted H ′1) and vertical (noted V ′1) polarizations are given
by:

IH′1 = IH1 |rH1(χ1)|2, IV ′1 = IV1 |rV1(χ1)|2, (5.18)

where rH1,V1 are the Fresnel reflection coefficients in horizontal and vertical polar-
izations. Similarly, the intensity of the ray ŝ in horizontal (noted H) and vertical
vertical (noted V ) polarizations are given by:

IH = IH′1|rH(χ0)|2 = IH1|rH1(χ1)|2|rH(χ0)|2,
IV = IV ′1 |rV (χ0)|2 = IV1|rV1(χ1)|2|rV (χ0)|2. (5.19)

The local polarized reflectivity with two surface reflections is then given by:

ρlocal
2,H = IH/IH1 = |rH1(χ1)|2|rH(χ0)|2,
ρlocal

2,V = IV /IV1 = |rV1(χ1)|2|rV (χ0)|2 (5.20)
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The polarized reflectivity ρ2,H,V of the sea surface with two surface reflections
is the average of the local reflectivities over the whole surface, given by:

ρ2,H =
〈
ρlocal

2,H g1D
0 S2,spe

B

〉
1,1D

,

ρ2,V =
〈
ρlocal

2,V g1D
0 S2,spe

B

〉
1,1D

,
(5.21)

where 〈· · · 〉1,1D stands for the statistical average over the slopes and the heights
of the points M1 and M0, given by Eq. (3.22). S2,spe

B is the bistatic illumination
function with two surface reflections for 1D surfaces, which is introduced in Sec.
4.2.3.3. The term g1D

0 results from projecting the area of the facet around M0 onto
the orthogonal direction of the observation direction θ, given by Eq. (3.9).

5.2.2 Model for 2D surfaces

In this subsection, 2D surfaces (3D problem) are considered. As stated before,
for 2D surfaces, the local polarization directions are different from one surface point
to another. To describe the polarization state, the average sea surface is considered,
and the global horizontal H and vertical V polarizations are defined.

Consider an unpolarized incident ray with the same intensity I in any polariza-
tion direction. When the local tangent plane of M1 is not identical to the average
sea surface, there is an angle αi between the global Hi (or Vi) and local h1,i (or v1,i,
defined by the local tangent plane of point M1 and ŝi) polarization directions. How-
ever, this rotation angle αi does not affect the polarized reflectivity if an unpolarized
incident ray is considered, as discussed in Sec. 5.1.2. As a result, the intensities of
the components of the incident ray in local h1,i and v1,i polarizations are

Ih1,i = Iv1,i = I. (5.22)

After the surface reflection, the intensity of the reflected ray ŝ′ in local h′1 and v′1
polarizations (defined by the local tangent plane of M1 and ŝ′) are given by:

Ih′1 = Ih1,i|rh1(χ1)|2 = I|rh1(χ1)|2
Iv′1 = Iv1,i|rv1(χ1)|2 = I|rv1(χ1)|2 (5.23)

As the direction of the ray ŝ′ and the local normals n̂1 and n̂0 to M1 and to M0

are usually not in the same plane, there is an angle β between the local horizontal
h′1 and h′0 (defined by the local tangent plane of M0 and ŝ′) polarization directions.
As a result, the intensity of the ray ŝ′ in h′1 and v′1 polarizations have to be projected
onto the local h′0 and v′0 polarization directions. This case is exactly the same as
that discussed in Fig. 3.19. The calculation of β is given in Appendix F. After the
projection, the intensities of the ray ŝ′ in h′1h

′
0 (local h′1 project onto h′0), h′1v

′
0, v′1h

′
0

and v′1v
′
0 polarizations are given by:

Ih′1h′0 = Ih′1 cos2 β = I|rh1(χ1)|2 cos2 β,
Iv′1h′0 = Iv′1 sin2 β = I|rv1(χ1)|2 sin2 β,
Ih′1v′0 = Ih′1 sin2 β = I|rh1(χ1)|2 sin2 β,
Iv′1v′0 = Iv′1 cos2 β = I|rv1(χ1)|2 cos2 β.

(5.24)

After the reflection from ŝ′ into ŝ, the intensity of ŝ in h0 and v0 polarizations
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(defined by the local tangent plane of M0 and ŝ) is given by:

Ih′1h0 = Ih′1h′0|rh0(χ0)|2 = I|rh1(χ1)|2|rh0(χ0)|2 cos2 β,
Iv′1h0 = Iv′1h′0 |rh0(χ0)|2 = I|rv1(χ1)|2|rh0(χ0)|2 sin2 β,
Ih′1v0 = Ih′1v′0 |rv0(χ0)|2 = I|rh1(χ1)|2|rv0(χ0)|2 sin2 β,
Iv′1v0 = Iv′1v′0|rv0(χ0)|2 = I|rv1(χ1)|2|rv0(χ0)|2 cos2 β,

(5.25)

or for short
Ip′1q0 = I|rp1(χ1)|2|rq0(χ0)|2g(β), (5.26)

where p1 = {h1, v1} and q0 = {h0, v0}. The function g(β) = cos2 β if p1 and q0 are
both horizontal or vertical polarizations. Otherwise, g(β) = sin2 β.

As discussed previously, there is an angle α between the local and global hori-
zontal polarization directions h0 andH , or equally between the vertical polarization
ones v0 and V . The intensity is then projected onto the global H and V polarization
directions, given by:

Ip′1q0C = Ip′1q0f(α), (5.27)

where C = {H,V }. The function f(α) = cos2 α if q0 and C are both horizontal
or vertical polarizations. Otherwise, f(α) = sin2 α. The intensity of the ray ŝ in H
and V polarizations are given by:

IH =
∑

p′1={h′1,v′1},q0={h0,v0} Ip′1q0H
IV =

∑
p′1={h′1,v′1},q0={h0,v0} Ip′1q0V

(5.28)

The local polarized reflectivity is then given by:

ρlocal
H = IH/I =

∑
p′1={h′1,v′1},q0={h0,v0} ρ

local
p′1q0H

,

ρlocal
V = IV /I =

∑
p′1={h′1,v′1},q0={h0,v0} ρ

local
p′1q0V

,
(5.29)

where
ρlocal
p′1q0H

= |rp1(χ1)|2|rq0(χ0)|2g(β)f(α)

ρlocal
p′1q0V

= |rp1(χ1)|2|rq0(χ0)|2g(β)f(α)
(5.30)

The polarized surface reflectivity is the average of the local polarized reflectivity
over all the surface, given by:

ρ2,H,V =
〈
ρlocal

2,H,V g
2D
0 S2,spe

B

〉
1,2D

, (5.31)

where the symbol 〈· · · 〉1,2D stands for the statistical average over the heights and
the slopes of M1 and M0, given by Eq. (3.33). S2,spe

B is the bistatic illumination
function with two surface reflections developed in Sec. 4.2.3.1.

