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Spatial Green Function of a Constant Medium
Overlying a Duct With Linear-Square Refractive
Index Profile

Christophe Bourlier and Nicolas Pinel

Abstract—For a two-dimensional problem, this paper presents
the evaluation of the spatial Green function of environments made
up of a constant medium overlying a duct having a linear-square
refractive index profile. This function must be determined to deal
with the more general problem of scattering from a rough sea sur-
face in the presence of a duct. Indeed, knowing the spatial Green
function, the sea surface roughness effect can be taken into account
rigorously in the calculation of the scattered field by solving the in-
tegral equations on the rough surface. Assuming a slowly-varying
refractive index profile, by using the method of steepest descents,
closed-form expressions of the spatial Green function in different
regions (illuminated and shadowed) are derived. In addition, they
are compared with that obtained from the parabolic wave equa-
tion.

Index Terms—Ducting environments, Green function, inhomo-
geneous media, parabolic wave equation, saddle point technique.

I. INTRODUCTION

N the past decades, researchers in the areas of applied elec-

tromagnetics and underwater acoustics developed rigorous
and asymptotic models for mathematically describing the wave
propagation over rough surfaces as well as the scattering of
these waves by such surfaces. These studies also investigated
the combined effects of atmospheric conditions (ducting condi-
tions) and surface roughness on the propagation and scattering
problem. To solve this issue, two main methods are available in
the literature: the well-known parabolic wave equation (PWE)
method [1] and the boundary integral equation (BIE) method
(2]-[4].

Under the conditions of predominant forward propagation
and scattering, i.e., when the rough surface is gently undulating
and the angles of propagation and scattering are grazing, the
PWE approximation gives satisfactory results. For a complete
review of this method, see the textbook of M. Levy [1] and
the references therein. The great advantage of the PWE method
is that it can deal with most real-life inhomogeneous environ-
ments. Its main drawback is the underlying paraxial approxima-
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tion leading to an approximation of the propagator (that is, the
Green function).

By contrast, the BIE method, which is based on the Helmholtz
wave equation, rigorously calculates all the surface field inter-
actions. If the Green function is known in an appropriate (spa-
tial or spectral) domain, an integral equation can be written for
the induced currents on a rough surface. These currents are then
used in radiation integrals involving the appropriate propaga-
tors to calculate the scattered field at a point above the surface.
The advantage of the BIE method is that it is a rigorous method,
but its main drawback is that the Green function (propagator) is
known only for a small class of refractive index profiles [5], [6].
That is why, when the BIE method is applied [2], the propagator
is usually derived under the PWE approximation.

More recently, for an half-space having a linear square refrac-
tive index profile (n?(z) = 1 — ez, with 0 < ¢ < 1 and the
height =z > (), meaning that the transmitter and receiver heights
check zr > 0 and zr > 0, respectively), Awadallah and Brown
[3], [4] derived a more rigorous Green function used to calculate
the currents on a perfectly-conducting rough surface from the
BIE method. For this specific case and in the spectral domain,
the exact Green function is expressed in terms of Airy func-
tions. But, in the spatial domain, its inverse Fourier transform
is not numerically tractable, since the involved integrals are dif-
ficult to evaluate even numerically, due to the oscillatory na-
ture of the integrands. Consequently, an approximate solution,
which is valid in the frequency range of interest (i.e., the mi-
crowave range), is obtained asymptotically by using the method
of SD (Steepest Descents) [3], [6], [7] combined with the WKB
(Wentzel-Kramers-Brillouin) [6] approximation. The latter is
valid for a slowly-varying refractive index profile. Then, the
method presented in [3] allows us to validate algorithms based
on the PWE. For practical applications, the condition zr > 0
and zr > 0 is not met because it corresponds to an environment
having a refractive index n lower than one, since n?(z) = 1—¢ez
with e > 0.

In many physical ducting environments, the refractive index
profile decreases with increasing height up to a given altitude,
and eventually reaches a constant value. The purpose of this
paper is to derive the spatial Green function of such environ-
ments by using the method presented in [8], [9]. It is important
to note that in the case z < (), the derivation of the spatial Green
function strongly differs from the case z > 0 (presented in [3],
[4] for the special case of a space having a linear square refrac-
tive index profile for all ). In addition, this function is compared
with that obtained under the PWE.
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Fig. 1. Illustration of the different cases for the calculation of the Green func-

tion, with (-, zr) the coordinates of the transmitter and (' r, zr ) those of the

receiver. Case 1: zt > h and zg > h. Case 2: 2t > h and zg < h. Case 3:
T < h and zg > h. Case 4: - T<hand *r < h.
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Fig. 2. Profile of the square refractive index n?(z).

