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Generalization of PILE Method to the EM Scattering
From Stratified Subsurface With Rough Interlayers:

Application to the Detection of Debondings
Within Pavement Structure

Christophe Bourlier, Cédric Le Bastard, and Vincent Baltazart

Abstract—This paper presents the numerical method, gener-
alized propagation-inside-layer expansion (GPILE), to calculate
the scattered electromagnetic field by any stratified 1-D medium
composed of three random rough interfaces separating homoge-
neous media. GPILE is a generalization of the propagation-inside
-layer expansion method, which considers only two interfaces.
Both methods rely on the rigorous implementation of the Maxwell
equations, with a simple matrix formulation and which have a
straightforward physical interpretation. In particular, this method
allows us to distinguish the primary echo of the upper surface and
also the multiple echoes arising from the intermediate and lower
interfaces. This method is applied in this paper to simulate the
ground-penetrating radar (GPR) signal at nadir. The simulated
signals are analyzed to study the sensitivity of the GPR signal to
any material debonding within the pavement layered structure.

Index Terms—Debonding, electromagnetic scattering from
rough layers, ground-penetrating radar (GPR), method of
moments (MoM), stratified media.

I. INTRODUCTION

G ROUND-penetrating radar (GPR) is a common tool for
nondestructive testing of civil engineering materials (hy-

draulic, bituminous concretes, and soils). It allows rapid data
collection and is widely used for the specific application of
pavement survey [1]–[6]. Within this scope, the roadway is
assumed to be horizontally stratified. The vertical structure of
a roadway can then be deduced from radar-measured signal by
means of echo detection and amplitude estimation. Echo detec-
tion provides time-delay estimation associated with each inter-
face, whereas amplitude estimation is used to retrieve the wave
speed (or the dielectric constant) within each layer. In the liter-
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ature, electromagnetic (EM) inversion and layer stripping con-
stitute two methods for estimating the latter parameters [4], [5].

This paper focuses on the detection and the survey of
interlayer debonding within pavement structures by GPR. The
debonding mechanisms have a meaningful influence on the re-
sidual life of the pavement, and thus, the early detection of the
latter is an important issue for pavement maintenance [7], [8].
When undertaking pavement survey, the main difficulty with
data processing relies on the echo detection of the signal
backscattered from the interlayer debonding to be surveyed. To
analyze the signal sensitivity to such a thin inner debonding, we
propose to use a rigorous method. GPR numerical simulation
is an efficient way to study and to analyze the EM wave
propagation inside the considered layered medium.

The finite-difference time-domain (FDTD) method has been
widely used to simulate the GPR signal, e.g., [9]–[11]. From
an input time signal, it provides the simulated scattered signal
from the subsurface structure. It is a full-wave method and
has shown its efficiency for GPR electromagnetic problems
and especially for inhomogeneous media. In this paper, we
propose to use the frequency-domain numerical propagation-
inside-layer expansion (PILE) [14]–[16] method to compute
the scattered field by the layered medium. It is based on the
well-known full-wave method of moments (MoM). The MoM
meshes the boundaries (here the interfaces), whereas the FDTD
meshes the space. Then, the resulting impedance matrix is
sparse with FDTD, whereas it is full and of smaller size with
the MoM. For rough interfaces, near the interfaces, the meshing
must be refined with FDTD to well follow the surface profiles,
which increases the memory space requirement, unlike the
MoM. The main drawback of MoM is that it can be applied
only for interfaces separated by homogeneous media and for a
single frequency. Thus, to calculate a frequency response, the
MoM must be applied Nf times, where Nf is the number of
frequencies.

In comparison to a brute force MoM (direct LU inversion of
the impedance matrix of the interfaces), the major advantage of
the PILE method relies on its ability to calculate the echoes
scattered by each interface with both the multiple scattering
and the interlayer surface roughness accounted for. In this
paper, the PILE method is generalized to M rough interfaces
separated by homogeneous media. It is then applied to only
three interfaces to meet the requirements of the application. As
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Fig. 1. (Top) Electromagnetic wave scattering from a 1-D random rough
layer with two rough surfaces: representation of the first three scattered fields
or echoes ψsca,1, ψsca,2, and ψsca,3 for an incidence angle θinc �= 0. The
Cartesian coordinates of the transmitter are (x0, z0). (Bottom) Electromagnetic
wave scattering from 1-D three rough interfaces (pavement debonding): repre-
sentation of the first three scattered fields or echoes ψsca,1, ψD

sca,2, and ψD
sca,3

for an incidence angle θinc �= 0.

a result, the proposed method generalization of PILE (GPILE)
is expected to give further insight better understanding of the
scattering phenomena in the context of interlayer debonding
within pavement structures to draw some perspectives for the
detection.

Section II briefly summarizes the PILE method and general-
izes it to three (its generalization to M rough interfaces is ad-
dressed in the Appendix) rough interlayer interfaces. Section III
presents the parameters to be used for the application and some
numerical results for a single frequency. Section IV provides
the simulated GPR signal over realistic scenarios of interlayer
debonding within pavement structures. The sensitivity of the
GPR signal to the pavement debonding is also discussed. The
last section gives the concluding remarks.