5.2.3 Monte Carlo ray-tracing method
A Monte Carlo ray-tracing method is used to evaluate the accuracy of the model.

For computational ease, 1D surfaces are considered (number of surfacesN = 2000,
each surface with length L = 100Lc). The surface heights and slopes PDFs are
assumed to be Gaussian, and the Gaussian height auto-correlation function is used.
The same ray-tracing algorithm used in Sec. 4.2.4 is used here to find out the points
seen by the receiver (M0), and whose reflected rays −ŝ′ (inverse path) intersect the
surface again (M1) and then leave the surface. Each M0 and its corresponding M1
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are called one pair. The slopes of these points (M0 and M1) are recored, as well as
the direction of the ray ŝi.

The surface average reflectivity is firstly calculated, which is given by:

ρ2,H,MC = 1
Ns

∑Nj

j=1 |rH(χ1)|2|rH(χ0)|2g1D
0 δ(θji − θi),

ρ2,V,MC = 1
Ns

∑Nj

j=1 |rV (χ1)|2|rV (χ0)|2g1D
0 δ(θji − θi),

(5.32)

where Ns is the number of surface points, and Nj is the number of the pairs of M0

and M1.
For the same reason as stated in Sec. 5.1.3, it is meaningless to perform Eq.

(5.32) in a numerical method, because of the Dirac delta function δ(θji − θi). As a
result, the Dirac delta function is replaced by the same window function given by
Eq. (5.16), with4θi = 0.1◦.

For a given θ, the hemispherical average reflectivity is also calculated, given by:

ρhemi
2,H,MC = 1

Ns

∑Nj

j=1 |rH(χ1)|2|rH(χ0)|2g1D
0 ,

ρhemi
2,V,MC = 1

Ns

∑Nj

j=1 |rV (χ1)|2|rV (χ0)|2g1D
0 ,

(5.33)

where Ns is the total number of the surface points, and Nj is the number of pairs of
M0 and M1. No restriction is put to the direction θi. Any reflected ray leaving the
surface after two surface reflections contributes to the second-order hemispherical
average surface reflectivity.

5.2.4 Numerical results
In this subsection, numerical results of the second-order reflectivity is presented.

To be consistent with the Monte Carlo ray-tracing method, 1D surfaces (2D prob-
lems) are considered. The cross-polarization effect is not studied, because of the
complexity in programming and the lack of time.

The surface slope PDF is assumed to be Gaussian. The correlation between
surface heights and slopes is taken into account, with a Gaussian height auto-
correlation function. The average second-order reflectivity ρspe

2 and its hemispheri-
cal average ρhemi

2 are calculated. Besides, the energy conservation is examined.

5.2.4.1 Average second-order reflectivity ρspe
2

The average second-order reflectivity ρspe
2 is obtained by Eq. (5.21), where the

bistatic illumination function with two surface reflections S2,spe
B is involved. Recall

that S2,spe
B involves the Dirac delta function δ(γ1 − γspe

1 ), which corresponds to
considering specular reflections. For the same reason as stated before, the window
function given by Eq. (4.21) is used to replace the Dirac delta function, with4θi =
0.1◦.

Figs. 5.6 and 5.7 show the results of the average second-order sea surface re-
flectivity inH and V polarizations. The parameters are the same as the ones in Figs.
5.2 and 5.3.

It is shown that the model does not agree very well with the Monte Carlo ray-
tracing method, especially for small observation angle θ = 30◦ and the moderate
one θ = 60◦. For these two θ, the results of the present model have similar forms
with the Monte Carlo ray-tracing results, but the locations of the peaks are different.
A better agreement is obtained for θ = 80◦. Note that similar discrepancies between
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Figure 5.6: Average second-order reflectivity ρspe
2 of sea surfaces versus θi, with the

observation angle being θ = 30◦ in (a), θ = 60◦ in (b), and θ = 80◦ in (c). The
wavelength is λ = 10 µm. The wind speed u12 = 5 m/s.
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Figure 5.7: Average second-order reflectivity ρspe
2 of sea surfaces versus θi, with the

observation angle being θ = 30◦ in (a), θ = 60◦ in (b), and θ = 80◦ in (c). The
wavelength is λ = 10 µm. The wind speed u12 = 10 m/s.
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the bistatic illumination function S2,spe
B and the corresponding Monte Carlo ray-

tracing results are found, as shown in Figs. 4.12 and 4.13. The reason may be that
the slope of M1 is not well calculated.

It is notable that the peaks of second-order reflectivity ρspe
2 do not occur in the

global specular directions. For θ = 30◦, ρspe
2,H reaches a maximum at θi ≈ 60◦, and

ρspe
2,V at θi ≈ 80◦ although it is very small compared with ρspe

2,H . For θ = 60◦, ρspe
2,H

and ρspe
2,V both reach their maximum at θi ≈ 75◦. But for θ = 80◦, the peak of ρspe

2,H

and ρspe
2,V are found around the global specular reflection direction θi ≈ −80◦. It can

be concluded that double surface reflection shifts the peak of the surface reflectivity
from the global specular reflection direction toward the horizon.