Section II presents the spectral Green function for a homo-
geneous medium overlying a duct with linear-square refrac-
tive index profile, whereas in Section III, an evaluation of the
corresponding spatial Green function is addressed. Moreover,
Section III presents numerical results and a comparison with the
PWE. The last section gives concluding remarks.

II. SPECTRAL GREEN FUNCTION

Let us consider a two-dimensional space @ = €3 U 25 (see
Figs. 1 and 2) made up of a homogeneous medium €2; (defined
for z > h) of constant refractive index 77 over an inhomoge-
neous one {2y (defined for z < h, duct), with a linear-square
refractive index profile defined by n?(z) = n?3 — £'(z — h),
with & > 0. b > 0 denotes the duct height. Inside 2o, for
2z =0,n%(0) = n? + &’h > n3 (since &’ > 0 and h > 0) and
n(h) = n1. We define in 1 the wavenumber &1 = kgny, where
ko is the wavenumber in free space. In addition, ¢ = &’/n7 such
thatin Q2, n?(z) = n}[l —e(z — h)]. Thus, in 5, the refractive
index is n(z) = n1y/1 —e(z — h) = /1 +e(h —

Awadallah and Brown [3], [4] assumed that n?(2') = n? —
ez',Vz' (ny = 1) and studied the special case 2’ > 0. It is then
equivalent to consider the case 2’ = 2 — h > 0 & z > A,
for which the transmitter and the receiver are in €2, of refrac-
tive index shows in dashed straight line in Fig. 2. For practical
applications, the transmitter can be located inside the duct, for
which the refractive index is greater than one. It is then relevant
to study this case.
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A. General Case

In this section, we consider the general case: the source (trans-
mitter) can be either in medium §; (¢ = {1,2}) or in medium
Q; (j = {1,2} # ¢) orasource can be located on each medium.
In addition, zT and zg are the transmitter and receiver heights,
respectively.

In £2;, the spectral Green function can be written as

Gi = 0y + Ajb; (D
where the functions 4; and @; depend on (k. =
kysinf, zg, z1), whereas A; depends on (ki.,h,z1). The
term A; can be physically interpreted as a reflection or
transmission coefficient and it will be computed from the
boundary conditions applied at z = h. In the spectral domain,
the two independent functions f = {i;,0;} (eigen functions)
satisfy the propagation equation 92 f + [k2n2(z) — k2,]f = 0,
where 92 = 9?/9z%. The function #; is a downgoing wave
coming from z = +oo whereas ¥; is an upgoing wave coming
from z = —oc.

To determine A;, the boundary conditions at the interface z =
h are applied. Assuming that n(h4 ) = n(h_) (continuity of the
refractive index at z = h), they state VzT and at z = h that

g1=292. 0:91=0:92. 2
Thus, for z = h, we obtain
A= s, )
Ao = s =,
where the Wronskian w;; is defined as
Wiy = ﬁzdzﬁj — ’lAl,iaz’lA)j (4)

in which 9, = 8/0z.

B. Cases 1 and 2: Transmitter Outside the duct (z1 > h)

For z1 > h (cases 1 or 2 in Fig. 1, corresponding to the trans-
mitter outside the duct), in the spectral domain, the functions u;
and v; are expressed as [6], [8]

jedkizleT —oml

U 1(klm~ZR 7T) = BT
. jedtiz(=T+eR)
01(k12; 2R, 2T) = 72k1z (5)
AQ(]UT:?’R Zr) =
Oo(k12; 2R, 27) = w1(k1s; 2r) = w1(tR)

in which ¢ is expressed as

tR:t‘i‘ZRI_;h: o= 1L
() (©)

t=H? (ki — ki) = —Hk3, = — (k1)§ cos?