II. GENERALIZATION OF THE PILE METHOD

The PILE method is able to compute the scattered field
from a 1-D random rough layer made up of two random rough
surfaces separating homogeneous media Ω1, Ω2, and Ω4 (2-D
problem, top of Fig. 1). An incident wave inside Ω1 impinges
upon the upper rough surface S1. Owing to the two surfaces,
multiple scattered fields back into Ω1 occur: not only the field
ψsca,1 scattered by the upper rough surface S1 (first echo) but
also the higher order scattered fields (or echoes) resulting from
the multiple reflections inside Ω2: ψsca,2, ψsca,3, and so on.
The application is the GPR for nondestructive pavement survey
[12], [13] by taking the roughness of the surfaces into account.

A means to geometrically feature the pavement debonding
(bottom of Fig. 1) is to add an interface above the lower sur-

face S3. The new problem considers the scattering from three
interfaces separating homogeneous media Ω1, Ω2, Ω3, and Ω4.
Then, as previously, in order to calculate the contribution of
each echo resulting from the multiple scattering both inside the
media Ω2 and Ω3, the PILE method must be generalized.

A. PILE Method

In this section, the PILE method is briefly presented from
[14]–[16]. It will be applied in Section IV to simulate the GPR
signal from a nondebonding layered material with two rough
interfaces only, as shown at the top of Fig. 1.

From the boundary integral equations, the surface currents
ψi and ∂ψi/∂n on each surface Si (i = {1, 3}) (top of Fig. 1)
must be determined. The normal derivative ∂ψi/∂n is defined
as ∂ψi/∂n = ni ·∇ψi, where ∇ = (∂/∂x, ∂/∂z) and ni =
(−γi, 1)/

√
1 + γ2

i the vector normal to the surface i, with
γi = dzi/dx as the slope of the surface i. From the MoM,
the boundary integral equations are discretized on each surface
of the scatterer, leading to the linear system Z̄X = b. The
unknown vector is then

X =

[
X1

X3

]
(1)

where the components of the vectors X1 and X3 are the
surface currents discretized on the surfaces S1 and S3, respec-
tively. They are written as

X1 =
[
ψ1(r1) . . . ψ1(rN1

) ∂ψ1(r1)
∂n . . .

∂ψ1(rN1)
∂n

]T
(2)

where rp∈[1;N1]
∈ S1 and

X3 =
[
ψ3(r1) . . . ψ3(rN3

) ∂ψ3(r1)
∂n . . .

∂ψ3(rN3
)

∂n

]T
(3)

where rp∈[1;N3]
∈ S3. The symbol T stands for the transpose

operator, and Ni is the number of samples on the surface Si.
Then, the length of the vector Xi is 2Ni.

The vector b of length 2(N1 +N3) is the incident field
discretized on the surface Si. It is defined as

b =

[
b1
b3

]
=

⎡
⎢⎣ψinc(r1) . . . ψinc (rN1

) 0 . . . 0︸ ︷︷ ︸
N1 times︸ ︷︷ ︸

bT
1 ,r∈S1

0 . . . 0︸ ︷︷ ︸
2N3 times︸ ︷︷ ︸
bT
3 ,r∈S3

⎤
⎥⎦
T

.

(4)

The impedance matrix Z̄ of size 2(N1 +N3)× 2(N1 +N3)
is expressed as

Z̄ =

[
Z̄1 Z̄31

Z̄13 Z̄3

]
. (5)

The impedance matrix Z̄i of size 2Ni × 2Ni is the
impedance matrix of a single surface i, where Ni is the number
of samples on the surface i. Moreover, matrices Z̄31 of size
2N1 × 2N3 (propagation from scatterer 3 to 1) and Z̄13 of size
2N3 × 2N1 (propagation from surfaces 1 to 3) are coupling
matrices between the two scatterers. The expressions of the el-
ements of matrices Z̄i and Z̄ij (i = {1, 3} and j = {1, 3} �= i)
can be found in [16].



4106 IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 53, NO. 7, JULY 2015

To solve efficiently the system Z̄X = b, the PILE method
has been developed [14]. It is based on the inversion by blocks
(decomposition of domains from the series Taylor expansion of
the inverse of the Schur complement) of the impedance matrix.
This leads to

X1 =

[
p=PPILE∑

p=0

M̄
p
c1

]
Z̄

−1
1 b1 =

p=PPILE∑
p=0

Y
(p)
1 (6)

in which {
Y

(0)
1 = Z̄

−1
1 b1 for p = 0

Y
(p)
1 = M̄ c1Y

(p−1)
1 for p > 0

(7)

M̄ c1 = Z̄
−1
1 Z̄31Z̄

−1
3 Z̄13. (8)

In addition, X3 = −Z̄
−1
3 Z̄13X1. We define the norm

‖M̄ c1‖ of a complex matrix by its spectral radius, i.e., the
modulus of the eigenvalue which has the highest modulus.
Expansion (6) is then valid if ‖M̄ c1‖ is strictly smaller than 1.
Equation (7) has a clear physical interpretation: The total
currents on scatterer 1 are the sum of the contributions Y

(p)
1

corresponding to successive iterations p. In other words, unlike
a pure MoM (inversion of the impedance matrix from a direct
LU algorithm), PILE can compute the scattered field inside
the medium Ω1 associated to the nth echo (ψsca,n in Fig. 1)

expressed from Y
(p)
1 .