5.2.4.2 Hemispherical average reflectivity ρhemi
2

The hemispherical average reflectivity with two surface reflections ρhemi
2 is ob-

tained in the same way as ρspe
2 , by enlarging the window function to the region

θi ∈ [−90◦, 90◦]. This window function is given by Eq. (4.23).
Fig. 5.8 shows the hemispherical average reflectivity ρhemi

2 versus θ. The simu-
lation parameters are the same as in Fig. 5.4.
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Figure 5.8: Hemispherical average second-order sea surface reflectivity ρhemi
2 for

wind speed u12 = 5 m/s (left) and u12 = 10 m/s (right), and for λ = 4 µm (up) and
λ = 10 µm (down).

It is shown that the model agrees quite well with the Monte Carlo ray-tracing re-
sult. The uncorrelated model overestimates the surface reflectivity, which is largely
overcome after taking into account the correlation between the surface heights and
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slopes. It is shown that the second-order hemispherical average surface infrared
reflectivity is close to zero for small and moderate observation θ. It is relatively
significant for large observation angles, e.g. θ > 70◦.

The second-order hemispherical average reflectivity in H polarization ρhemi
2,H is

larger than that in V polarization ρhemi
2,V . The maxima of ρhemi

2,H are about 0.02 ∼
0.035, while the ones of ρhemi

2,V are smaller, about 0.01 ∼ 0.02. In general, as the
wind speed increases, the lobes of ρhemi

2 are wider, but the maxima are reduced.

5.2.4.3 Total surface reflectivity ρtot

The total surface reflectivity is studied in this subsection. Three and more sur-
face reflections are neglected. As a result, the total surface reflectivity is the sum of
the ones with one and two surface reflections, expressed as:

ρspe,hemi
tot = ρspe,hemi

1 + ρspe,hemi
2 . (5.34)

Total average reflectivity ρspe
tot The surface total average reflectivity ρspe

tot is calcu-
lated. It corresponds to the bidirectional distribution of the sea surface reflectivity. It
is obtained by the sum of ρspe

1 and ρspe
2 . The results are shown in Figs. 5.9 and 5.10,

The up-wind direction is considered. Three observation angles θ = {30◦, 60◦, 80◦}
are studied. The wavelength is λ = 10 µm, and the wind speed u12 is 5 m/s in Fig.
5.9 and 10 m/s in Fig. 5.10.

Very similar results as the ones in Figs. 5.2, 5.3 (ρspe
1 only) are obtained, except

for the cases where θ = 80◦, where a significant increase is obtained. The reason
is that, for θ = 30◦ and 60◦, the second-order average surface reflectivity ρspe

2 is
relatively weak. Take u12 = 10 m/s for example. The maximum of ρspe

2 for θ = 30◦

is of the order of 10−7, whereas that of ρspe
2 is of the order of 10−5, which is 100

times larger. As a result, in Figs. 5.9 (a) and 5.10 (a), we find almost the same
results as in Figs. 5.2 (a) and 5.3 (a). For θ = 60◦, the same conclusion is obtained
for the same reason. For θ = 80◦, taking into the second-order reflectivity ρspe

2

significantly increase the surface total reflectivity.
In addition, very good agreements between the analytical models and the Monte

Carlo ray-tracing method are obtained. The discrepancy of the second-order reflec-
tivity between the model and the Monte Carlo ray-tracing method does not affect
very much the total surface emissivity. The reason is that ρspe

2 of the present model
is weak compared with ρspe

1 . Besides, when ρspe
2 is relatively significant (e.g. for

θ = 80◦), the present model agrees reasonable well with the Monte Carlo ray-
tracing method.

Total hemispherical average reflectivity ρhemi
tot The total hemispherical average

reflectivity is the sum of the ones with one and two surface reflections. Fig. 5.11
shows the results for a wind speed u12 = 5 m/s (left) and u12 = 10 m/s (right), in H
(up) and V (down) polarizations. The up-wind direction is chosen. The wavelength
is λ = 10 µm. The results for λ = 4 µm is not shown, as they have a similar trend
and lead to the same conclusion.

It is shown that the model is generally in good agreements with the Monte Carlo
ray-tracing method. The first-order reflectivity ρhemi

1 of the model overestimates the
result. After taking into account the second-order reflectivity ρhemi

2 , increases are
found for large zenith angles, e.g. θ > 70◦. The present model also overestimates
the total surface reflectivity for large zenith angles.
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Figure 5.9: Average total reflectivity of the sea surface versus θi, with wavelength
λ = 10 µm. The observation angle is θ = 30◦ in (a), θ = 60◦ in (b), and θ = 80◦ in
(c). The wind speed u12 = 5 m/s.
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Figure 5.10: Bidirectional distribution of the polarized first-order reflectivity ρspe
1

of the sea surface versus θi, with wavelength λ = 10 µm. The observation angle is
θ = 30◦ in (a), θ = 60◦ in (b), and θ = 80◦ in (c). The wind speed u12 = 10 m/s.
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Figure 5.11: Total hemispherical average reflectivity of sea surfaces for wind speed
u12 = 5 m/s (left) and u12 = 10 m/s (right), in H polarization (up) and in V
polarization (down). The wavelength is λ = 10 µm.

5.2.4.4 Energy conservation

According to the law of energy conservation, under thermal equilibrium, the
energy absorbed by the sea surface equals the energy it radiated. It is assumed that
the sea surface is opaque, which means that all the energy of the refractive rays is
absorbed by the sea. Then, the law of energy conservation can be expressed as that
the sum of the surface emissivity and reflectivity equals 1, given by:

ε+ ρ = 1. (5.35)

It is reported that Eq. (5.35) is not fulfilled when only the direct emissivity ε0

and the first-order reflectivity ρhemi
1 are considered [6], with ε0 + ρhemi

1 ≤ 1. In this
subsection, Eq. (5.35) is examined, by taking into account the first-order emissivity
ε1 and the second-order reflectivity ρhemi

2 .
The unpolarized emissivity and reflectivity are firstly calculated, which is the

average of the ones in H and V polarizations, expressed as:

ε0,1 =
ε0,1,H + ε0,1,V

2
ρhemi

1,2 =
ρhemi

1,2,H + ρhemi
1,2,V

2
(5.36)

Fig. 5.12 shows the results for a wind speed at 12.5 m above the sea surface
u12 = 5 m/s and Fig. 5.13 shows the results for u12 = 10 m/s. The wavelength is
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Figure 5.12: Verification of the energy conservation. The sum of surface emissivity
and reflectivity is shown. ε0 + ρhemi

1 is firstly studied (top), then ε1 is taken into
account (middle), and last ρhemi

0 is also added (bottom). λ = 4 µm on the left and
λ = 10 µm on the right. The wind speed is u12 = 5 m/s.