It can be noted that k1, = k1 cos @, and s> = 0 because there
is no source in medium {25 as zr > h. In addition, 02(¢) =
wi(t) = w(t) + jo(t) satisfies ¥2(—oc) = 0. The functions «
and v are defined as v(t) = /mAi(t) and u(t) = /7 Bi(t), in
which Ai and Bi are the Airy functions.
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From (3), the reflection R = A; and transmission 7 = Ag
coefficients at the interface between £2; and {2y are given by

R = i_}_a 67]2k14h
P
T et (zp—h) (7
T okiwi (B)(14w)

with

FITIUA t
o= 29l ®)
AV *t'wl (t)
and 8,,tg = 1/H from (6).
For zp > h, from (5) and (7), the total Green function is then

J Jkiz|zT —2R|
2k, |:6
g(k1s; 2R, 2T) = +i2e

Juy (£ )ed K1z (FT =)
ki.wi(8)(14+a)

eikiz(zT+2r— 2h)i| zn > h .

zr < h
)

For zr > h, it can be noted that the term 24 — z1 inside the
second exponential function equals the height of the transmitter
image with respect to z = h.

C. Cases 3 and 4: Transmitter Inside the Duct Qs (z7 < h)

For zt < h (cases 3 or 4 in Fig. 1, corresponding to the
transmitter inside the duct), in the spectral domain, the functions
u; and v; are expressed as [6], [8]

41 (k1g; 2R, 27) = 0
jeik1z®
d1(kies 2r, 27) = L — (10)
'IAQ(k]_$;ZR./ T) le(f )’U(t+)
V(k1a; 2R, 21) = Hwi(t )wi(ty)
in which ¢t; = max(¢r,tr), t- = min(ir, fr) and t1 has the

same expression as t; except z replaces zr . It can be noted that

%1 = 0 because there is no source in medium €27 as zt < h.
From (3), the reflection R = A, and transmission 7 = A,

coefficients at the interface between £2, and 2; are given by

R VO OVE
Wl (0 er (O
_ 2e7M L2y (H))
T = Smrer

(11)

where wj(t)v(t) — wi(t)v'(t) = 1 since the Wronskrian
w'(H)v(t) — u(t)v'(t) = 1.
For zr < h, from (10) and (11), the total Green function is

then
jwl(trlv)eﬂch(ZR_h)
kizw (t)(1+a)
Hu () [o(t)
' () —go(t)/—1
A )] <
(12)

For zzx > h, (12) is the same as (9) obtained for zg < h
by substituting zg for z1, which is in agreement with the reci-
procity principle.

ZRZh

Ej(l/‘/law ZR, ZT) =
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III. EVALUATION OF THE SPATIAL GREEN FUNCTION

A. Definition
The 2D spatial Green function can be defined from the 2D
spectral Green function as
400
9(X;zr,217) = % / G(k1y; 2R, 27)e? ¥ N dEy,

— 20

(13)

where §(k1.; zr, zT) is the spectral Green function derived in
the previous section. In addition, X = xg — =1 equals the
abscissa difference between the receiver and the transmitter.

The inverse Fourier transform (13) is not numerically
tractable, since the involved integral is difficult to evaluate
even numerically, due to the strongly oscillatory nature of the
integrand in the frequency range of interest (high frequencies).
Consequently, an approximate solution, which is valid in the
frequency range of interest (i.e., the microwave range), is
obtained asymptotically by using the method of SD (steepest
descents).

For an half-space having a linear square refractive index pro-
file (n?(z) = 1 — ez, with 0 < ¢ < 1 and the height z > 0,
meaning that the transmitter and receiver heights satisfy zp > 0
and zg > 0, respectively), Awadallah and Brown [3], [4] de-
rived (13) by using the method of SD (Steepest Descents) [6],
[7] combined with the WKB (Wentzel-Kramers-Brillouin) [6]
approximation. The latter is valid for a slowly-varying refrac-
tive index profile. Moreover, for practical applications, the case
zr > 0 and zg > 0 is not met because it corresponds to a re-
fractive index lower than one since n”(z ) =1—cez withe > 0.
It is important to note that for the case n%(z) > 1, the deriva-
tion of the spatial Green function strongly differs from the case
12(2) < 1 (presented in [3], [4] for the special case of a space
having a linear square refractive index profile for all z).

Then, in this paper, an approximate solution of (13) is ob-
tained from the works published by Fock [8] and Kukushkin

[9].

