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Ament Model for Multiple Rebounds From Rough
Sea Surfaces in a Stratified Medium and Validation

From the MoM-Based Multilevel SDIM
Dušan Cvetković, Christophe Bourlier, and Nicolas Pinel

Abstract— In this paper, the well-known Ament model is
generalized to multiple rebounds (reflections) from rough sea
surfaces in a stratified medium. To solve this propagation-
scattering problem in the radar microwave domain, the physical
optics (PO) approximation is applied to determine the currents on
the rough sea surface. Next, to solve the propagation problem, i.e.,
to calculate the scattered field in the duct, an appropriate Green
function of the duct (which is a stratified medium with linear-
square refraction index profile) is used to radiate the currents
from Huygens’ principle. Due to refraction phenomenon, this
field induces new currents on the surface (second rebound), which
are again evaluated by PO. The process is iterated. Then, for each
rebound, the coherent components of the surface currents and
the scattered field are calculated and compared with those of
a flat surface in order to derive the generalized Ament model.
In addition, this model is compared with the results computed by
the rigorous method of moments and accelerated by the multilevel
subdomain decomposition iterative method combined with the
adaptive cross approximation.

Index Terms— Green function, method of moments (MoM),
physical optics (PO) approximation, rough surface scattering,
sea surface, stratified media.

I. INTRODUCTION

S INCE the mid-twentieth century, electromagnetic model-
ing in the marine environment at low-grazing angles has

been an important issue in the scientific research. In order to
determine the electromagnetic field above the sea surface, two
main problems must be solved: the wave scattering caused by
the surface roughness and the propagation within a duct exist-
ing above the surface. This duct represents a medium made
up of small layers due to the atmospheric inhomogeneities.
Furthermore, the scattering effect is especially important
for the electromagnetic waves with a low-grazing incidence,
occurring at coastal radar configurations. Therefore, various
models have been developed to account for these phenomena.

The first well-known model handling the surface scattering
was established in [1]. It is a simple and fast asymptotic model
based on a ray approach, and it assumes a homogeneous
medium of propagation. It considers the radar propagation
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in the specular direction over the rough surface, and it is
frequently employed for determining the coherent scattered
field. Notably, the most commonly applied electromagnetic
wave propagation method based on the parabolic wave
equation (PWE) [2] uses the Ament approximation to include
the sea surface roughness. Later, Miller et al. [3] and
Freund et al. [4] have presented a modification of the Ament
model, which showed better agreement with experimental
measurements for stronger sea roughness. However, this result
was re-examined by Hristov et al. [5], who concluded that the
fundamental assumptions on the sea surface statistics used by
Ament are physically more justified. Finally, the Ament model
can be improved by introducing the shadowing effect [6]–[8].

In this paper, we derive the generalized Ament model
to multiple rebounds (reflections) by a rough sea surface
in a stratified medium. To solve this propagation-scattering
problem, the physical optics (PO) approximation is applied to
determine the currents on the rough sea surface. Next, to solve
the propagation problem, i.e., to calculate the scattered field
in the duct, an appropriate Green function of the duct (which
is a stratified medium with linear-square refraction index
profile) is used to radiate the currents from Huygens’ principle.
Its calculation is based on the PWE approximation. After, for
each rebound, the coherent components of the surface currents
and the scattered field are calculated and compared with those
of a flat surface in order to derive the generalized Ament
model. Thus, this coefficient is obtained for the first time
for multiple rebounds and in duct conditions. Furthermore,
this rapid model avoids the application of the time-consuming
Monte Carlo process in order to obtain the coherent com-
ponent. This result is solved for a perfectly conducting (PC)
surface, but can be extended for a highly conducting surface if
the impedance boundary condition is applied. In addition, this
model is compared with the results computed by the rigorous
method of moments (MoM) and accelerated by the multilevel
subdomain decomposition iterative method (SDIM) combined
with the adaptive cross approximation (ACA) [9].

This paper is organized as follows. In Section II, the
theoretical model is presented, and Sections III and IV present
the derivation of the components of the surface currents and
scattered field by introducing the generalized Ament model.
Section V shows the numerical results, and Section VI gives
concluding remarks.

II. THEORETICAL MODEL

Let us consider a 2-D space � = �1 ∪�2 ∪�3 (see Fig. 1)
made up of a homogeneous medium �1 (defined for z ≥ h)
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Fig. 1. Left: illustration of the scattering problem. Right: profile of the
modulus of the square of the refractive index.

with a constant refractive index n1 above an inhomogeneous
medium �2 [defined for ζ(x) ≤ z < h], which represents a
duct with a linear-square refractive index profile, defined by
n2(z) = n2

1 + ε(h − z), ζ(x) ≤ z < h, with ε > 0. h > 0
denotes the duct height. Furthermore, media �2 and �3 are
separated by a rough sea surface � of altitude ζ(x), in which
x is its abscissa. In media �1 and �2, the refractive indices
are positive real numbers and the refractive index in �3, n3,
is a constant complex number with a large imaginary part in
comparison with unity at the frequencies of interest. Thereby,
we can consider the sea surface to be PC.

In reality, the medium �1, generally, also has a negative
gradient of the refraction index. In our case, we are interested
in propagation inside the duct, and therefore the incidence
angle and the height of the transmitter are chosen to have
the field almost completely inside the duct. Considering the
medium �1 homogeneous does not influence the results.

A. Surface Currents and Scattered Field

In order to calculate the scattered field in the duct, it
is necessary to know the currents on the 1-D surface [10].
In 2-D space, the currents, denoted by {ψ(r), ∂nψ(r)}, can
be determined by solving the integral equations from an
MoM [11]. Another way to calculate the surface currents is
to apply the PO approximation, which is expected to work
well for scattered fields around the so-called specular direction.
This leads ∀r ∈ � to [12]{

ψ(1)(r) = [1 + R(χ1)]ψinc(r)
∂nψ

(1)(r) = [1 − R(χ1)]∂nψinc(r)
(1)

where the superscript (1) stands for the currents corresponding
to the first bound on the surface. In addition, ∂n = ∂/∂n =
(−γ ∂x + ∂z) is the normal derivative operator on the surface,
in which the surface slope is γ = ∂xζ . Moreover, ψinc is the
incident field on the surface and r = x x̂ + z ẑ is a vector
of components (x, z) in the Cartesian basis (x̂, ẑ). Finally,
R is the Fresnel reflection coefficient in either vertical (TM)
or horizontal (TE) polarization. In general, it depends on the
local incidence angle χ1 at the interface.

Thus, knowing the currents on the surface {ψ(r), ∂nψ(r)},
the scattered field in �2 can be computed by applying
Huygens’ principle, leading ∀r ′ ∈ �2 to

ψsca(r ′) =
∫

x
[ψ(r)∂ng(r, r ′)− g(r, r ′)∂nψ(r)]dx (2)

where g is the spatial Green function in �2.

Then, the field scattered from the surface of the first order
is ∀r ′

1 ∈ �2

ψ(1)sca (r
′) =

∫
x

[R+(χ1)ψ
(1)
inc (r)∂ng(r, r ′)

− R−(χ1)g(r, r ′)∂nψ
(1)
inc (r)

]
dx (3)

where R±(χ1) = 1 ± R(χ1).
Due to the refraction phenomenon, the scattered field ψ(1)sca

induces new surface currents of the second order, which
form the second bound on the surface. The newly generated
currents can be again expressed from PO [here the scattered
field becomes the incident field for the second-order surface
currents, ∀r ∈ �, ψ(1)sca (r) = ψ

(2)
inc (r)]. Therefore, we can write{

ψ(2)(r) = [1 + R(χ2)]ψ(1)sca(r)
∂nψ

(2)(r) = [1 − R(χ2)]∂nψ
(1)
sca(r).