λ = 4 µm (left) and λ = 10 µm (right). The analytical results are compared with
the results of the Monte Carlo ray-tracing method. 1D surfaces are considered.

When the zero-order emissivity ε0 and the first-order hemispherical average av-
erage reflectivity ρhemi

1 are considered (top), ε0 + ρhemi
1 = 1 for θ < 50◦, which

means that energy is conserved. This is because shadowing effect and surface re-
flections are not significant in this region (see Fig. 2.11 and Fig. 4.9). However,
ε0 + ρhemi

1 < 1 for the region 50◦ < θ < 90◦, which means that a loss of energy
is found. This is because surface reflections are not considered [6]. The minimum
is about 0.95 for θ ≈ 80◦ shown by the Monte Carlo ray-tracing method, meaning
that the peak of the loss of energy is about 0.05 (5% of the incident energy is “dis-
appeared”). The analytical models, with or without considering the correlation of
the surface heights and slopes, both overestimate the results, with the largest dis-
crepancy with the Monte Carlo ray-tracing method being about 0.02 occurring for
θ ≈ 80◦. The correlated model shows a sharp peak exceeding 1 for θ ≈ 88◦, which
results from the large calculation error in calculating ε0 when θ tends to 90◦ (see Fig.
3.4). This calculation error comes from the calculation of the correlated monostatic
illumination function, which involves numerical integrations. This peak becomes
the dominant error of the correlated model. For u12 = 10 m/s and λ = 4 µm, an
energy gain is found for θ = 88◦ by the Monte Carlo ray-tracing method. This is
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Figure 5.13: Verification of the energy conservation. The sum of surface emissivity
and reflectivity is shown. ε0 + ρhemi

1 is firstly studied (top), then ε1 is taken into
account (middle), and last ρhemi

0 is also added (bottom). λ = 5 µm on the left and
λ = 10 µm on the right. The wind speed is u12 = 10 m/s.

mainly due to the error of the numerical method (lengths of generated surfaces are
not infinity).

After taking into account the first-order surface emissivity ε1 (middle), the min-
imum is about 0.97, with the peak of loss of energy being reduced by about 0.02.
This is predictable, as the first-order emissivity ε1 is of the order of 0.02 around
θ = 80◦ (see Fig. 3.15 and Fig. 3.16). The Monte Carlo ray-tracing method shows
that an energy loss is still found, but the correlated and uncorrelated analytical mod-
els both show that energy conservation is nearly met. The uncorrelated model even
shows an energy gain (larger than 1) for θ > 80◦. However, ε1 of the analytical
models and the Monte Carlo ray-tracing method are of the same level. The differ-
ence of the sum ε0 + ρhemi

1 + ε1 (middle) is mainly contributed by that of ε0 + ρhemi
1

(top). Energy gain is predicted by the Monte Carlo ray-tracing method for θ = 88◦

u12 = 10 m/s and λ = {4, 10} µm θ = 88◦ because of the error of the numerical
method.

Then, the second-order surface reflectivity ρhemi
2 is taken into account (bottom).

It is shown by the Monte Carlo ray-tracing method that an energy loss is still pre-
dicted, with a minimum of about 0.995, which is also raised by about 0.02 compared
with ε0 +ρhemi

1 +ε1. The correlated and uncorrelated analytical models both suggest
an energy gain (the sum is larger than 1), which is mainly due to the overestimation
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of ε0 + ρhemi
1 shown in the top sub-figure. The result of the uncorrelated model is

larger than that of the correlated one, because ρhemi
2 of the uncorrelated model is

overestimated (see Fig. 5.8). The Monte Carlo ray-tracing method also shows an
energy gain for θ = {86◦, 88◦} for both wind speeds and both wavelengths, which
results from the error of the numerical method.

In general, taking into account multiple surface reflections shows that energy
conservation is better fulfilled. The error of the analytical models results mainly
from the overestimation of the zero-order surface emissivity ε0 and the first-order
hemispherical average surface reflectivity ρhemi

1 .

5.3 Conclusion
In this chapter, sea surface polarized reflectivity ρ is calculated by using bistatic

illumination functions. Firstly, sea surface reflectivity with one reflection ρ1 (first-
order) is derived. The results for 1D surfaces are compared with a Monte Carlo ray-
tracing method. Very good agreements are obtained for both the first-order average
reflectivity ρspe

1 (θi, θ) and the first-order hemispherical average reflectivity ρhemi
1 (θ).

Then, the sea surface reflectivity with two surface reflections ρ2 (second-order) is
derived. The results for 1D surfaces are also compared with a Monte Carlo ray-
tracing method. It is shown that the second-order average reflectivity ρspe

2 does not
predict well the distribution of the reflectivity versus θi and θ. However, ρspe

2 is weak
compared with ρspe

1 , and the total average reflectivity ρspe
1 + ρspe

2 agrees very well
with the Monte Carlo ray-tracing method. The second-order hemispherical average
reflectivity ρhemi

2 agrees quite well with the Monte Carlo ray-tracing method. Then,
the energy conservation is examined by summing up the zero-order emissivity ε0,
the first-order emissivity ε1, the first-order hemispherical average reflectivity ρhemi

1

and the hemispherical average second-order reflectivity ρhemi
2 . It is shown that an

energy loss is predicted if only zero-order emissivity ε0 and first-order reflectivity
ρhemi

1 are considered (ε0 +ρhemi
1 ≤ 1), which is also reported by Yoshimori et al. [6].

The energy loss is due to neglecting the surface reflections. It is shown in thesis that
by taking into the first-order emissivity ε1 and the second-order reflectivity ρhemi

2 ,
the law of energy conservation is better met. The cross-polarization effect is not
studied here, which involves 2D surfaces. This is left for future research.