B. Green Function for zr < h: Transmitter Inside the Duct

1) Green Function for zp < h: Receiver Inside the Duct:
For zr < h (case 4 of Fig. 1), the spectral Green function is
expressed from (12). From (6), {¢, tg, ¢t} are real. In (12), this
implies that the functions v and « take real values and then,
wi = u — jv = wsy since w1 = u + jv. Equation (12) is then
expressed from {wq, w2} as
1H“n<27> [waft — v

wh(t) — q(t)wa(1)

@m0
where vy = [h — min{zg,27)]/H > 0, v = [h —
max(zg, 27)]/H > 0 and q(t) = 5/~ = j(k1/e)'/? cos¥.
The spectral Green function [8] (chapter 12) is then the same
as that of a dipole above a circular highly-conducting surface
of radius 7, which is much greater than the wavelength A\;
(kiro > 1). In this case, ¢ = j(k17r0/2)"/3/no, in which
ng 1s the refractive index of the surface, which is a constant.
Thus, the duct problem is equivalent to take this case by taking

(]/11T7’7R7’7T)
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cosf = 1/ng and ¢ = 2/ry <« 1. For a highly-conducting
surface, the refractive index modulus |ng| > 1, which cor-
responds to |cosf| — 0. Here, it is important to note that ¢
depends on # whereas in [8], ¢ is a constant.

With the PWE, the Green function is expressed as [2]

jeja s@hosp—emIX 22X
Y I _h (B"‘ 2 96 ) if X>0
JPWE 227k X .
0 otherwise
(15

In addition, with the PWE, the radial distance R =
\/ X2+ (zg — z1)? between the transmitter and the re-
ceiver can be approximated in the phase term as R =
X + (zr — 2z1)?/(2X), whereas in the amplitude term R ~ X.

To calculate the spatial Green function, the inverse Fourier
transform (see (13)) of G(k1.; 2r, 2T ) must be derived. An eval-
uation of this kind of integral is reported in the textbook of [8]
(chapter 7) and [9] (appendix A), in which the saddle points are
assumed to be close to 7 /2. The integral over k1., ((13)) can then
be converted into an integral over ¢, knowing that 4 is close to
7/2. We have then,

= — H%kicos®f = —H?*k}(1 —sinf)(1 +sin )

~ — 2H?E2(1 —sin 6). (16)

In addition, from (16), dt ~ 2H?k}d(sin ) = 2H?k1dk1,,
since k1, = k1 sin . The substitution of (16) and (14) into (13)
leads then to

9(X;2r, 21) = gp(X; 2R, 217) — gr(X5 2R, 21)  (17)
where
9p(X; zr, 21)
ey jertt /wl(t — v Ywa(t — vy )&’ dt (18)
87’!’Hl€1 .
gr{X; zn, 21)
Jki X p
= ;;Hkl / [wl(t —v_)w (t—vy)
c
B wé(f —Jv- 'LUQ(f) RPN (19)
/
wy(t) — jv/ —twy (1)

and £ = X/(2H?k;). In (18) and (19), the subscripts “D” and
“R” refer to direct and reflected (Green function), respectively.
The contour C in integrals (18) and (19) encloses in the posi-
tive direction the first quadrant of the complex ¢ plane (all the
poles of the integrand are located in this quadrant). In the fol-
lowing, from (13), since g(—X; zr,27) = ¢(X;2r, 27), We
have g(—&;zr,21) = 9(&; 2r.27) and then, only the case
& > 0 is considered.

The problem solved in [11], [12] is different of ours. In these
references, a boundary is added corresponding to the Earth as-
sumed to be highly-conducting. Then, the resulting Green func-
tion is expressed as Eq. (19) of [11], in which the denominator
of the integrand has zeros (or poles for the integrand). Then, the
spatial Green function is expressed as an infinite sum of com-
bined Airy functions (normal mode expansion), in which roots
must be determined. Here, this method can not be applied, be-
cause in (19) the reflection coefficient has no pole (because no
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boundary; in other words, no bounce on the Earth from a ray
approach).
To find an approximate solution of integrals (18) and (19),
two regions are considered: the illuminated and shadow regions.
a) Illuminated region: Mathematically, this region corre-
sponds to ¢+ <« 0 and ¥ — 4 < 0, which is equivalent to apply
the WKB approximation. Then, from (A1) and (A2), we have

w (t—v_ )~ ety — t)’1/4e+;%]("—’t)%
wy(t — vy ) = e ™y, —t) Ve

3
R = wé(t)*]’\/*_t’wz (t) ~ 1 e 4—*’(_;‘) 2
wy (B) =g/ —twi(t) 8(7t)% ’

., 3
F vy -t)2

(20)

To approximate R, (Al) and (A2) are applied up to the first
order (the terms along a; and b; are kept). As [{| increases, |R|
decreases.