(4)

Then, these currents can be used to calculate the second-order
scattered field. Analogously, this process is again iterated at
higher orders. Hence, the scattered field of the order m (m ≥ 1)
can be written as follows:

ψ(m)sca (r
′) =

∫
x

[R+(χm)ψ
(m)
inc (r)∂n g(r, r ′)

− R−(χm)g(r, r ′)∂nψ
(m)
inc (r)

]
dx (5)

where the surface currents {ψ(m)(r), ∂nψ
(m)(r)} satisfy the

generalized PO approximation{
ψ(m)(r) = [1 + R(χm)]ψ(m-1)

sca (r)
∂nψ

(m)(r) = [1 − R(χm)]∂nψ
(m-1)
sca (r)

(6)

where χm is the local incidence angle at the mth rebound.
Finally, the field scattered by the rough surface inside �2

up to the order M can be obtained by

ψsca(r ′) =
M∑

i=1

ψ(i)sca(r
′). (7)

B. Incident Field

The incident field ψinc on the rough surface r ∈ � can be
defined as [11]

ψinc(r) ≈ −2 jk0

∫
Sa

ψa
inc(ra)g(ra, r)d Sa (8)

where ψa
inc(ra) is the initial field on a vertical surface

(transmitting antenna) Sa = {za ∈ [za,min; za,max],
xa = 0} with xa being the constant abscissa and za its heights.
Therefore, the incident field ψinc is defined as the field
produced by the source that would exist in the duct in the
absence of the rough surface. The incident field on the rough
surface is then evaluated by propagating the initial field from
the vertical plane onto the rough surface using the ducting
medium propagator. A possible candidate for the expression
of ψa

inc is [13]

ψa
inc(za) = 1√

π�θ

∫ +π/2

−π/2
e
− (θ−θinc)

2

(�θ)2 e jk0(za−za,0) cos θdθ (9)
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where ψa
inc(za) is the incident field on the vertical surface Sa ,

i.e., the transmitting antenna (za varies); za,0 is the center of
the antenna, a constant number with respect to z (the abscissa
of the antenna xa is set to zero); θinc is the incidence angle
measured from the positive z-axis; and �θ = 2/(k0G) =
2/(k0gz sin θinc), in which G is the transverse width of the
beam (perpendicular to the propagation axis) and gz is the
vertical footprint (in the x = 0 vertical plane).

If the integration in (9) is performed in an exact manner,
ψa

inc satisfies the Helmholtz wave equation exactly. The field
is then qualified as Maxwellian. In [11], a closed-form expres-
sion of (9) is given to avoid the numerical integration over θ .

III. COHERENT SURFACE CURRENTS

Since the sea surface height is a random variable, the surface
currents expressed from (1) are also random variables. Hence,
it is possible to calculate their statistical moments such as
the coherent (first-order statistical moment) and incoherent
(second-order statistical moment) components of the surface
currents.

Under the PWE approximation and for a medium of square
refractive index equal to n2(z) = 1 + ε(h − z), ζ(x) < z < h,
the spatial Green function g can be written as [11], [14]

g(r, r ′) = f (X)s(X, z, z′) (10)

where ⎧⎪⎪⎨
⎪⎪⎩

f (X) = e jπ/4

2
√

2πk0 X
e

jk0

(
X+ εXh

2 − ε2 X3
96

)

s(X, z, z′) = e
jk0

[
(z−z′)2

2X − εX (z+z′)
4

] (11)

with k0 the incident wavenumber and X = |x − x ′| the hori-
zontal distance between the source point and the observation
point.

In all the calculations to follow, we assume the sea surface to
be a perfect electric conductor and consider both TM and TE
polarizations.

A. TM Polarization

By convention, the Fresnel reflection coefficient for a
PC surface and TM polarization is R = 1. The coherent
surface current of the order m (m ≥ 1) is defined as


(m)
coh = 〈ψ(m)(rm)〉 (12)

where the symbol 〈•〉 is the ensemble average operator that
operates on the random variables of ψ(m)(rm).

1) First Order: For the first order, the substitution of
(10) and (8) into (1) leads to


(1)
coh = 〈ψ(1)(r1)〉

=
〈
−4 jk0

∫
ψa

inc(ra)g(ra, r1)d Sa

〉

= −4 jk0

∫
ψa

inc(ra)〈 f (X1)s(X1, za, ζ1)〉d Sa (13)

where X1 = |xa − x1| is the horizontal distance between the
transmitting antenna and the first rebound. s1 = s(X1, za, ζ1)

is a random variable (which depends on the height of
the surface ζ1), and f1 = f (X1) is a deterministic
function. Therefore, (13) requires only the calculation of
the ensemble average of s1, which can be written as
s(ζ1) = exp(−aζ 2

1 + 2bζ1 + c), in which⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

a = − jk0

2X1

b = − jk0

2

(
za

X1
+ εX1

4

)

c = jk0

2

(
z2

a

X1
− εX1za

2

)
.

(14)

Assuming that the random variable ζ1 is normally distributed
with zero mean and surface height variance σ 2

ζ , the ensemble
average is obtained by the following expression:

〈s(ζ1)〉 = uζ ec− 1
2 u2
ζ k2

0σ
2
ζ cot2 θ1 (15)

where

uζ = 1√
1 − jk0σ

2
ζ /X1

(16)

and

cot θ1 = za

X1
+ εX1

4
. (17)

The incidence angle on the surface of the first bound θ1 is
defined with respect to the z-direction.

Finally, for the first-order coherent surface current,
we obtain


(1)
coh ≈ −4 jk0

∫
Sa

ψa
inc(ra) f1e

jk0
2

(
z2
a

X1
− εX1za

2

)

×uζ e− 1
2 u2
ζ k2

0σ
2
ζ cot2 θ1d Sa . (18)

In the flat surface case (ζ1, γ1 = 0, ∀r1 ∈ �), for the
first-order surface current, we have


(1)
flat ≈ −4 jk0

∫
Sa

ψa
inc(ra) f1e

jk0
2

(
z2
a

X1
− εX1 za

2

)
d Sa . (19)

For practical applications, the order of magnitude of the
duct parameter is ε ≈ 10−5 and the variations of the local
incidence angle θ1 → π/2 with respect to the horizontal
distance of the first rebound from the surface (when X1  za)
are negligible, i.e., the incidence angle can be considered as
constant. Furthermore, the standard deviation σζ of the surface
heights of the wind-roughened sea surfaces for a wind speed
up to u10 = 5 m/s does not exceed 0.16 m [15]. Hence, the
coefficient uζ can be considered as constant and equal to 1 for
radar microwave frequencies. Therefore, from (11) and (18),
the first-order coherent current on the surface becomes


(1)
coh ≈ e−R2

a,1 ×
(1)
flat (20)

where

Ra,1 = k0σζ cot θ1√
2

. (21)

In (20), the first term corresponds to an attenuation coefficient
due to the surface roughness, and the second term is the current
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on a flat surface expressed by (19). From a ray approach of the
geometrical optics [16], [17] and for a linear-square refractive
index profile, the equation of the ray trajectory is a parabola,
and it is easy to show that the incidence angle of the first
bound is θ1 defined by (17). Since for low-grazing angles
(|θ1| → π/2), cot θ1 ≈ cos θ1, the parameter Ra,1 of the
attenuation coefficient reduces to the Rayleigh parameter of
the well-known Ament model, defined in [1], divided by

√
2.