6
Conclusion

Emissivity ε and reflectivity ρ are both dimensionless quantities ranging from 0
to 1. Emissivity is the measure of an object’s ability to radiate absorbed energy. It
equals the rate of energy absorption under thermal equilibrium for an opaque body
(no energy is transmitted through the object), with ε = 1 being a perfect absorber or
emitter (black body). Reflectivity relates to the rate of energy reflection, with ρ = 1
being a perfect reflector. According to the law of energy conservation, the sum of
absorbed energy and reflected energy equals the incident energy, which implies:

ε+ ρhemi = 1.

Sea surface emissivity and reflectivity are important parameters in oceanic re-
mote sensing, for example, for deriving the sea surface temperature, estimating the
sun glitter, detecting pollutions, etc. In application, their accuracy is of great im-
portance [1, 37]. The aim of this thesis is to calculate the sea surface emissivity
and reflectivity in the infrared atmospheric transmission windows (λ ∈ [3, 5] and
λ ∈ [8, 12] µm) with accuracy.

Sea surface emissivity and reflectivity are both nearly constant for observation
directions near zenith (small zenith angles θ), but they vary largely for high grazing
angles (large zenith angles θ) because of the surface roughness [32, 10]. The appear-
ance of sea waves leads to the shadowing effect and the surface reflections, which
increases the difficulty in the prediction of sea surface emissivity and reflectivity.
As a result, the accurate modeling of the sea surface emissivity and reflectivity have
to be carried out by taking these two phenomena into account.

In the infrared atmospheric transmission windows, geometrical optics approxi-
mation is assumed to be valid, because the infrared wavelengths are small enough
compared with the sea surface roughness. The sea surface is assumed to be single
valued, which means that breaking waves are not considered. Besides, white caps
are not dealt with. The sea surface is modeled as a ergodic random process. The
probability density functions (PDFs) of the sea surface heights and slopes are firstly
assumed to be Gaussian. Then, the skewness and kurtosis effects are considered
[17]. The correlation between the surface heights ans slopes are taken into account
by a Gaussian height auto-correlation function [26, 20].
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In Chap. 2, the monostatic illumination function is studied, which corresponds
to the intrinsic thermal radiation of the sea surface. The monostatic illumination
function S0

M of Smith [25] is adopted to deal with the shadowing effect. It is shown
that shadowing does not show up (S0

M = 0) for observation directions near zenith
(small zenith angle θ). But it is significant for grazing observation angles (large
zenith angle θ, observation direction near the horizon). For an observation direction
at the horizon (zenith angle θ = 90◦), S0

M = 0, meaning that all the surface is in
the shadow of the receiver. An illumination function with one surface reflection
S1

M (first-order) is developed to deal with the surface reflection effect, which is
significant for large zenith angles θ. The results show a good agreement with a
Monte Carlo ray-tracing method. As the surface root mean square (RMS) slope
increases, surface reflections become more and more significant for any zenith angle
θ.

In Chap. 3, the sea surface infrared emissivity is calculated with the monostatic
illumination functions developed in Chap. 2. The zero-order sea surface infrared
emissivity is firstly studied by using the associated monostatic zero-order illumi-
nation function S0

M. The sea surface is modeled as one-dimensional (1D surfaces,
2D problems) and then two-dimensional (2D surfaces, 3D problems). Polarization
is also considered. It is shown that zero-order sea surface infrared emissivity ε0

heavily depends on the wind speed and direction. As the wind speed increases,
ε0 significantly increases for large zenith angles (e.g. θ > 70◦). Besides, ε0 is
always larger in vertical polarization than in horizontal polarization, which means
that the intrinsic infrared radiation of the sea surface is partially polarized. Cross-
polarization (projection of local to global polarization directions) of ε0 is significant
for small zenith angles θ < 30◦, but is very weak for larger θ.

Then, one surface reflection is taken into account, and the sea surface infrared
emissivity with one surface reflection ε1 (first-order) is calculated by using the first-
order monostatic illumination function S1

M. It is shown that the first-order infrared
emissivity ε1 is significant for large zenith angles (e.g. θ > 50◦). The maximum
contribution of ε1 is found for θ ≈ 80◦, with a value about 0.025. Cross-polarization
of ε1 is always weak for any zenith angle θ. Besides, considering one surface re-
flection reduces the magnitude of the degree of polarization of the surface infrared
emissivity, meaning that the surface intrinsic infrared radiation is less polarized.

The skewness and the kurtosis effects are studied for both ε0 and ε1. It is shown
that the skewness and the kurtosis effects are significant only for very large zenith
angles (e.g. θ > 80◦). The surface emissivity with Gaussian surface slope PDF is
symmetrical about the up-, down- and cross-wind directions. After taking account
the kurtosis effect, this symmetry property still holds. However, after taking into
account the skewness effect, the surface emissivity is symmetrical only about the
up- and down-wind directions.

The results of the sea surface infrared emissivity are compared with measure-
ments [37, 38]. It is shown that the zero-order emissivity ε0 underestimates the sea
surface emissivity for large zenith angles (65◦ in [38] and 73.5◦ in [37]). Taking
into account one surface reflection reduces the underestimation.

From the beginning of Chap. 4, sea surface reflectivity is considered. The
bistatic illumination function is studied in Chap. 4, which is an important parame-
ter in the calculation of sea surface reflectivity. The bistatic illumination function of
Smith [32] S1

B is adopted to deal with one surface reflection, and a new model S2
B

is developed to take into account two surface reflections. The results are compared
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with a Monte Carlo ray-tracing method. It is shown that the Smith bistatic illumina-
tion function with one surface reflection S1

B agrees very well with the Monte Carlo
ray-tracing method. The bistatic illumination function with two surface reflections
S2

B does not predict very well the distribution of the directions of the reflected rays
after two reflections, with a shift from the global specular direction toward the hori-
zon. However, the hemispherical average of S2

B agrees quite well with the Monte
Carlo ray-tracing method, with a slight overestimation.