The substitution of (20) into (18) and (19) leads to

jeik1X Jb0(t) g4
!}D(X;ZR,ZT)%;H]{, / - T @b
Tk ) -t —0)
ik X pIén(®) gt
gR(X;ZR,ZT)Néﬂ_Hk/ 1 3 (22)
L8[y =) (v =) ()%
where
()=t S0 0F = J0u - 0f
dr(t) =&+ 2(v_ —1)F + 2wy —1)F — E(—1)2
(23)

If a function f(t) has no singularities near a (single) saddle
point ¢, of a real function ¢ (%), where ¢’ (t,) = 0 and ¢’ (¢,) #
0, for |¢| > 1, then ([7], chapter 4, page 382)

/ f 10(T)dt

in which the symbol sgn denotes the sign function.

For the function ¢p, we have ¢/, = §—/v_ —t+/vy — L.
The saddle point is then ¢, = —€2/4 + (vy + v_)/2 —
(v — v)/(4€?). In addition, 9y (t,) = 1/(2/~ —F,) —
1/(2y/vy — )= =&/[2y/v— —ts\/vy — T5] < 0. Then, using
(24) and from (21), we obtain

jefjﬂ‘/4+jk1X

— 2 f(ts ejrb(ts)+jsgn(®”(ts))7f/4
|</>~< )
(24)

X; zr, ~ « 19D (ts) 25
Ip(&s2m, 2r) & e X e (25)
where
62X3k1 X(?h — ZR — ZT)kl (ZR — ZT)Qk’l
Pp(ts) === i 2X
(26)

With the PWE, the Green function is expressed from (15).
The comparison of (15) with (25) leads then to ypwE = gp-

Using the same way for the evaluation of integral (22), we
show in Appendix C that

je*]—ﬂ‘/4+jk1X+j¢R(So)
X zn, ~
9r(X:7n, 21) 16p; 321k X
\/> y+—y —|—£‘?(;) (27)
(vy —v)e+ 53
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where sg, pp and ¢ (s¢) are expressed from (C5), (C6) and (C7),
respectively. To give a physical explanation of (27), the case

2(2h — z1 — 2R)
e

&2 <<2(1/+—|—1/):>X<<2\/ = X1 (28)

is considered. For example, for h = 20 m, zt = 10 m, zg = 0
and e = 0.0001 m~!, we have X; ~ 1549 m. For this case:

2pa 2\/5\/1/_*_4-1/,

Sg ~ 3~ 73
$r(s0) — dplts) = VEV* . (29)
\/Z 2(vy —v_+E€s0) ~

2 (1/+ v_ )E+.>

Reporting (29) into (27) and using (25), the total spatial Green
function is

je dm/A+iki X+idn (t:)
Xizr,21) — gr{(X; 2R, 27) =
gp(X; 2R, 21) — gr( R 2T) 27k X

3 25k (h—zp){h—21)
e X . (30)

Then, the second term of (30) represents the field reflected by
an interface defined at z = A, which equals the duct height. In
addition, the field magnitude corresponds to the broadening of
the bundle of the rays.

In(27),ifvy —v_+&so =0,p0 = — (v —v_+E£59)/2 =10
and then the denominator vanishes and then, |gr(X; 2R, 21)|
goes to infinity, which has no physical meaning. From (C6),
this corresponds to pg = 0 = %9 = 0. Then from (C1), £ =
V7+ + /v, and the corresponding abscissa is

X§:2(¢hzr+¢hqﬂ.
£ &

For example, for A = 20 m, zr = 10 m, zz = 0 and e =
0.0001 m !, we have Xy &~ 1527 m < X;. As shown in the
next subsection, the region defined for X > X5 corresponds to
the shadow zone for the direct field (gp).