Indeed, Ament considered the coherent scattered field instead
of the coherent surface current [see (47) and (48)].

2) Second Order: From (4), the second-order coherent
surface current is


(2)
coh = 〈ψ(2)(r2)〉

= 2

〈∫
ψ(1)(r2)∂n1 g(r1, r2)dx1

〉
(22)

and eventually


(2)
coh ≈ −8 jk0

∫∫ 〈
ψa

inc(ra)g(ra, r1)

× ∂n1 g(r1, r2)dx1d Sa
〉
. (23)

The detailed calculation of the second-order coherent current
on the surface is reported in Appendix A. The final result is
obtained under the following assumptions.

1) The random variables ζi and γi , at the same point r i ,
i ∈ [1, 2], are statistically independent.

2) The random variables (ζ1, γ1) and (ζ2, γ2) at two distinct
points on the surface (e.g., points of the successive
rebounds r1 and r2) are uncorrelated.

3) The surface height standard deviation meets the follow-
ing conditions: σζ � (X1/k0)

1/2 and σζ � (X2/k0)
1/2,

where X2 = |x1 − x2| is the horizontal distance
between the points of the first and second rebounds and
X1 = |xa −x1| the horizontal distance between the point
of the first rebound and the source.

Thus, the second-order coherent surface current is given by


(2)
coh ≈ −8k2

0

∫
Sa

∫
x1

ψa
inc(ra) f1 f2 cot θ2e

jk0
2

(
z2
a

X1
− εX1za

2

)

× e−(Ra,1+Ra,2)
2−R2

a,2 e
jk2

0σ
3
ζ ε

2
√

2
(Ra,1+Ra,2)dx1d Sa (24)

where Ra,1 and Ra,2 correspond to the Rayleigh roughness
parameter divided by

√
2, defined by (21), and

Ra,2 = k0σζ cot θ2√
2

(25)

respectively, with the incidence angle θ2 calculated by the ray
approach

cot θ2 = εX2

4
. (26)

Again, it is possible to find a relationship between the second-
order current on the flat surface and the coherent current on the
random rough surface under certain conditions. Considering
that the local incidence angles of the first and second rebounds

can be assumed to be constant (independent of the integration
variables), we can write


(2)
coh ≈ e−(Ra,1+Ra,2)

2−R2
a,2 e

jk2
0σ

3
ζ ε

2
√

2
(Ra,1+Ra,2) ×

(2)
flat (27)

where (2)flat is the second-order current on the flat surface
given by


(2)
flat ≈−8k2

0

∫∫
ψa

inc(ra) f1 f2 cot θ2e
jk0
2

(
z2
a

X1
− εX1za

2

)
dx1d Sa .

(28)

The obtained coefficient in (27), which multiplies the flat
surface current, characterizes the surface roughness impact on
the current after two reflections from the sea surface in the
given stratified medium. We observe a term that corresponds
to the attenuation predicted by applying the Ament model for
each rebound. Moreover, there is a term that shows a slight
correction in phase. It is dependent on the duct parameter,
which means that it is linked to the refraction phenomenon and
to the surface roughness. It comes from a sort of a correlation
between the different points of the first and second rebounds.

If in (22), the random variable g(ra, r1) is substituted for
its ensemble average (20) and then g(r1, r2) substituted for
g(r1, r2)|ζ1=0, then in (27), the exponential term, accounting
for the surface roughness, becomes e−(Ra,1+Ra,2)

2
, which is

very different (in particular, there is no phase term). This
means that the statistical correlation between the first-order
surface current and g(r1, r2) must be accounted for the
calculation of the ensemble average.

Usually, when the PWE approach is used to compute the
scattered field, the boundary condition is introduced via a
reflection coefficient, which is often the Ament coefficient
(when the surface roughness is considered). This means that
for the introduction of the boundary condition in the PWE,
the ensemble average is already made. Then, it was implicitly
assumed that the current on the surface and the propagation
phenomenon are statistically uncorrelated. From (27), this
assumption is satisfied if the phase factor is close to unity.

3) mth Order: From (4), by assuming that ζ1, ζ2, …, ζm are
uncorrelated, the coherent surface current of the mth (m ≥ 2)
order is


(m)
coh = 〈ψ(m)(rm)〉 = (−2 jk0)2

m
∫

· · ·
∫
ψa

inc(ra)

×〈g(ra, r1)∂n g(r1, r2) . . . ∂ng(rm−1, rm)〉
× dxm−1 . . . dx1d Sa. (29)

The calculation of the ensemble average is similar to the
previous one and is given in Appendix B. Hence, the following
assumptions are made.

1) The random variables ζi and γi , at the same point r i ,
i ∈ [1,m], are statistically independent.

2) The random variables (ζi , γi ) and (ζ j , γ j ) at two dis-
tinct points on the surface (e.g., points of two distinct
rebounds r i and r j , i �= j ) are uncorrelated.

3) The surface height standard deviation meets the
condition σζ � (Xi/k0)

1/2, i ∈ [1,m], where



3098 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 64, NO. 7, JULY 2016

Xi = |xi−1 − xi | is the horizontal distance between two
successive rebounds.

Under the above-mentioned assumptions, we show that the
coherent surface current of the mth order is


(m)
coh ≈ 2(−2 jk0)

m
∫

· · ·
∫
ψa

inc(ra) f1

m∏
k=2

fk cot θk

× e
jk0
2

(
z2
a

X1
− εX1za

2

)
e−R2

a,m−∑m−1
i=1 (Ra,i +Ra,i+1)

2

× e

jk2
0σ

3
ζ ε

2
√

2

∑m−1
j=2 Ra, j

(
1+ Ra, j−1

Ra, j

)(
1+ Ra, j+1

Ra, j

)

× e
jk2

0σ
3
ζ ε

2
√

2
(Ra,m−1+Ra,m )dxm−1 . . . dx1d Sa (30)

where (m)flat is the coherent current on a flat surface of the
order m expressed as


(m)
flat ≈ 2 (−2 jk0)

m
∫

· · ·
∫
ψa

inc(ra) f1

m∏
k=2

fk cot θk

×e
jk0
2

(
z2
a

X1
− εX1za

2

)
dxm−1 . . . dx1d Sa (31)

and ⎧⎪⎨
⎪⎩

cot θk = εXk−1

4
, with k ≥ 2

Ra,k = k0σζ cot θk√
2

.
(32)

Once more, if we assume that the local incidence angles of
all rebounds are constant, we can derive a relationship between
the coherent surface current and the current on the flat surface
as follows:


(m)
coh ≈ e−R2

a,m−∑m−1
i=1 (Ra,i +Ra,i+1)

2

×e

jk2
0σ

3
ζ ε

2
√

2

∑m−1
j=2 Ra, j

(
1+ Ra, j−1

Ra, j

)(
1+ Ra, j+1

Ra, j

)

×e
jk2

0σ
3
ζ ε

2
√

2
(Ra,m−1+Ra,m ) ×

(m)
flat . (33)

The last equation gives the generalized roughness parameter
for m (m ≥ 2) rebounds from the sea surface in a stratified
medium concerning the surface currents. The first line of (33)
is an attenuation factor, meaning that the modulus of the
coherent surface current is smaller than that obtained for a
flat surface. In addition, as the number of bounces increases,
as expected the attenuation factor decreases. This factor corre-
sponds to the Rayleigh roughness parameter that was predicted
by the Ament model [1] for one rebound and within free
space. The last two lines of (33) show that the phase is also
modified by the surface roughness at each surface reflection
starting from the second one and that it depends on the duct
parameter ε.