In Chap. 5, the sea surface reflectivity ρ is derived. Firstly, the sea surface re-
flectivity with one surface reflection ρ1 is calculated by using the first-order bistatic
illumination function S1

B. The result agrees very well with the Monte Carlo ray-
tracing method. Then two surface reflections are considered. Compared with a
Monte Carlo ray-tracing method, the directional second-order reflectivity is not well
predicted. However, the second-order hemispherical average reflectivity agrees well
with the Monte Carlo ray-tracing method, especially when the correlation between
the surface heights and slopes is considered.

Energy conservation is examined by summing up the sea surface emissivity and
hemispherical average reflectivity. As mentioned previously, the sum should equal
1 according to the law of energy conservation. It is shown that when the zero-order
emissivity ε0 and the first-order hemispherical average reflectivity ρhemi

1 are consid-
ered, an energy loss is found for large zenith angles θ, which is due to neglecting
the surface reflections [6]. After taking into account the first-order emissivity ε1 and
the second-order hemispherical average reflectivity ρhemi

2 , the law of energy conser-
vation is better met. Because of the overestimation of the analytical models, an
energy gain is reported, which is due to the error of calculation and the inaccuracy
in modeling.

Several prospects to this work can be listed. First of all, cross-polarization of the
surface reflectivity can be studied. Indeed, in Chap. 5, 1D surfaces are considered
for simplicity, which does not involve cross-polarization. Cross-polarization can be
interesting. It is not studied in this thesis because of the lack of time. The next step
of this work is to calculate the reflectivity of 2D surfaces.

Secondly, more attention should be devoted to the second-order bistatic illumi-
nation function. The model presented here does not predict well the distribution of
the direction of the reflected ray after two reflections, which is the main reason for
the fact that the corresponding reflectivity does not agree well with the Monte Carlo
method.

Thirdly, white caps and breaking waves of sea surfaces are not considered. In
other words, the present model is valid only for sea surfaces with small to moderate
wind speeds. As the wind speed increases, white caps show up, as well as break-
ing waves. These phenomena increase the difficulty in modeling the illumination
functions.

Last but not least, the error of calculation of the zero-order emissivity ε0 for θ
close to 90◦ should be reduced. This error mainly results from the calculation of the
correlated illumination function. Efforts have already been devoted to this subject
in the simulations of this thesis, such as reducing the intervals in the numerical
integrations. However, as the numerical calculation sometimes involves dividing
very small numbers, the calculation must be rearranged carefully.





A
Non Gaussian Λ and Λ−

Bourlier et al. [32] developed analytically the non-Gaussian marginal slope
PDF of the sea surface basing on the slope PDF of Cox & Munk [17]. The integra-
tions over the slopes in Eq. (2.20) for Λ(µ) and in Eq. (2.69) for Λ−(µ1) are then
calculated analytically.

The integration result of the function Λ(µ) (Eq. (2.20)) is given by Bourlier et
al. [32]:

Λ = ΛG + αSΛS + αKΛK , (A.1)

where
υ =

µ

σX
√

2
,

ΛG =
exp(−υ2)− υ√πerfc(υ)

2υ
√
π

,

ΛS = −exp(−υ2)

3
√

2π
,

ΛK =
(2υ2 − 1) exp(−υ2)

6υ
√
π

,

αS = [c03(σx cosφ)2 + 3c21(σy sinφ)2]
×(−σX cosφ)/(2σ3

X),
αK =

[
c04(σx cosφ)4 + c40(σy sinφ)4

+1.5c22σ
2
xσ

2
y sin2(2φ)

]
/(8σ4

X).

(A.2)

SubscriptsG, S andK denote “Gaussian”, “skewness” and “kurtosis”, respectively,
and erfc(υ) is the complementary error function, and c21, c03, c04, c40, c22 are the
skewness and kurtosis coefficients derived by Cox & Munk [17]. σx, σy and σX
are the RMS slope of the sea surface with respect to the x, y and X directions,
respectively, which is related to the wind speed u12 at 12.5 m above the sea surface
as [17, 32]:

σ2
x = 3.16u12 × 10−3,
σ2
y = 1.92u12 × 10−3 + 0.003,
σ2
X = (σx cosφ)2 + (σy sinφ)2.

(A.3)

The non-Gaussian surface slope PDF along the direction X ′ can be obtained in
the same way as that along X . Then, Λ−(µ1) (Eq. 2.69) with non-Gaussian slope
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PDF is given by:
Λ− = Λ−G + αSΛ−S + αKΛ−K , (A.4)

where
Λ−G = −1− ΛG,
Λ−S = −ΛS,
Λ−K = −ΛK .

(A.5)

Λ(µ) and Λ−(µ1) with Gaussian slope PDF can be obtained by setting αS = αK =
0.



B
Correlated g

By substituting Eq. (1.17) into Eqs. (2.18), Bourlier et al. obtained the analyti-
cal expression of gco

W given by [20, 26]:

gco
W =

σγXσζ exp[−D − µ(µA+ 2D)]

4πA
√

[| [C] |]
[
1− exp(κ2)κ

√
πerfc(κ)

]
, (B.1)

where

A =
Ci33

2 | [C] | , B =
ζ0Ci14 − ζCi13 + γXCi34

2 | [C] | ζ = ζ0 + µτ,

D =
(ζ2

0 + ζ2)Ci11 + 2ζ0ζCi12 + 2γ0(ζ0Ci13 − ζCi14) + γ2
XCi13

2 | [C] |
− ζ2

0

2σ2
ζ

− γ2
X

2σ2
γX

,

(B.2)

with the first index i in Cinm denoting the elements of the inverse matrix of [C] (see
Sec. 1.1.4.2). In the same way, the correlated gco

S is given by [20, 26]:

gco
S =

1

π

√
A1

A

exp[−D − µ(µA+ 2B)]− ζ2
0

2σ2
ζ

− γ2
X

2σ2
γX

exp

(
B2

1

A1

−D1

)
erf

(
A1ζ +B1√

A1

)
+ 1

×[1− exp(κ2)κ
√
πerfc(κ)],

(B.3)

where

A1 = (Ci11Ci33 − C2
i13)E1 E1 = 1/(2Ci33 | [C] |),

B1 = [ζ0(Ci12Ci33 + Ci14Ci13) + γX(Ci13Ci34 − Ci14Ci33)]E1,
D1 = [ζ2

0 (Ci11Ci33 − C2
i14) + γ2

X(C2
i33 − C2

i34)
+2ζ0γX(Ci13Ci33 − Ci14Ci34)]E1.