B. Generalized PILE Method: GPILE

GPILE will be applied in Section IV to simulate the GPR
signal from a debonding layered material, according to the
scheme depicted at the bottom of Fig. 1. This scenario requires
us to generalize the PILE method to three rough interfaces. For
the sake of generality, the PILE method is generalized to M
rough interfaces in Appendix A, while this section presents the
case for M = 3.

From the boundary integral equations, the surface currents
ψi and ∂ψi/∂n on each surface Si (i = {1, 2, 3}) must be
determined. From the MoM, the boundary integral equations
are discretized on each surface of the scatterer, leading to the
linear system Z̄X = b. The unknown vector is then

X =

⎡
⎣X1

X2

X3

⎤
⎦ b =

⎡
⎣b1

0
0

⎤
⎦ (9)

and the impedance matrix Z̄ of size 2(N1 +N2 +N3)×
2(N1 +N2 +N3) is expressed as

Z̄ =

⎡
⎣ Z̄1 Z̄21 0̄
Z̄12 Z̄2 Z̄32

0̄ Z̄23 Z̄3

⎤
⎦ . (10)

In addition

Xi =
[
ψi(r1) . . . ψi(rNi

) ∂ψi(r1)
∂n . . .

∂ψi(rNi
)

∂n

]T
(11)

where rp∈[1;Ni]
∈ Si.

We can note that the coupling matrices Z̄31 and Z̄13 vanish
because there is no direct interaction between interfaces S1 and
S3. It is important to note that, if the surface S2 is replaced by
an object (closed surface), then the previous matrices do not
vanish because the object can interact both with the surfaces S1

(matrices Z̄21 and Z̄12) and S3 (matrices Z̄31 and Z̄13).
The addition of the interface S2 can modify the field ψsca,p

(p > 1) of each echo coming from the rough layer composed of
only two surfaces S1 and S3 (no debonding). Then, to quantify
this variation defined as ψD

sca,p − ψsca,p (superscript “D” for
debonding), the PILE method is generalized.

Comparing (5) and (10), (8) remains valid with the following
changes:

Z̄31 → P̄ 21 =
[
Z̄21 0

]
(2N1)×(2N2+2N3)

(12)

Z̄13 → P̄ 12 =

[
Z̄12

0

]
(2N2+2N3)×(2N1)

(13)

Z̄3 → P̄ =

[
Z̄2 Z̄32

Z̄23 Z̄3

]
(2N2+2N3)×(2N2+2N3)

(14)

and then{
M̄ c1=Z̄

−1
1 P̄ 21P̄

−1
P̄ 12=Z̄

−1
1 Z̄21P̄

−1
2 Z̄12

X2 = −P̄
−1
P̄ 12X1 = −P̄

−1
2 Z̄12X1

(15)

where P̄
−1
2 is a matrix of size 2N2 × 2N2 of elements equal

to the elements of the inverse matrix P̄ by taking only the first
2N2 rows and columns.

Then, from (15) and (7), we must compute
P̄

−1
2 Z̄12Y

(p−1)
1 = P̄

−1
2 v2, where v2 = Z̄12Y

(p−1)
1 . Then, the

use of the PILE method leads to

P̄
−1
2 Z̄12Y

(p−1)
1 =

q=QPILE∑
q=0

Y
(q)
2 (16)

in which ⎧⎪⎨
⎪⎩
Y

(0)
2 = Z̄

−1
2 v2 for q = 0

Y
(q)
2 = M̄ c2Y

(q−1)
2 for q > 0

M̄ c2 = Z̄
−1
2 Z̄32Z̄

−1
3 Z̄23

(17)

and X3 = −Z̄
−1
3 Z̄23X2.

In conclusion, the currents X1 are given by (6), in which
Y

(p)
1 is expressed for p > 0 as

Y
(p)
1 = Z̄

−1
1 Z̄21

q=QPILE∑
q=0

Y
(q)
2 . (18)

Thus, the main steps of the GPILE algorithm are the following.

1) The contribution of the first echo ψsca,1 is computed from

Z̄
−1
1 b1 = Y

(0)
1 , corresponding to the current at the zeroth

order (surfaces S2 and S3 do no interact) on the surface S1.
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2) On the surface S2, the currents at the zeroth order X(0)
2 =∑

q Y
(q)
2 , resulting from the multiple scattering inside Ω3,

are computed from (16) from v2 = Z̄12Y
(0)
1 .

3) On the surface S1, the currents at the first order Y
(1)
1 ,

resulting from the multiple scattering both inside Ω2 and
Ω3, are computed from (18) with

∑
q Y

(q)
2 = X

(0)
2 . It

gives the contribution of the second echo ψD
sca,2.