B. TE Polarization

In the same way, we can derive the expressions for the
coherent surface currents and scattered field for vertically
polarized waves. Assuming a PC sea surface, the Fresnel
reflection coefficient is, by convention, R = −1.

Therefore, the coherent surface current of the
order m (m ≥ 1) is defined by


(m)
coh = 〈∂nψ

(m)(rm)〉 (34)

which, again, describes the ensemble average operation over
the random variables of ∂nψ

(m)(rm).
1) First Order: By substituting (8) and (10) into (1), the

first-order coherent surface current becomes


(1)
coh = 〈∂n1ψ

(1)(r1)〉
=

〈
−4 jk0

∫
ψa

inc(ra)∂n1 g(ra, r1)d Sa

〉

= −4 jk0

∫
ψa

inc(ra)〈 f (X1)∂n1 s(X1, za, ζ1)〉d Sa . (35)

After solving this integration and assuming that the random
variables ζ1 and γ1 are statistically independent, analogously
to the TM case, the first-order coherent surface current is
obtained by


(1)
coh ≈ −4k2

0

∫
Sa

ψa
inc(ra) f1 cot θ1e

jk2
2

(
z2
a

X1
− εX1za

2

)

× e−R2
a,1 d Sa . (36)

Finally, if we assume that the local incidence angle θ1 is
constant, with respect to the horizontal distance, far from
the transmitter, we obtain the same relationship between the
coherent current on the rough surface and the current on
the flat surface of the first order like in the TM case, given
by (20). The appropriate flat surface current is expressed by
the following equation:


(1)
flat ≈ −4k2

0

∫
Sa

ψa
inc(ra) f1 cot θ1e

jk0
2

(
z2
a

X1
− εX1za

2

)
d Sa . (37)

2) Second Order: From (4), the second-order coherent
surface current is then


(2)
coh = 〈∂n2ψ

(2)(r2)〉
= −2

〈
∂n2

∫
∂n1ψ

(1)(r2)g(r1, r2)dx1

〉

= 8 jk0

∫∫
ψa

inc(ra)〈∂n1 g(ra, r1)

×∂n2 g(r1, r2)〉dx1d Sa . (38)

By introducing the same assumptions on the random variables
ζi and γi , i ∈ [1, 2], like in the TM case, and after applying the
same way as that in Appendix A, we obtain the expression for
the second-order coherent surface current. Then, considering
that the local incidence angles are constant, we obtain the
same relationship as in the TM case, given by (27), the only
difference being the expression for the current on the flat
surface given by


(2)
flat ≈ −8 jk3

0

∫
Sa

∫
x1

ψa
inc(ra) f1 f2 cot θ1 cot θ2

× e
jk0
2

(
z2
a

X1
− εX1 za

2

)
d Sadx1. (39)
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3) mth Order: Using the same way and with the same
assumptions as for TM polarization, we obtain the coherent
surface current of the mth order (m ≥ 2) and derive it as a
function of the current on the flat surface like in (33). In this
case, the current on the flat surface is given by


(m)
flat ≈ (2 jk0)

m+1
∫

· · ·
∫
ψa

inc(ra)

m∏
k=1

fk cot θk

× e
jk0
2

(
z2
a

X1
− εX1 za

2

)
dxm−1 . . . dx1d Sa . (40)

IV. COHERENT SCATTERED FIELD

Using the same way, we can derive the expressions for the
field scattered from the surface. The coherent scattered field
of the order m (m ≥ 1) is defined as


(m)
sca,coh = 〈

ψ(m)sca (r
′
m)
〉

(41)

where ψm
sca(r

′
m) is the scattered field of the order m and at the

point r ′
m ∈ �2, given by (5).

A. TM Polarization

1) First Order: Analogously to the coherent surface current,
the first-order coherent scattered field is defined as


(1)
coh,sca = 〈

ψ(1)sca (r
′
1)
〉 = −4 jk0

∫∫
ψa

inc(ra)

×〈g(ra, r1)∂n1 g(r1, r ′
1)〉dx1d Sa . (42)

The calculation of the coherent scattered field is similar to
the calculation of the coherent surface currents. Hence, we
present the final expression with the following assumptions.

1) The random variables ζ1 and γ1, at the point r1, are
statistically independent.

2) The surface height standard deviation σζ satisfies
the following conditions: σζ � (X1/k0)

1/2 and
σζ � (X ′

1/k0)
1/2, where X ′

1 = |x1−x ′
1| is the horizontal

distance between the point of the first rebound and the
observation point.

Thus, the first-order coherent scattered field is obtained by


(1)
sca,coh ≈ −4k2

0

∫
Sa

∫
x1

ψa
inc(ra) f1 f ′

1 cot θ ′
1

× e
jk0
2

(
z2
a

X1
− εX1za

2

)
e

jk0
2

(
z′21
X ′

1
− εX ′

1z′1
2

)

× e−(Ra,1+R′
a,1)

2
dx1d Sa (43)

where ⎧⎪⎪⎨
⎪⎪⎩

Ra,1 = k0σζ cot θ1√
2

= k0σζ√
2

(
za

Xa
+ εXa

4

)

R′
a,1 = k0σζ cot θ ′

1√
2

= k0σζ√
2

(
z′

1

X ′
1

+ εX ′
1

4

) (44)

and X1 = |xa − x1| and X ′
1 = |x1 − x ′

1|.
Assuming that the incidence and reflection angles are

constant, we can derive a relationship between the coherent
scattered field and the field reflected by the corresponding flat
surface as follows:


(1)
sca,coh ≈ e−(Ra,1+R′

a,1)
2

(1)
sca,flat (45)

where


(1)
sca,flat ≈ −4k2

0

∫
Sa

∫
x1

ψa
inc(ra) f1 f ′

1 cot θ ′
1

× e
jk0
2

(
z2
a

X1
− εX1za

2

)
e

jk0
2

(
z′21
X ′

1
− εX ′

1z′1
2

)
dx1d Sa . (46)

Now, assuming that the incidence and reflection angle,
θ1 and θ ′

1, on the surface are equal, we obtain the following
relationship:


(1)
sca,coh ≈ e−4R2

a,1
(1)
sca,flat. (47)

By introducing the Rayleigh roughness parameter of the
Ament model defined as Ra = k0σζ cot θ1 = √

2Ra,1, we
obtain


(1)
sca,coh ≈−2R2

a 
(1)
sca,flat. (48)

Thus, it is demonstrated that the Ament model is a particular
case of the PO approximation. As shown in the following, the
PO allows us to generalize the derivation of this coefficient
to multiple rebounds and for a stratified medium. Within the
Rayleigh parameter, cos θ1 is replaced by cot θ1 (calculated
from the geometrical optics), knowing that, for low-grazing
angles, we have cot θ ≈ cos θ .