The unphysical behavior of the reflected field (gr) comes
from the fact that expansion (20) used for R is not valid as
t — 0 (¢t = —p?). Indeed, as ¢t — 0, |[R| — oo. For
t = 0, without expansion, R = eIT/3, Thus, to avoid the diver-
gence of |R|, in (27) from (20), p = (—t()®/? is substituted for
1/|8R(tg)| = 1/|8R(—p2)|, in which R is computed without
approximation. With this substitution, near § = /vy + /v—
(po — Oorwvy —rv_ 4+ Esg — 0), the reflected field be-
haves as /v — v_ + {sp and then vanishes. This means that
the reflected field does not exist in the shadow zone defined as
E> vy + V.

b) Shadow region for the direct field gp: Appendix B sum-
marizes the works of [8] (chapter 7) and [9] (appendix A) to
derive analytically the integration of integral (18) over ¢. Then,
from (B8) and (B14), we have

]'{37‘7‘7r/4+jk0X

2/ 271'le

e
+ ;6”( ) f(se1€0)s6, + Pp.a
¢}

X

1+ € X
8]€0 Qh—ZT—ZR

€2

gp(X; 2R, 21) = {e-id’f’(ts) 1=

2

(32)
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where the functions ¢(«) and f are expressed from (B2) and
(B6), respectively, and

( Qxp = V4 + \/I
§o=§— .
g = \/Z—F\/I: (%)E(TT—FTR)
W= o) = B

(33)

/i [ eX
2(T1r+TR)
[tf() = \/kl A/ T‘;T+TR EX/Z — 7T — TR)

P(og) = 2 (1/+ + 1/,) = 2k (73 4+ 78)

v

TR = /e(h—2zr) > 0and 77 = \/e(h — z7) > 0. In addi-
tion,

e ]\/—5
PosN T VI (V *5v%)

+TT

e

o [ RX (R +71) R~ TH
x f 5

TH — T
L || ¢4
eX /T + 71

where the symbol * stands for the complex conjugate.

In (32), & < 0 (sg, = sgn(&;) = —1) corresponds to the
illuminated region whereas &, > 0 (sg, = sgn(&) = +1)
corresponds to the shadow region. For £y = 0, & = v, ¢(&) =
(/)(ao)—(/)D( ) €X—2(TT+TR )—1/28.11(1\/5/0&0—
1. Then, (32) is continuous for {; = 0

In the illuminated region £y < 0, if e X < 2(tr + 7R) (£ K
ag) and —p&p > 1, then /€/ag < 1 and |f(—p&o)| <€ 1
and the second term of (32) can be neglected. Neglecting ¢p3
(numerically, we will show that its contribution is minor) and
comparing then the resulting equation with (15) obtained under
the PWE, the same equation is found with R = X (|z5 — 27| <
X).

2) Green Function for zr, > h: Receiver QOutside the Duct:
For zg > h (case 3 of Fig. 1), the spectral Green function is
expressed from (12). Using the same way as in the previous
subsection, the Transmitted spatial Green function is expressed
as

ik X p fedV—EER—h)/H
g7(X; 2R, 2T) = ‘ /wl( T)e eIt dr,
drHky | wi(t) — jv/—twi(¢)
(35)
For the illuminated zone, t < O and it = ¢t — vy € 0

(vt = (h— z7)/H > 0), which is equivalent to apply the
WKB approximation. Then, from (A1) and (A2), we have

wy(tT) ~ eij(uT - t)*1/4ei (et} 6
wy () — jv —twi(t) = 2J67 (— t)ieg;Tj( )2
leading from (35) to
jedk1X edor(t)
STl T [(—t) (v — 1))
where
2 ;
brlt) =+ Sve —0F — S(0F -V (Y
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Fig. 3. Green functions g 1 (Eq. (32)), yn,2 (Eq. (32)), gr (Eq. (27)) and
gpwe (Eq. (15)) versus the horizontal distance X = xg — T in m and for a re-
ceiver height zg = 0. Top: Modulus. Bottom: Phase. The parameters are 1 =
( (transmitter abscissa), zr = 10 m (transmitter height), ¢ = 10~* m~! (duct
parameter), h = 20 m (duct height) and Ay = 0.1 1m (wavelength). The vertical
dashed line indicates the separation between the illuminated and the shadow re-
gions.

and vg = (h — zr)/H < 0. In Appendix D, we show that

]'efjﬂ/4+jkfl“{ 52 :
22k X\ 4 (¢l (t0)]” P2 (v + p2)

w I PT (to)+i{sgn[e} (to)]|+1}m/4) (39)

where tg = —pg and pg = 59 — a2/3, in which s¢ and as are
expressed from (D6) and (D3), respectively. In addition, ¢%- is
expressed from (D1).