4) On the surface S2, the currents at the first order X(1)
2 =∑

q Y
(q)
2 , resulting from the multiple scattering inside Ω3,

are computed from (16) with v2 = Z̄12Y
(1)
1 .

5) On the surface S1, the currents at the second order Y (2)
1 ,

resulting from the multiple scattering both inside Ω2 and
Ω3, are computed from (18) with

∑
q Y

(q)
2 = X

(1)
2 . It

gives the contribution of the third echo ψD
sca,3.

6) And so on for the next orders.

The currents on the surface S3 at the order p are computed
from X

(p)
3 = −Z̄

−1
3 Z̄23X

(p)
2 .

Physically, the order PPILE corresponds to the number of
back-and-forth between S1 and S2 which contributes to the
scattering process. Typically, for an application to GPR for
nondestructive pavement survey, PPILE = 1 [13], which means
that only the first two echoes contribute (scenario at the top of
Fig. 1). The order QPILE corresponds to the number of back-
and-forth between S2 and S3 which contributes to the scattering
process. Its value will be determined.

GPILE is also able to calculate the contributions of all
echoes arising both from S1, S2, and S3. For example, the
sum of the ith primary (first interaction with the surface Si)
echo can be obtained for {PPILE = 0, QPILE = 0}, {PPILE =
1, QPILE = 0}, and {PPILE = 1, QPILE = 1}, respectively,
with i = {1, 2, 3}. By making the difference between them, the
contribution of each ith primary echo can be retrieved.

If the size of the matrix Z̄ defined by (10) does not exceed
11 000, a direct LU inversion can be applied to invert Z̄.
Then, the currents on S1 result from the multiple echoes, and
then, it is not possible to have the contribution of each echo.
This inversion will be used to determine the orders PPILE and
QPILE.

Another advantage of GPILE is that any fast method de-
veloped for a single interface can be applied to decrease the
computing time and/or the memory requirement. Here, this way
is not required because the number of unknowns 2(N1 +N2 +
N3) does not exceed 11 000.

Appendix A presents the generalization of PILE to M inter-
faces separating homogeneous media.

III. NUMERICAL RESULTS FOR A SINGLE FREQUENCY

The simulation parameters are chosen to match to the con-
ventional GPR configuration used for pavement survey at traffic
speed (e.g., [17] and [18]), i.e., air-coupled radar configuration
at vertical incidence (nadir, θinc = 0 in Fig. 1). It is assumed
that the scope of the probing is limited to the first two layers of
the multilayer pavement structure. For no debonding pavement,

TABLE I
VALUES OF THE PERMITTIVITIES, CONDUCTIVITIES, THICKNESSES,

HEIGHT SURFACE RMSs, SURFACE HEIGHT CORRELATION LENGTHS,
SURFACE LENGTHS, ANTENNA PARAMETERS, AND NUMBER OF POINTS

PER WAVELENGTH λ0 = c/f (DEFINED IN VACUUM) ON EACH SURFACE

this corresponds to the two rough surfaces represented at the
top of Fig. 1.

The pavement under study is structured into two overlying
layers, i.e., the wearing course Ω2 with mean thickness H13 =
60 mm and the base layer Ω4 which is assumed to be semi-
infinite in depth. Both layers are assumed to be equivalent to
homogeneous media at normal incidence and over the GPR
frequency bandwidth. Their relative permittivities εr,i (i =
{2, 4}) typically range between 4 and 8, and their conductivities
σ are between 10−3 and 10−2 S/m. To simulate a debonding
within the pavement structure, the rough interface S2 is inserted
between S1 and S3; the permittivity of the medium Ω3 is chosen
to be lower than that of Ω2. The parameter values are reported
in Table I.

Then, by considering nondispersive media, the complex rel-
ative permittivity εr,i(f) of the medium Ωi (i ∈ {2, 3, 4}) can
be calculated as

εr,i(f) = εr,i + j
σi

2πf ε0
(19)

with ε0 = 1/(36π109) F/m as the permittivity inside the vac-
uum. The medium Ω1 is assumed to be vacuum.

The three rough interfaces S1, S2, and S3 are assumed to
have a Gaussian height probability density function. Surfaces
S1 and S3 are considered as uncorrelated, while surfaces S2

and S3 are correlated. About the surface height autocorrelation
function (ACF), some studies [19], [20] showed that it is
closer to an exponential function than a Gaussian one. Then,
it is interesting to look at the influence of the choice of the
correlation on the scattered field. Gaussian and exponential
ACFs are defined as⎧⎨

⎩Cz(x) = σ2
z exp

(
− x2

L2
c

)
Cz(x) = σ2

z exp
(
− |x|

Lc

) (20)

and the corresponding spectra (or power density function),
defined as the Fourier transform of Cz , are⎧⎨

⎩Ĉz(k) = σ2
zLc

√
π exp

(
−k2L2

c

4

)
Ĉz(k) =

2σ2
zLc

1+k2L2
c

(21)

where Lc is the surface height correlation length and σz is
the surface root-mean-square (rms) height. The random surface
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Fig. 2. Surface heights versus their abscissa for the Gaussian (top) and
exponential (bottom) ACFs. The values Lc,i and σz,i (i = {1, 2, 3}) are
reported in Table I. (a) Gaussian ACF. (b) Exponential ACF.

profiles are generated from the method of chapter 1 of [16]. For
the three surfaces i = {1, 2, 3}, the values of Lc,i and σz,i are
reported in Table I.