2) Second Order: Using the same way as in the previous
section, we can show that the second-order coherent scattered
field is


(2)
sca,coh ≈ 8 jk3

0

∫∫∫
ψa

inc(ra) f1 f2 f ′
2 cot θ2 cot θ ′

2

× e
jk0
2

(
z2
a

X1
− εX1za

2

)
e

jk0
2

(
z′2

2

X ′
2

− εX ′
2z′2
2

)

× e−(Ra,1+Ra,2)
2−(Ra,2+R′

a,2)
2

× e

jk2
0σ

3
ζ ε

2
√

2
Ra,2

(
1+ Ra,1

Ra,2

)(
1+ R′

a,2
Ra,2

)
dx2dx1d Sa (49)

where the coefficients Ra,2 and R′
a,2 are given by

⎧⎪⎪⎨
⎪⎪⎩

Ra,2 = k0σζ cot θ2√
2

= k0σζ√
2

εX2

4

R′
a,2 = k0σζ cot θ ′

2√
2

= k0σζ√
2

(
z′

2

X ′
2

+ εX ′
2

4

)
.

(50)

Once again, assuming that the incidence and reflection angles
of both reflections are independent of the variables of inte-
gration, we can derive the following relationship between
the coherent scattered field and the field reflected by the
corresponding flat surface:

(2)
sca,coh ≈ e−(Ra,1+Ra,2)

2−(Ra,2+R′
a,2)

2

× e

jk2
0σ

3
ζ ε

2
√

2
Ra,2

(
1+ Ra,1

Ra,2

)(
1+ R′

a,2
Ra,2

)
×

(2)
sca,flat (51)

where


(2)
sca,flat ≈ 8 jk3

0

∫∫∫
ψa

inc(ra) f1 f2 f ′
2 cot θ2 cot θ ′

2

×e
jk0
2

(
z2
a

X1
− εX1za

2

)
e

jk0
2

(
z′2

2

X ′
2

− εX ′
2z′2
2

)

dx2dx1d Sa. (52)
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Assuming that the incidence and reflection angles of both
reflections are equal (θ1 = θ2), we obtain


(2)
sca,coh ≈ e−4R2

a e jk2
0σ

3
ζ εRa

(2)
sca,flat. (53)

We can observe a term that corresponds to the Ament model
for two successive reflections and, again, a phase correction
term like in the case of the coherent surface currents. The last
equation represents the Ament model extended to an inhomo-
geneous medium of linear-square refraction index profile.

3) mth Order: Using the same way as in the previous
section, we can show that the coherent scattered field of the
order m (m ≥ 2) is


(m)
sca,coh ≈ (−2 jk0)

m+1
∫

· · ·
∫
ψa

inc(ra) f1

m∏
k=2

fk cot θk

× f ′
m cot θ ′

me
jk0
2

(
z2
a

X1
− εX1za

2

)
e

jk0
2

(
z′m 2

X ′
m

− εX ′
m z′m
2

)

× e−∑m−1
i=1 (Ra,i +Ra,i+1)

2−(Ra,m+R′
a,m )

2

× e

jk2
0σ

3
ζ ε

2
√

2

∑m−1
j=2 Ra, j

(
1+ Ra, j−1

Ra, j

)(
1+ Ra, j+1

Ra, j

)

× e

jk2
0σ

3
ζ ε

2
√

2
Ra,m

(
1+ Ra,m−1

Ra,m

)(
1+ R′

a,m
Ra,m

)
dxm · · · d Sa .

(54)

Considering the local incidence and reflection angles indepen-
dent of the integration variables, we can establish a relation-
ship between the coherent scattered field and the field reflected
by the corresponding flat surface of the mth order as follows:

(m)
sca,coh ≈ e−∑m−1

i=1 (Ra,i +Ra,i+1)
2−(Ra,m+R′

a,m )
2

× e

jk2
0σ

3
ζ ε

2
√

2

∑m−1
j=2 Ra, j

(
1+ Ra, j−1

Ra, j

)(
1+ Ra, j+1

Ra, j

)

× e

jk2
0σ

3
ζ ε

2
√

2
Ra,m

(
1+ Ra,m−1

Ra,m

)(
1+ R′

a,m
Ra,m

)
×(m)sca,flat (55)

with


(m)
sca,flat ≈ (−2 jk0)

m+1
∫

· · ·
∫
ψa

inc(ra)

× f1

m∏
k=2

fk cot θk f ′
m cot θ ′

me
jk0
2

(
z2
a

X1
− εX1za

2

)

× e
jk0
2

(
z′m 2

X ′
m

− εX ′
m z′m
2

)
dxm · · · d Sa . (56)

Equation (55) represents the generalized roughness parameter
for multiple reflections from the rough sea surface in a
stratified medium. The first line corresponds to the multiple
application of the Ament surface roughness model for multiple
reflections (assuming that the local incidence and reflection
angles are equal). However, the PO method shows that there
is a phase correction term for multiple reflected fields from the
random rough surface, which depends on the duct parameter ε.

B. TE Polarization

The same calculations can be done for the coherent scat-
tered field for TE polarization. The relationship between the
coherent scattered field above the rough surface and the field

TABLE I

SIMULATION PARAMETERS

reflected above the corresponding flat surface, which was
previously derived for TM polarized waves, is still valid.
Therefore, we give only the equations of the reflected field
above the flat surface.

1) First Order:


(1)
sca,flat ≈ 4k2

0

∫
Sa

∫
x1

ψa
inc(ra) f1 f ′

1 cot θ1

× e
jk0
2

(
z2
a

X1
− εX1 za

2

)
e

jk0
2

(
z′1

2

X ′
1

− εX ′
1z′1
2

)

dx1d Sa .

(57)

2) Second Order:


(2)
sca,flat ≈ 8 jk3

0

∫∫∫
ψa

inc(ra) f1 f2 f ′
2 cot θ1

× cot θ2e
jk0
2

(
z2
a

X1
− εX1za

2

)

× e

jk0
2

(
z′2

2

X ′
2

− εX ′
2z′2
2

)

dx2dx1d Sa . (58)

3) mth Order:


(m)
sca,flat ≈ (−1)m(−2 jk0)

m+1
∫

· · ·
∫
ψa

inc(ra)

×
m∏

k=1

fk cot θk f ′
me

jk0
2

(
z2
a

X1
− εX1za

2

)

× e
jk0
2

(
z′m 2

X ′
m

− εX ′
m z′m
2

)
dxm · · · d Sa. (59)

V. NUMERICAL RESULTS

In this section, the coherent surface currents and the coher-
ent scattered field are calculated using the expressions obtained
in the previous sections. Furthermore, the proposed method
is analyzed by comparison with a rigorous method whose
advantages will be introduced in the next section.

The transmitting antenna is described in [14]. In addition,
the simulation parameters are listed in Table I. The surface is
considered PC (εr3 = −∞) for both polarizations.

A. BIE/SDIM Method

Boundary integral equation (BIE)/SDIM method was pro-
posed in [9]. It is a rigorous method based on MoM [18], [19]
and accelerated by the multilevel SDIM combined with
the ACA.
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Fig. 2. Coherent current (TE polarization) on the flat and rough surfaces
with respect to the horizontal distance from the transmitter for different wind
speeds u10. The vertical dashed lines indicate the location of the first and
second rebounds predicted by a ray approach.