(B.4)

To further simplify Eqs. (B.1) and (B.3), the following changes of variables is
performed:

R0 = σ2
ζf0 R1 = −σγXσζf1 R2 = −σ2

γX
f2. (B.5)
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The elements of the inverse matrix of [C] can be expressed as [26]:

Ci11

2 | [C] | =
1

2σ2
ζ

f11

fM

Ci33

2 | [C] | =
1

2σ2
γX

f33

fM

Ci13

2 | [C] | =
1

2σζσγX

f13

fM
Ci12

2 | [C] | =
1

2σ2
ζ

f12

fM

Ci34

2 | [C] | =
1

2σ2
σ

f34

fM

Ci14

2 | [C] | =
1

2σζσγX

f14

fM
| [C] |= fM(σζσγX )4,

(B.6)

with

f11 = 1− f 2
2 + f 2

1 f33 = 1− f 2
0 − f 2

1 f12 = f1(f0 − f2)
f12 = f0f

2
2 + f 2

1 f2 − f0 f34 = f 2
0 f2 + f 2

1 f0 − f2

f14 = f1(1− f 2
1 − f0f2) fM = (f 2

33 − f 2
34)/(1− f 2

0 ).
(B.7)

Together with the following changes of variables:

h0 =
ζ0√
2σζ

s0 =
γX√
2σγX

y =
τ

Lc
ν =

µ√
2σγX

, (B.8)

the correlated gco
W,S are presented in Tab. B.1, together with the correlated statisti-

cal illumination function. where ytLc is distance beyond which correlation can be
neglected. Bourlier et al. indicated that yt = 3 is precise enough [26].
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C
Correlated g−

For rays with slope µ1 propagating toward the negative side of the X ′ direction,
the conditional probability g− is given by:

g−(µ1|γX′ , ζ0; τ) =

∫ µ1

−∞
(µ1 − γ)p(ζ = ζ0 + µ1τ, γ|ζ0, γX′ ; τ)dγ∫ ∞
−∞

∫ ζ0+µ1τ

−∞
p(ζ, γ|ζ0, γX′ ; τ) dγ dζ

, (C.1)

With the neglect of the correlation between heights and slopes of different points,
Eq. C.1 is simplified as:

g−(µ1) = −µ1Λ−(µ1)
pζ(ζ = ζ0 + µ1τ)

F (ζ = ζ0 + µ1τ)
, (C.2)

where
Λ−(µ1) =

1

µ1

∫ µ1

−∞
(γ − µ1)pγ(γ) dγ. (C.3)

For case 1 shown in Fig. 2.14, µ1 > 0 thus Λ−(µ1) < 0 and −Λ−(µ1) > 0. The
integration over τ ∈ (−∞, 0) is given by:∫ 0

−∞
g−(µ1) dτ = −µ1Λ−(µ1)

∫ 0

−∞

pζ(ζ = ζ0 + µ1τ)

F (ζ = ζ0 + µ1τ)
dτ

= −Λ−(µ1) [ln(F (ζ0))− ln(F (−∞))]
= −Λ−(µ1)(+∞)
= +∞

(C.4)

Thus, from Eq. (2.65), the conditional probability p(b|a) is given by:

p(b|a) = exp

[
−
∫ 0

−∞
g−(µ1) dτ

]
= exp(−∞) = 0. (C.5)

For case 2 shown in Fig. 2.14, µ1 < 0. The integration over τ ∈ (−∞, 0) is
given by: ∫ 0

−∞
g−(µ1) dτ = −µ1Λ−(µ1)

∫ 0

−∞

pζ(ζ = ζ0 + µ1τ)

F (ζ = ζ0 + µ1τ)
dτ

= −Λ−(µ1) [ln(F (ζ0))− ln(F (+∞))]
= −Λ−(µ1) ln(F (ζ0))

(C.6)
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Thus, from Eq. (2.65), the conditional probability p(b|a) is given by:

p(b|a) = exp

[
−
∫ 0

−∞
g−(µ1) dτ

]
= exp

[
Λ−(µ1) ln(F (ζ0))

]
= F (ζ0)Λ−(µ1).

(C.7)



D
Least square method

The least square method is a standard approach to the approximate solution of
overdetermined systems, i.e., sets of equations in which there are more equations
than unknowns. The least square method is used to calculate the parameter C when
calculating the empirical factor in Eq. (2.82). The solution of a linear least square
problem is well known. But as the empirical factor defined in Eq. (2.82) is not a
linear problem with respect to ν, it is firstly modified to a linear form, given by:

f = (B − 1) exp [−C(ν − s0)] + 1,
1− f = (1−B) exp[C(s0 − ν)],

ln(1− f) = ln(1−B) + C(s0 − ν),
ln(1− f)− ln(1−B) = (s0 − ν)C.

(D.1)

Here a linear form is obtained. The solution for a linear least square problem

y = Mx (D.2)

is given by:
x = [MTM ]−1MTy. (D.3)

Here, M = s0 − ν and y = ln(1− f)− ln(1−B).
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E
Index of refraction of water

This thesis uses the complex index of refraction of water given by Hale & Querry
[49]. It consists of a real part which corresponds to the index of refraction of water
n(λ), and an imaginary part which corresponds to the extinction coefficient k(λ).
The complex index of refraction is given by

ñ(λ) = n(λ)− k(λ), (E.1)

where λ is the wavelength of the incident ray.
The index of refraction of water n(λ) and the extinction coefficient k(λ) used in

this thesis are listed in Table E.1. Note that these values are obtained for pure water
at 25◦C [49].