In what follows, the symbol ˆ means that the variable is
expressed in the frequency domain.

Fig. 2 plots the surface heights versus their abscissa for
the Gaussian (top) and exponential (bottom) ACFs. As we
can see, surfaces with an exponential ACF are more irregular
than those obtained with a Gaussian ACF due to the high-
frequency components, which contribute, unlike for a Gaussian
ACF (see (21) for kLc > 1). In this paper, we consider only one
realization of the surfaces.

The antenna is assumed to radiate a vertically polarized plane
wave in the far field of the probed pavement: the antenna is
about 470 mm (phase center) above the upper surface S1, for
which the far-field condition has been checked for the antenna
(not for the scattered field because the upper surface length is
much larger than the size of the antenna). The angular width
(at −3 dB, θ0) of the antenna depends on the frequency and
is ranged from 45◦ to 90◦. Here, we use θ0 = 60◦, and it is
assumed to be a constant. The Thorsos beam is used to model

the incident field radiated by the antenna. It is a tapered plane
wave, whose tapering has a Gaussian shape; the tapering is
used to reduce the incident field to near zero at the ends of
the surfaces and thereby to reduce edge effects to negligible
levels. For a normal (θinc = 0) incident wave, on the surface,
its modulus is equal to e−x2

1/g
2

(x1 abscissa of the surface S1

centered on zero), where g controls the attenuation on the sur-
face. Then, from θ0, the surface length L0 = 2z0 tan(θ0/2) =
0.39 m, for which the incident power at the extremities of the
surface is −3 dB. Then, g = L0

√
20/(3 ln 10) = 0.66 m. To

reduce the edge effects, the lengths of the three surfaces are
then Li = 3 m ≈ 5 g. The MoM with a classical LU inversion
(it is similar to considering an infinite number of echoes) is used
to check the convergence of GPILE.

Fig. 3 plots the modulus of the scattered field in decibel
scale, 20 log10 |ψ̂sca|, versus the observation abscissa xobs ∈
[−L1/2;L1/2] and for an observation height zobs = z0 =
470 mm. The frequency is f = f0 = 4 GHz, the surfaces have
a Gaussian ACF, and QPILE = 4. The number of points ni

(i = {1, 2, 3}) per wavelength λ0 = c/f = 7.5 cm (c ≈ 3×
108 m/s) is reported in Table I. Then, the number of unknowns
is 4800. In the legend, the number is the relative residual
error (RRE), ε̂sca,PPILE

at the order PPILE, between the scat-
tered field ψ̂sca computed from the selected method (PILE or
GPILE) and that computed from a direct LU inversion ψ̂sca,LU

(by considering the pavement debonding), defined as

ε̂sca,PPILE
=

norm
(
ψ̂sca,PPILE

− ψ̂sca,LU

)
norm

(
ψ̂sca,LU

) (22)

where norm is the L2 norm, computed over xobs ∈
[−L1/2;L1/2]. For PILE (no pavement debonding), the order
PPILE is given in the legend of the panels, and for GPILE
(pavement debonding), the orders PPILE and QPILE are given
in the legend of the panels (PPILE/QPILE).

As we can see in Fig. 3(a), the incident field on the surface
decreases as |x1| increases to avoid the edge diffraction phe-
nomenon. In Fig. 3(b), PILE and GPILE at the order PPILE =
0 compute the field scattered by the only upper surface S1

(echo 1), which explains why the scattered fields are equal.
In Fig. 3(c) for PPILE = 1, the scattered fields differ because,
for PILE, the surfaces S1 interact only with S2, whereas for
GPILE, the surfaces S1 interact with S3 via S2. Then, the pave-
ment debonding modified the scattered field. In Fig. 3(d), the
scattered field computed from a direct LU inversion (all echoes)
matches that obtained from GPILE, which means that only
the first three (PPILE + 1) echoes contribute to the scattering
process.

Fig. 4 plots the ratio |ψ̂sca,GPILE/ψ̂sca,LU| in decibel scale
(difference |ψ̂sca,GPILE|dB − |ψ̂sca,LU|dB) versus the obser-
vation abscissa xobs ∈ [−L1/2;L1/2] and for an observa-
tion height zobs = z0 = 470 mm. The frequency is f = f0 =
4 GHz, and the surfaces have a Gaussian ACF. The order
PPILE = 2 (first three echoes), and QPILE varies. As QPILE in-
creases, the mean ratio decreases, and for QPILE = 3, the con-
vergence is reached. Then, QPILE = 3, which means that three
back-and-forth between the surfaces S2 and S3 are required.
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Fig. 3. (a) Modulus of the incident field on the surface in decibel scale (20 log10 |ψ̂inc|) versus the surface abscissa x1 of S1. (b)–(d) Modulus of the scattered
field in decibel scale (20 log10 |ψ̂sca|) versus the observation abscissa xobs ∈ [−L/2;L/2] and for an observation height zobs = z0 = 470 mm. The frequency
is f = f0 = 4 GHz, the surfaces have a Gaussian ACF, and QPILE = 4.