To further decrease the memory requirement, the SDIM
method is extended to two levels. This means that, for each
subdomain, the SDIM method is applied for the calculation
of Z̄

−1
i,i v. In addition, to reduce the number of iterations

for KSDIM, two consecutive subdomains are overlapped of
about some dozens of samples (MOverlapping), to decrease the
contribution of the edge diffraction coming from the finiteness
of the subdomain surfaces. Then, the memory requirement
becomes O(P1 P2 M2

2 ), where P1 and P2 are the numbers of
blocks of the subdomains of levels 1 and 2, respectively, and
M2 is the number of samples on each subdomain surface
of level 2 (N = P1 P2 M2). In addition, the complexity is
O(P1 P2 M3

2 ).
Typically, for the results presented in Fig. 3, for a threshold

εSDIM,1 = 10−2, εSDIM,2 = 10−3, εACA,1 = εACA,2 = 10−3,
P1 = 10 = P2 = 10 (M2 = 2880), MOverlapping,1 = 10, and
MOverlapping,2 = 20, we obtain KSDIM,1 = 7, KSDIM,2 = 10,
and compression ratio τACA,1 = 0.999 and τACA,2 = 0.994,
which shows that BIE/SDIM+ACA level 2 is very efficient.

This method has been validated from the MoM-
based BIE/forward–backward [11] on smaller problems
(N = 48 000).

In the next section, PO is compared with BIE/SDIM. First,
we give the results computed for TE polarization.

B. TE Polarization

Fig. 2 plots the square of coherent current modulus ||2
on the 3.6-km-long surface with respect to the horizontal
distance x from the source antenna on the sea surface.
The analytical PO method is used to compute the coherent
surface currents for two different wind speeds. The vertical
dashed lines give the positions of the surface currents maxima
of the first two rebounds predicted by the ray approach
of the geometrical optics approximation. We observe that
the obtained curves for a flat and a slightly rough surface
(u10 = 3 m/s) are nearly the same. The current attenuation

Fig. 3. Coherent current (TE polarization) on the rough surface
(u10 = 6 m/s) with respect to the horizontal distance from the transmitter
obtained by the PO and the BIE/SDIM method.

caused by the surface roughness predicted by the Ament
model is relatively imperceptible (0.075 and 0.373 dB, for the
first- and second-order maxima, respectively). The obtained
attenuation for the wind speed of u10 = 6 m/s, predicted by
PO, equals 1.23 and 6.15 dB for the first and second rebound
maxima, respectively. Therefore, in the further comparisons
to follow, we discuss only the rough surface generated by the
wind speed u10 = 6 m/s.

In Fig. 3, the square of coherent current on the rough surface
calculated by the PO method for TE polarization is compared
with the one obtained by the rigorous BIE/SDIM method. The
red solid line (label PO an.) represents the result computed
using the completely analytical expression given by (30), and
the blue dashed one (label PO Am.) shows the result with
the constant reflection angle approximation from (33). A very
good agreement between the results of the two methods is
observed. Both PO methods show the current maxima and
minima positions in agreement with those of the rigorous
method.

Fig. 4 presents the total coherent power modulus above
the rough surface with respect to the height z for the given
horizontal distances from the transmitting antenna (60, 1800,
and 3600 m). The total coherent field is defined as the sum
of the incident and coherent scattered fields. The first chosen
abscissa point depicts a case where the incident field is
prevailing (close to the source), and the two others represent
the predominant scattered field after the first and second
rebounds. The analytical PO method, including the constant
angle approximation [see (55)], is in agreement with the
benchmark method. The slight differences that exist near the
surface are due to the more rigorous Green function definition
for BIE/SDIM. They can be corrected by applying the near-
field correction on the Green function.

In Fig. 5, the total coherent power modulus calculated
by the PO method is compared with the results obtained
by the BIE/SDIM with respect to the horizontal distance x
from the source for the given heights above the rough sea
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Fig. 4. Total coherent power modulus (TE polarization) above the rough
sea surface (u10 = 6 m/s) with respect to the height z for given abscissas x
(60, 1800, and 3600 m).

Fig. 5. Total coherent power moduli (TE polarization) above the rough
sea surface (u10 = 6 m/s) with respect to the horizontal distance for given
heights z (5 and 10 m).

surface (5 and 10 m). The plotted results show a good
agreement. In conclusion, the PO method predicts the coherent
surface current and field levels very well for TE polarization.

C. TM Polarization

Fig. 6 displays the coherent surface currents modulus versus
the horizontal distance from the source obtained by the PO and
the BIE/SDIM. The predictions of the maxima positions (first
and second rebounds) are in agreement with those obtained by
the BIE-SDIM. However, we observe a discrepancy between
the two methods of around 9 dB for the first order and
18 dB for the second order. Thus, the coherent surface currents
cannot be properly predicted by the PO method and the
Ament model in the case of TM polarization. The same
disagreement can be observed when the total coherent field
is compared in Fig. 7. It is important to note that the obtained
results in the case of the flat surface matched very well.

Fig. 6. Same as Fig. 3, but for TM polarization.

Fig. 7. Same as Fig. 4, but for TM polarization.

Fig. 8. Same as Fig. 3, but for TM polarization and PO method corrected
by SPM.

Thus, the discrepancy is due to the surface roughness. In order
to resolve this issue, a possible correction that consists in
including the shadowing effect [6] is examined. First of all,
the shadowing influences both polarizations, and therefore it
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Fig. 9. Same as Fig. 4, but for TM polarization and PO method corrected
by SPM.

Fig. 10. Same as Fig. 5, but for TM polarization and PO method corrected
by SPM.

cannot explain such a discrepancy for only one polarization.
Thus, after obtaining the simulation results, this solution is
dismissed. It is important to note that for TM polarization
and for low-grazing angles, a phenomenon, which is sim-
ilar to the Brewster-angle effect [20]–[23], occurs even for
PC surfaces. This pseudo-Brewster-angle-like phenomenon is
characterized by a decrease of the scattered field and it is
equally observed for the slightly rough surface. It is studied
within the small perturbation method (SPM), which is valid
for the small-scale roughness. These studies show that the
reflection coefficient changes for low-grazing angles even for
a PC surface. This property is caused by the dependence
of the effective impedance on the surface on the reflection
angles. The necessary mathematical relations are given in
Appendix C. First, we can calculate the central reflection
angle from (17) obtaining θ1 ≈ 87.93°. For TE polarization,
from (C1), the reflection coefficient is still approximately equal
to R = −1, and the final coherent currents and field results do
not change. On the other hand, for TM polarization, from (C2),

the reflection coefficient significantly changed. Its calculated
value is R ≈ −0.401 + j0.245, and it can be substituted in
the TM polarization derivations in order to correct the final
results. After applying this step, we obtained a much better
agreement between our method and the reference one as can
be observed in Figs. 8–10.

VI. CONCLUSION

In this paper, the problems of propagation and scattering
are solved by applying the PO approximation in order to
determine the currents on the rough sea surface. Then, an
appropriate Green function of the stratified medium (duct)
with linear-square refraction index profile is used to radiate the
currents from Huygens’ principle, and, thus, to calculate the
scattered field in the duct. Due to the refraction phenomenon,
this field generates new currents on the surface, which are
again evaluated by PO. This process is being iterated. Then,
applying the ensemble average operator on the surface currents
and scattered field, for each rebound, the coherent components
are calculated. Next, they are compared with those of a flat
surface, leading to the generalized Ament model for multiple
rebounds and in the stratified medium. The theoretical results
showed the following.

1) The Ament model is a particular case of the PO approx-
imation at the first order.

2) The coherent components (surface currents and scattered
field) are expressed from the components of a flat surface
multiplied by the generalized Ament coefficient.

3) For the higher orders, the generalized Ament coefficient
is defined as the product of the elementary Ament
coefficient for each bound. In addition, it is multiplied by
a phase correction term, resulting from the phase delay
between two consecutive rebounds.