Table E.1: Complex index of refraction of water given by Hale & Querry.
λ(µm) k(λ) n(λ) λ(µm) k(λ) n(λ) λ(µm) k(λ) n(λ)
4.0 0.0046 1.351 8.0 0.0343 1.291 8.2 0.0351 1.286
8.4 0.0361 1.281 8.6 0.0372 1.275 8.8 0.0385 1.269
9.0 0.0399 1.262 9.2 0.0415 1.255 9.4 0.0433 1.247
9.6 0.0454 1.239 9.8 0.0479 1.229 10.0 0.0508 1.218
10.5 0.0662 1.185 11.0 0.0968 1.153 12.0 0.199 1.111
12.5 0.259 1.123 13.0 0.305 1.146 13.5 0.343 1.177
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F
Rotation angles α and β

F.1 Derivation of α
The angle α is the one between the vectors ûV and ûv0 . By definition, the vector

ûv0 of the local vertical polarization direction belongs to the local incidence plane
defined by the local normal n̂0 and the observation direction ŝ, and it is perpendic-
ular to ŝ. As a result, ûv0 is in the same direction as the perpendicular projection of
the local normal n̂0 to the plane perpendicular to ŝ (the green plane in Fig. 3.7)

To derive α, a new system of coordinates (x′, y′, z′) is defined, with ûH , ûV , ŝ
being the positive x′, z′ and y′ directions, respectively.

The system of coordinates (x′, y′, z′) can be obtained by rotating firstly (x, y, z)
along ẑ clockwise through an angle 90◦ − φ, then along the new x̂′ anticlockwise
through an angle 90◦ − θ. As a result, the normal n̂0 in (x′, y′, z′) is expressed as:

n̂′0 = Rx(90◦ − θ)Rz(φ− 90◦)n̂0, (F.1)

where Rx(ϑ) and Rz(ϑ) are the rotation matries, given by:

Rx(ϑ) =

1 0 0
0 cosϑ − sinϑ
0 sinϑ cosϑ

 ,
Rz(ϑ) =

cosϑ − sinϑ 0
sinϑ cosϑ 0

0 0 1

 .
(F.2)

The angle α becomes the one between ẑ′ and the projection of n̂′0 onto the x′z′

plane. It is given by:

cosα =
(n′0,x′x̂

′ + n′0,z′ ẑ
′) · ẑ′

‖n′0,x′x̂′ + n′0,z′ ẑ
′‖‖ẑ′‖

=
n′0,z′√

n
′2
0,x′ + n

′2
0,z′

, (F.3)

where n′0,x′ and n′0,z′ are the x′ and z′ components of the vector n̂′0.
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The angle α can be obtained by acos(cosα), which gives a result 0◦ < α <
180◦. However, as emissivity links to intensity and the projection of intensity is
considered while determining emissivity (see Eq. (3.13)), sin2 α and cos2 α are
involved and their signs are not important. As a result, we take the effective value
α = acos(| cosα|) so that α never exceeds 90◦.

F.2 Derivation of β
The angle β is the one between the local planes of incidence of the points M0

and M1, or equally the one between ûv1 and ûv′0 , or the one between ûh1 and ûh′0 .
With the knowledge of ŝ′ and the normals n̂0 and n̂1 of these two points, the

vectors ûh1 and ûh′0 are given by:

ûh1 = ŝ′ × n̂1

ûh′0 = ŝ′ × n̂0
. (F.4)

The angle β is then given by:

cos β = ûh1 · ûh′0 (F.5)

For the same reason as stated at the end of F.1, the angle β is given by its
effective value β = acos(| cos β|).
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Hongkun LI
ÉMISSIVITÉ ET RÉFLECTIVITÉ INFRAROUGES
DE LA SURFACE DE MER
AVEC OMBRE ET RÉFLEXIONS MULTIPLES

Résumé
L’émissivité et la réflectivité infrarouges d’une
surface de mer sont des paramètres clés pour le
calcul de la température apparente d’une surface
de mer. Pour des angles d’observation rasants
(proches de l’horizon), elles dépendent fortement
de la rugosité de la surface de mer. Cette thèse a
pour but de modéliser l’émissivité et la réflectivité
d’une surface de mer dans le domaine infrarouge
avec précision. En effet, les phénomènes
d’ombrage et de réflexions multiples par la
surface sont pris en compte dans les modèles via
les fonctions d’illumination monostatique et
bistatique sans et avec réflexions. Pour tester la
validité de ces modèles, une méthode de
référence, basée sur une méthode de tracé de
rayons de Monte Carlo, est mise en oeuvre. Des
simulations montrent alors de bons accords entre
les modèles avec ombrage et réflexions multiples
développés et la méthode de tracé de rayons. De
plus, l’accord avec des mesures de l’émissivité
issues de la littérature est meilleur lorsqu’une
réflexion sur la surface est prise en compte. Le
critère de la conservation de l’énergie est
également mieux vérifié en prenant en compte
les réflexions multiples par la surface de mer.
Ainsi, ces résultats montrent clairement l’intérêt
de prendre en compte l’ombrage et les réflexions
multiples dans la modélisation.

Abstract
Sea surface infrared emissivity and reflectivity are
important parameters in oceanic remote sensing,
e.g. for deriving the sea surface temperature.
They are both nearly constant for observation
directions near zenith, but they vary largely for
large grazing angles, because of the surface
roughness. This thesis aims at calculating the sea
surface infrared emissivity and reflectivity with
accuracy. Indeed, the phenomena of shadowing
and multiple surface reflections are taken into
account in the models through illumination
functions without and with surface reflections. In
order to validate developed models, a reference
method, based on a Monte Carlo ray tracing
algorithm, is used. Simulation results show very
good agreements of the models with the ray
tracing algorithm. Moreover, the agreement with
emissivity measurements of the literature is
improved if one surface reflection is considered.
The criterion of energy conservation is better met
by taking the sea surface reflections into account
in the model. Thus, these results clearly show the
usefulness of considering shadowing and surface
reflections in the modeling.

Mots clés
Optique géométrique, Surface de mer/océanique,
Emissivité infrarouge, Réflectivité infrarouge,
Ombrage, Réflexion multiple.

Key Words
Geometrical optics, Sea/ocean surface, Infrared
emissivity, Infrared reflectivity, Shadowing,
Surface reflections.
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