Fig. 4. Ratio |ψ̂sca,GPILE/ψ̂sca,LU| in decibel scale (difference

|ψ̂sca,GPILE|dB − |ψ̂sca,LU|dB) versus the observation abscissa xobs ∈
[−L1/2;L1/2] and for an observation height zobs = z0 = 470 mm. The
frequency is f = f0 = 4 GHz, and the surfaces have a Gaussian ACF. The
order PPILE = 2 (first three echoes), and QPILE varies.

In the next section, the reception antenna is located at xobs =
x0 + 20 = 20 cm, and its height is zobs = z0. Then, with
PPILE = 3 and QPILE = 3, the error with LU does not exceed
0.1 dB.

Fig. 5 plots the same variations as in Fig. 3(d), but the three
surfaces are uncorrelated, and H12 = 45 mm (the thickness is

Fig. 5. Same variations as in Fig. 3(d) but the three surfaces are uncorrelated
and H12 = 45 mm.

smaller to avoid the intersection of the surface S2 with S3).
Fig. 6 plots the same variations as in Fig. 3(d), but the three
surfaces have an exponential ACF. Figs. 5 and 6 show a very
good agreement between GPILE and LU. Other simulations,
not plotted here, also showed that the GPILE results matched
with those of LU whatever the surface correlation lengths and
the rms heights.



4110 IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 53, NO. 7, JULY 2015

Fig. 6. Same variations as in Fig. 3(d) but the three surfaces have an expo-
nential ACF.

Fig. 7. (a) Signal versus the time t. (b) Its Fourier transform versus the
frequency f .

IV. GPR DATA SIMULATION

In this section, the PILE and GPILE methods are used
to provide simulated GPR data on healthy and debonding
pavement structures, respectively, according to the scheme
depicted in Fig. 1. To compute the GPR response, either PILE
or GPILE is performed on the Nf equally spaced frequencies
covering the GPR bandwidth. The number of points ni (i =
{1, 2, 3}) per wavelength λ0,min = 3.34 cm (c ≈ 3× 108 m/s)
on the surface Si is reported in Table I. Then, the total number
of unknowns is 10 788. For a given frequency, the computing
time for GPILE is on the order of 60 s.

In this paper, the realistic GPR pulse shown in Fig. 7 s(t)
is considered as an input. Also, this figure plots its Fourier
transform ŝ(f), which is required to determine the amplitude
of the incident field for a given frequency to run the GPILE
method. The number of time samples of s is Ns = 1281, and
the time t ∈ [−0.5279; 0.5279] ns. To have a better resolution
in the frequency domain, the zero-padding technique is applied

to increase Ns to 215 = 32 768. Then, the sampling step in the
frequency domain is Δf = 0.037 GHz. As shown in Fig. 7(b),
the signal is Hermitian, i.e., ŝ(−f)∗ = ŝ(f), where the symbol
∗ stands for the complex conjugate.

For the computation of the scattered field, only the positive
frequencies for which |ŝ(f)| ≥ 10−3 are selected. Then, Nf =
244 with fmin = 0.0370 GHz and fmax = 8.991 GHz. For
|f | �∈ [fmin; fmax], the scattered field ψ̂sca is set to zero. In
addition, for the negative frequencies, ψ̂sca(−f) = ψ̂sca(f)

∗.
Then, from an IFFT, the corresponding time signal ψsca of the
scattered field is computed.

Fig. 8 plots the frequency responses |ŝsca| of the modulus
of the scattered field versus the frequency f . zobs = z0 =
470 mm, xobs = 20 cm, and the surfaces have a Gaussian ACF.
For Fig. 8(b)–(d), the RRE defined from (22) is given between
parenthesis. Fig. 8(a) shows that the scattered field is strongly
modified in comparison to the input signal, and a very good
agreement is obtained between LU (all echoes) and GPILE
(first three echoes; see also Fig. 8(d) for the RRE). Fig. 8(b)
shows that PILE and GPILE give the same results because
the incident wave interacts only with the upper surface S1.
On the other hand, in Fig. 8(c), the results differ strongly be-
cause the incident wave interacts with S1 and S2 (no pavement
debonding) for PILE, whereas the incident wave interacts with
S1 and S3 via S2 for GPILE.

Fig. 9(a) plots the time responses ssca of the scattered field.
The parameters are the same as in Fig. 8. The time origin t0 is
defined as the first maximum of s(t), i.e., first positive break of
the signal. For the no debonding case and smooth interfaces, the
first, second, and third echoes arise from the times t1, t2, and t3
defined as ⎧⎪⎨

⎪⎩
t1 = t0 + 2(z0 + zobs)/c

t2 = t1 + 2H13Re(
√
εr,2)/c

t3 = t2 + 2H13Re(
√
εr,2)/c.