For a wind speed u10 = 6 m/s and for both polarizations, the
PO coherent components (surface currents and scattered field)
have been compared with those calculated by the rigorous
BIE/SDIM method. For TE polarization case, we observed
a very good agreement between the results. However, the
results obtained for TM polarization showed a significant
disagreement. Indeed, the levels calculated by BIE/SDIM were
much lower than the ones obtained by the PO and, therefore,
the Ament model. The results showed a behavior similar to
the Brewster-angle phenomenon, which is common for finitely
conducting surfaces. This problem is solved using the SPM in
order to calculate the new reflection coefficients. Thus, the new
results show a good agreement with the reference method.

Finally, the use of the generalized Ament model avoids
applying a Monte Carlo procedure, which is a costly operation.

APPENDIX A
SECOND-ORDER COHERENT SURFACE CURRENT

From (11), (22) becomes


(2)
coh = −8 jk0

∫∫
ψa

inc(ra)〈 f (X1)s(X1, za, ζ1)

× ∂n[ f (X2)s(X2, ζ1, ζ2)]〉dx1d Sa (A1)

where X1 = |xa − x1| and X2 = |x1 − x2| are the
horizontal distances between the transmitter and the first
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rebound, respectively. Thus, it is necessary to calculate the
ensemble average of the last equation.

Knowing that s1 = s(X1, za, ζ1) and s2 = s(X2, ζ1, ζ2)
are random variables, and that f1 = f (X1) and f2 = f (X2)
are deterministic functions, both given by (11), the ensemble
average in (A1), denoted by M2, is

M2 = 〈 f1s1∂n( f2s2)〉
= 〈 f1s1[∂ζ1( f2s2)− γ1∂x1( f2s2)]〉
= f1〈 f2s1∂ζ1 s2 − γ1s1( f2∂x1s2 + s2∂x1 f2)〉. (A2)

This requires the calculation of the ensemble averages 〈s1s2〉
and 〈γ1s1s2〉, where s1 and s2 are given by s(ζ1) =
exp(−a1,0ζ

2
1 + 2b1,0ζ1 + c1,0) and s(ζ2) = exp(−a2,0ζ

2
2 +

2b2,0ζ2 + c2,0), γ1 is the surface slope ∂x1ζ1, ζ1 is the surface
height at the first rebound, and ζ2 is the surface height at the
second rebound. The random variables ζ1 and γ1 defined at
the same point are assumed to be Gaussian and statistically
independent. We can show that 〈γ1ζ1〉 = −W ′

ζ (0), where Wζ

is the surface height autocorrelation function [Wζ (0) = σ 2
ζ ]

and W ′
ζ its derivative with respect to x . Since W is an even

function, we have W ′(0) = 0, which implies that 〈γ1ζ1〉 = 0.
Assuming that the correlation between the random variables
ζ2 and γ1 is negligible, this implies that 〈γ1s1s2〉 = 0 since
〈γ1〉 = 0. Thus, (A2) becomes

M2 = f1 f2〈s1∂ζ1 s2〉. (A3)

From the last equation, the ensemble average 〈s1s2〉 =〈
eu(ζ1,ζ2)

〉
must be derived, where u(ζ1, ζ2) = −a1ζ

2
1 − a2ζ

2
2 +

2b12ζ1ζ2 + 2b1ζ1 + 2b2ζ2 + c, in which⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a1 = − jk0

2

(
1

X1
+ 1

X2

)

a2 = − jk0

2X2

b1 = − jk0

2

(
cot θ1 + εX2

4

)

b2 = − jk0

2

εX2

4

b12 = − jk0

2X2
= a2

c = jk0

2

(
z2

a

X1
− εX1za

2

)
.

(A4)

Therefore

〈eu〉 =
∫ +∞

−∞

∫ +∞

−∞
eu(ζ1,ζ2) pζ (ζ1, ζ2)dζ1dζ2

=
∫ +∞

−∞

∫ +∞

−∞
dζ1dζ2

2π
√
σ 4
ζ − W 2

ζ

× e−α1ζ
2
1 −α2ζ

2
2 +2β12ζ1ζ2+2b1ζ1+2b2ζ2+c (A5)

where⎧⎪⎪⎪⎨
⎪⎪⎪⎩
α1 = a1 + σ 2

ζ

2
(
σ 4
ζ − W 2

ζ

) α2 = a2 + σ 2
ζ

2
(
σ 4
ζ − W 2

ζ

)
β12 = b12 + Wζ

2
(
σ 4
ζ − W 2

ζ

)
(A6)

and pζ (ζ1, ζ2) is the surface height joint probability density
function of two arbitrary surface points separated by a hori-
zontal distance X2 = |x1 − x2|. Moreover, Wζ = Wζ (X2) is
the surface height autocorrelation function and σ 2

ζ = Wζ (0) is
the height variance.

Introducing the variable transformations v1 = √
α1ζ1 −

b1/
√
α1 and v2 = √

α2ζ2 − b2/
√
α2, we have

〈eu〉 = 1

2π
√
α1α2

√
σ 4
ζ − W 2

ζ

e
c+ α1b2

2+α2b2
1+2β12b1b2
α1α2

×
∫ +∞

−∞

∫ +∞

−∞
e
−v2

1−v2
2+ 2β12√

α1α2

(
v1v2+ v1b2√

α2
+ v2b1√

α1

)
dv1dv2.

(A7)

From a ray approach, in a medium with a linear-square
refraction index profile, the equation of the ray trajectory
of each rebound is a parabola. Thus, it is easy to show
that the distance between two consecutive rebounds is d =
4(cot θ2

inc + εza)
1/2/ε [11], where za is the transmitter height,

θinc is the transmitter incidence angle, and ε is the duct
parameter. For za = 10 m, θinc = 89°, and ε = 10−4, the
distance d ≈ 1445 m, which is much greater than the surface
height autocorrelation length. Then, the correlation between
ζ1 and ζ2 can be neglected, leading to Wζ ≈ 0. In addition,
since σζ � (X1/k0)

1/2 (|uζ | ≈ 1) and σζ � (X2/k0)
1/2,

α1 ≈ α2 ≈ 1/(2σ 2
ζ ) and |β12/(α1α2)

1/2| ≈ |b12/α1| � 1.
Then, the exponential term in (A7) can be approximated
as e−v2

1−v2
2 and the double integration over v1 and v2 reduces

to π . As a conclusion

〈eu〉 ≈ e
c+ b2

1
α1

+ b2
2
α2

+ 2β12b1b2
α1α2

≈ ec+2σ 2
ζ (b

2
1+b2

2)+8σ 4
ζ β12b1b2 . (A8)

Substituting (A4) into (A8), the ensemble average becomes

〈eu〉 ≈ e
jk0
2

(
z2
a

X1
− εX1za

2

)

× e− k0
2σ2

z
2 ((cot θ1+cot θ2)

2+cot2 θ2)

× e
jk3

0σ
4
z ε

4 (cot θ1+cot θ2) (A9)

where θ2 is the incidence angle of the second rebound from
the surface defined with respect to the vertical plane and

cot θ2 = εX2

4
(A10)

obtained by the ray approach.
If the analytical integrations over v1 and v2 are made

without any approximation, we show that

〈eu〉 = (A8) × e

β2
12

α2
1α

2
2

(
2β12b1b2+α1b2

2+α2b2
1

)
(A11)

where |β12/(α1α2)
1/2| � 1.