(23)

As shown in Fig. 1, for the debonding case, it is important to
note that the second and third echoes result from the scattering
from the interface S2 and the multiple scattering inside Ω3,
implying that the echoes are received over a larger range time.
Assuming that only one back-and-forth (QPILE ≈ 1 from Fig. 4
at xobs = 20 cm) contributes in the medium Ω3, the first three
echoes are (superscript “D” for debonding)⎧⎪⎨

⎪⎩
tD1 = t1

ΔtD2 ∈
[
tD2 = t1 + τ1; t20 = tD2 + τ2

]
ΔtD3 ∈

[
tD3 = t20 + τ1; t30 = tD2 + τ2

] (24)

where τ1=2H12Re(
√
εr,2)/c and τ2=2(H13−

H12)Re(
√
εr,3)/c.

Fig. 9(b)–(d) plots the time responses ssca of the scattered
field of the first, second, and third echoes, respectively. In
addition, for Fig. 9(b), the time response of a smooth surface
a1 ∗ s(t− t1) is plotted, where a1 is obtained from the Fresnel
reflexion coefficient. Fig. 10 plots the envelop (defined as the
magnitude of the Hilbert transform; it enables us to distinguish
the energy peaks associated to each contribution) of the time
responses ssca of the scattered field of the first, second, and
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Fig. 8. Frequency responses |ŝsca| of the modulus of the scattered field. PPILE = 3, zobs = z0 = 470 mm, xobs = 20 cm, and the surfaces have a Gaussian
ACF. (a) All echoes. (b) Echoes 1–1. (c) Echoes 1–2. (d) Echoes 1–3.

Fig. 9. (a) Time response ssca of the scattered field. (b) Time response of the first echo. (c) Time response of the second echo. (d) Time response of the third
echo. The parameters are the same as in Fig. 8.

third echoes, respectively, but only for GPILE and comparison
between rough and smooth interfaces. The simulation parame-
ters are the same as in Fig. 9.

As we can see in Fig. 9(a) and (b), the first echo is strongly
correlated to the input signal, whereas for the second and third
echoes, the input signal is strongly modified. As the order
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PPILE increases, the amplitude of the echoes decreases signif-
icantly (approximately divided by 10 between two successive
echoes). The times given from (23) and (24) are in agreement
with the observations.

In Fig. 9(c), for the second echo, PILE shows the influence
of the interlayer roughness only, i.e., S3, while GPILE takes
account for the multiple interactions between the interfaces
S2 and S3. From the PILE results, the roughness produces
a larger time duration of the echo [see also Fig. 10(b)],
about twice the initial time duration of the transmitter pulse
at least. Moreover, the echo exhibits three energy peaks.
The first magnitude peak over the time range [3.6; 4.1] ns
represents the leading part of the transmitter pulse, which
is shifted in time as it would be from a smooth inter-
face. The roughness produces a second overlapping energy
peak over the range time [4.1; 4.4] ns; this echo is then
scattered two times between the interfaces S1 and S3 to
provide the energy peak on the time range [4.4; 4.8] ns.
For the debonding case, the second echo has the same overall
shape as that for the nondebonding case. However, the echo
is shifted at earlier time because of the smaller thickness (the
debonding is located above the interface S3) of the first layer.
The amplitude of the echo is enhanced because of the construc-
tive interferences between the scattered field by both interfaces
S2 and S3 for the selected debonding thickness. In addition,
the echo is spread over a larger time duration compared to the
nondebonding case.

In Fig. 9(d), for the third echo as for the second echo in
Fig. 9(c), GPILE provides a stronger amplitude because of the
constructive interferences between the echo scattered by the
interfaces S2 and S3. The multiple scattering strongly modified
the signal shape of the initial transmitter pulse. In Fig. 10(c),
two magnitude peaks are shown over the time ranges [4.4; 5]
and [5.1; 5.6] ns, respectively. The relative magnitude of the
second peak with respect to the first one would depend on both
the dielectric contrast between the interfaces and the interface
roughness [see also Fig. 10(c)].

Fig. 10 clearly shows that the roughness produces degen-
erated (main echoes are divided into subechoes) echoes and
increases the time duration of the echoes.

Fig. 11 plots the frequency responses ŝsca of the scattered
field computed from GPILE. The parameters are the same as in
Fig. 8, and the results obtained from an exponential ACF are
also plotted. In the legend, they are labeled by the letter “E”,
whereas the results for a Gaussian ACF are labeled by the letter
“G.” Fig. 11(b)–(d) plots the frequency responses of each echo.
Fig. 12 plots the corresponding time responses ssca.

Fig. 12(b) and (c) shows that the first two echoes are less
sensitive to the ACF, unlike the third echo plotted in Fig. 12(d).
In addition, for lower frequencies, the results are independent
of the ACF because the surfaces can be considered as smooth.
In comparison to a Gaussian ACF, the levels of the second
and third echoes are smaller because the EM field is scattered
within a larger beamwidth than that obtained with a Gaussian
ACF. Indeed, with an exponential ACF, the surfaces are more
irregular due to their high-frequency components. Fig. 12(c)
and (d) also shows that the positions of the extrema do not move
significantly with the ACF.

Fig. 10. Envelop (defined as the magnitude of the Hilbert transform) of the
time responses ssca of the scattered field of the first, second, and third echoes,
respectively, but only for GPILE and comparison between rough and smooth
interfaces. The same parameters as is Fig. 9.

V. CONCLUSION

In this paper, the GPILE method has been developed to
rigorously solve the EM scattering by a stratified medium
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Fig. 11. Frequency responses ŝsca of the scattered field computed from GPILE. The parameters are the same as in Fig. 8, and the results obtained from an
exponential ACF are also plotted.

Fig. 12. Time responses ssca of the scattered field computed from GPILE. The parameters are the same as in Fig. 8, and the results obtained from an exponential
ACF are also plotted.

with three random rough interfaces separating homogeneous
media. It has been applied to simulate the GPR signal over
deteriorated pavement structures with embedded interlayer
debonding. As a reference, PILE has been used to sim-
ulate the GPR signal over the healthy pavement structure

with two rough interfaces only. The comparison between
both methods has shown that the GPR signal is sensitive
to the embedded debonding (λmax/4 in thickness) in terms
of signal time spread and amplitude variations. Nevertheless,
extended simulation with various parameters is required to
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test some data processing techniques and to draw some strat-
egy for the detection of the debonding within the pavement
structure.

APPENDIX A
GENERALIZATION OF THE PILE METHOD

TO M INTERFACES

This appendix presents the generalization of the PILE
method to M rough interfaces separating homogeneous media.

From the boundary integral equations, the surface currents ψi

and ∂ψi/∂n on each surface Si (i = {1, 2, . . . ,M}) must be
determined. From the MoM, the boundary integral equations
are discretized on each surface of the scatterer, leading to the
linear system Z̄X = b. The unknown vector is then

X =

⎡
⎢⎢⎢⎣

X1

X2

...
XM

⎤
⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎣
b1
0
...
0

⎤
⎥⎥⎥⎦ (A1)

and the impedance matrix Z̄ of size 4(
∑M

i=1 Ni)
2 is ex-

pressed as

Z̄=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Z̄1 Z̄21 0̄ 0̄ · · · 0̄ 0̄
Z̄12 Z̄2 Z̄32 0 · · · 0̄ 0̄
0̄ Z̄23 Z̄3 Z̄43 · · · 0̄ 0̄
0̄ 0̄ Z̄34 Z̄4 · · · 0̄ 0̄
...

...
...

...
...

...
...

0̄ 0̄ · · · 0̄ Z̄M−2,M−1 Z̄M−1 Z̄M,M−1

0̄ 0̄ · · · 0̄ 0̄ Z̄M−1,M Z̄M

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(A2)

In addition

Xi =
[
ψi(r1) . . . ψi(rNi

) ∂ψi(r1)
∂n . . .

∂ψi(rNi
)

∂n

]T
(A3)

where rp∈[1;Ni]
∈ Si.

We can note that the coupling matrices Z̄i+2,i and Z̄i,i+2

vanish because there is no direct interaction between interfaces
Si and Si+2 (i+ 2 ≤ M ).

From (18), the surface currents at the order pi on the interface
i are expressed as

Y
(pi)
i = Z̄

−1
i Z̄i+i,i

Pi+1∑
pi+1=0

Y
(pi+1)
i+1 (A4)

where{
Y

(0)
i+1 = Z̄

−1
i+1Z̄i,i+1Y

(pi−1)
i for pi+1 = 0

Y
(pi+1)
i+1 = M̄ c,i+1Y

(pi+1−1)
i+1 for pi+1 > 0

(A5)

M̄ c,i+1 = Z̄
−1
i+1Z̄i+2,i+1Z̄

−1
i+2Z̄i+1,i+2i ∈ [0;M − 2].

(A6)

Equation (A4) computes the currents Y (pi)
i from the currents

Y
(pi+1)
i+1 defined on the interface i+ 1 and at the order pi+1.

The order Pi+1 corresponds to the number of back-and-forth
between the interfaces Si and Si+1 which contribute to the
scattering process.

To initialize the algorithm, the surface currents Y
(0)
i on the

surface i ∈ [1;M − 1] at the zeroth order must be determined.
They are expressed as{

Y
(0)
1 = Z̄

−1
1 b1 for i = 1

Y
(0)
i+1 = Z̄

−1
i+1Z̄i,i+1Y

(0)
i for i > 1.

(A7)

To start the process, first, the surface currents {Y (0)
M−1,

Y
(1)
M−1, . . . ,Y

(PM−1)
M−1 } on the interface M − 1 are computed

from Y
(0)
M−2. Second, from these surface currents, the surface

currents on the interface M − 1 at the higher orders up to PM−2

are computed. These operations are repeated up to interface 1.
Then, the total surface currents on interface 1 are

X1 =

p=P1∑
p1=0

Y
(p1)
1 . (A8)

In addition, the surface currents Xi+1 on the interface i+ 1
are related to the surface Xi on the interface i via

Xi+1 = −Z̄
−1
i+1Z̄i+1,iXi. (A9)
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