In addition, from (A3), we have

M2 = jk0 f1 f2

〈(
ζ1

X2
− ζ2

X2
− εX2

4

)
eu
〉
. (A12)
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Therefore, we must derive 〈ζ1eu〉 and 〈ζ2eu〉. For 〈ζ1eu〉, we
have

〈
ζ1eu〉 = 1

2

∂

∂b1
〈eu〉 ≈ 1

α1

(
b1 + b2

β12

α2

)
〈eu〉

≈ b1

α1
〈eu〉 (A13)

because |β12/α2| ≈ |2σ 2
ζ a2| � 1. Using the same way,

〈ζ2eu〉 ≈ (b2/α2)〈eu〉.
Finally, from (A12) and (A13), the ensemble average is

M2 ≈ − jk0 f1 f2 cot θ2

[
1 − jk0σ

2
ζ

X1

cot θ1

cot θ2

]
〈eu〉

≈ − jk0 f1 f2 cot θ2〈eu〉 (A14)

since σζ � (X1/k0)
1/2.

From (A1), (A9), and (A14), assuming that the points of
consecutive rebounds, r1 and r2, are uncorrelated, the second-
order coherent surface current is then


(2)
coh = −8k2

0

∫
Sa

∫
x1

ψa
inc(ra) f1 f2 cot θ2e

jk0
2

(
z2
a

X1
− εX1za

2

)

×e−(Ra,1+Ra,2)
2−R2

a,2 e
jk2

0σ
3
ζ ε

2
√

2
(Ra,1+Ra,2)dx1d Sa (A15)

where Ra,1 and Ra,2 correspond to the Rayleigh roughness
parameters of the Ament model divided by

√
2, defined

by (21), and

Ra,2 = k0σζ cot θ2√
2

(A16)

respectively.

APPENDIX B
COHERENT SURFACE CURRENT OF THE mth ORDER

In order to obtain the generalized analytical expression of
the coherent surface current of the mth order (m ≥ 2), it is
necessary to compute the ensemble average Mm defined as

Mm = 〈g(ra, r1)∂ng(r1, r2) . . . ∂ng(rm−1, rm)〉
=

〈
f1s1

m∏
i=2

(−γi−1∂xi−1 gi + ∂ζi−1 gi)

〉
(B1)

where

gi = g(r i−1, r i ) = fi si (B2)

and

si = −ai,0ζ
2
i + 2bi,0ζi + ci,0. (B3)

The parameters a1,0, b1,0, and c1,0 are given by (14), and the
parameters ai,0, bi,0, and ci,0 are defined, for i ≥ 2, as⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ai,0 = − jk0

2Xi

bi,0 = − jk0

2

(
ζi−1

Xi
+ εXi

4

)

ci,0 = jk0

2

(
ζ 2

i−1

Xi
+ εXiζi−1

2

)
.

(B4)

Assuming that 〈γiζi 〉 = W ′
ζ = 0 for all Wζ , we have

〈γi f (ζi )〉 = 0,∀ f . In addition, the correlation between the
random variables (ζi , γi ) and (ζ j , γ j ) is assumed to be negli-
gible, leading to 〈γi, j f (ζi , ζ j )〉 = 0,∀ f . Then, the ensemble
average can be written as

Mm ≈ f1

〈
s1

m∏
i=2

∂ζi gi

〉
. (B5)

Therefore, the ensemble average eu(ζ1,...ζm ) must be derived,
where

eu =
m∏

i=1

si (B6)

leading to

u = −a1ζ
2
1 − · · · − amζ

2
m + 2b12ζ1ζ2 + · · ·

+ 2bm−1,mζm−1ζm + 2b1z1 + · · · + 2bmzm + c (B7)

with ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a1 = − jk0

2

(
1

X1
+ 1

X2

)

ai,i �=m = − jk0

2

(
1

Xi+1
+ 1

Xi

)

am = − jk0

2Xm

bi−1i = − jk0

2Xi

bi,i �=m = − jk0

2
(cot θi + cot θi+1)

bm = − jk0

2
cot θm

c = jk0

2

(
z2

a

X1
− εX1za

2

)
.

(B8)

Analogously to the calculation in Appendix A, by neglecting
the correlation between any ζi and ζ j , for i �= j , we obtain

〈eu〉 ≈ e
c+∑m

i=1
b2

i
αi

+∑m
j=2

2β j−1, j b j−1,b j
α j−1α j (B9)

with ⎧⎨
⎩
αi ≈ ai + 1

2σ 2
ζ

β j−1, j ≈ b j−1, j .

(B10)

Substituting (B8) into (B9) and introducing the local incidence
angle of the i th rebound, obtained by the ray approach as

cot θi = εXi

4
, i ≥ 2 (B11)

we find the ensemble average of the mth order, m ≥ 2, as
follows:

〈eu〉 = e
jk0
2

(
z2
a

X1
− εX1za

2

)

× e
∑m−1

i=1 − k2
0σ

2
ζ

2 (cot θi+cot θi+1)
2− k2

0σ
2
ζ

2 cot θ2
m

× e
∑m−1

j=1

jk3
0σ

4
ζ ε

4 cot θ j
(cot θ j−1+cot θ j )(cot θ j +cot θ j+1)

× e
jk3

0σ
4
ζ ε

4 (cot θm−1+cot θm). (B12)



3106 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 64, NO. 7, JULY 2016

Finally, from (B4), (B5), and (B9), we get the ensemble
average of the coherent surface current of the mth order,
m ≥ 2

Mm = f1

〈
m∏

k=2

jk0 fk

(
ζk−1

Xk
− ζk

Xk
− εXk

4

)
eu

〉

≈ (− jk0)
m−1〈eu〉

m∏
k=2

fk cot θk . (B13)

Thus, from (29), (B12), and (B13), the coherent surface
current at the mth order is


(m)
coh ≈ 2(−2 jk0)

m
∫

· · ·
∫
ψa

inc(ra) f1

m∏
k=2

fk cot θk

× e
jk0
2

(
z2
a

X1
− εX1za

2

)
e−R2

a,m−∑m−1
i=1 (Ra,i +Ra,i+1)

2

× e

jk2
0σ

3
ζ ε

2
√

2

∑m−1
j=2 Ra, j

(
1+ Ra, j−1

Ra, j

)(
1+ Ra, j+1

Ra, j

)

× e
jk2

0σ
3
ζ ε

2
√

2
(Ra,m−1+Ra,m )dxm−1 . . . dx1d Sa . (B14)

APPENDIX C
REFLECTION COEFFICIENT CALCULATION

FOR PC SURFACES BY SPM

From [20], based on [24], the first-order reflection coef-
ficients for Dirichlet and Neumann boundary conditions are
given by

RTE = kz(κ)ZTE(κ)− k0

kz(κ)ZTE(κ)+ k0
(C1)

and

RTM = kz(κ)− k0 ZTM(κ)

kz(κ)+ k0 ZTM(κ)
. (C2)

Here wave vector is defined by k0 = κ x̂ + kz(κ) ẑ, where
k0 is the wavenumber, and kz is obtained from

kz(κ) =
⎧⎨
⎩
√

k2
0 − κ2 for κ ≤ k0

j
√
κ2 − k2

0 for κ > k0.
(C3)

In addition, ZTE and ZTM denote the effective surface
impedances of the first order. They are expressed by

ZTE =
∫ +∞

−∞
dκ ′kz(κ

′)W̃ (κ − κ ′) (C4)

and

ZTM =
∫ +∞

−∞
dκ ′

(
k2

0 − κκ ′)2

k0kz(κ ′)
W̃ (κ − κ ′) (C5)

where W̃ is the isotropic sea spectrum. More details on these
integrations are given in [20].
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