3) Numerical Results: Fig. 3 plots Green functions ¢p 1,
gp,2,9r and gpwr versus the horizontal distance X = g —xT
in m and for a receiver height zg = 0. Top: Modulus. Bottom:
Phase. The parameters are zr = 0 (transmitter abscissa), zt =
10 m (transmitter height), #¢ = 10~* m~! (duct parameter),
h = 20 m (duct height) and Ag = 0.1 m (wavelength). The
vertical dashed line indicates the separation between the illumi-
nated and the shadow regions. The labels in the legend means
that:

* gp,1 is computed from the first two terms of (32),

* gp,2 is computed from the last term of (32) (related to

®p3),

* gpg is computed from (27),

* gpwg is the spatial Green function obtained under the

PWE approximation and computed from (15).

In the illuminated zone (on the left of the vertical dashed line),
Fig. 3 shows that gpw g and gp 1 give similar results and that
gp .1 has an oscillatory behavior because it is defined as the sum
of two terms, leading to an interference phenomenon. In the
shadow region, gpw g slowly decreases, whereas gp 1 rapidly
decreases. As expected, the PWE approximation is not valid in
this region. Fig. 3 also shows that the contributions of gp 2 and
gr are minor in comparison to gp 1, leading to the conclusion
that the total spatial Green function ¢ =~ gp 1. In addition, gg
contributes only in the illuminated region, first increases when
X increases and then strongly decreases near the limit of the
illuminated zone.

gr(X; 2R, 217) =
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Fig. 4. Receiver height zr; in m versus the Green functions gp ; and gpwr for
horizontal distances X' = Xy = {300, 600. 1200} m. Top: Modulus. Bottom:
Phase. The parameters are the same as in Fig. 3.

Fig. 4 plots the receiver height zr in m versus the Green
functions gp 1 and gpwr for horizontal distances X = Xy =
{300,600, 1200} m. Top: Modulus. Bottom: Phase. The pa-
rameters are the same as in Fig. 3. For a given Xy, |gpwE|
is constant whereas | gD71| has an oscillatory behavior around
a mean value close to |gpwe|. In addition, as X increases
(or approaches the shadow zone), the oscillation number in-
creases and the difference between |gp 1| and |gpwe| increases.
For zg = h, the continuity of the Green function is ensured
and then, the use of approximations to calculate analytically
the Green function did not modify the boundary conditions at
zr = h (see also Fig. 6).

C. Green Function for zr > h: Transmitter Outside the Duct

1) Green Function for zr < h: Receiver Inside the Duct:
For zr < h (case 2 of Fig. 1), the spectral Green function is
expressed from (9). For (zr > h, 21 < h), (12) is the same as
(9) obtained for (zr < h,zr > h) by substituting zr for zr.
Thus, the spatial Green function is

gT(X ZR» ZT) =Eqg. (25>‘(Z1ZR)—>(Z321)

~Eq. (39) (40)

‘(ZT#R)—'(ZRJT)'

2) Green Function for zr > h: Receiver Outside the Duct:
Fort <« 0,in (7), (1 — &)/(1 + «) — 0, which means that the
reflection coefficient vanishes. Indeed, since n(h™) = n(h™),
the use of the WKB approximation implies a zero reflection co-

efficient. Then, from (9) and since ¢t = —H?k?_, we have

iH c]‘\/*_t\ZT*ZR\/H ot

9p{X;zm,2T) &~ — / — ¢t (41)
47 | v =t

c
Thus, From (24), we show that

,'1*]‘77/4“1“7%1)( Gkq (2 —2p)?

I (X zmaer) m L e T A (42)

2\/ 271'/471X
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Fig. 6. Same variations as in Fig. 4, but for z7 = 30 1.

The Green function is equal to the Green function expressed
from the PWE (15), in which the radial distance B ~ X + (zg —
21)%/(2X) in the phase term and ¢ = 0.

3) Numerical Results: Fig. 5 plots the same variations as in
Fig. 3, but for zpr = 30 m (transmitter outside the duct).

Since zg = 0 < h, the Green function is expressed from g1
(40). In addition, g7 app is plotted and it is derived from g7 as
e — 0. Its expression is

ey {2 — 212 )2
— i fatik X+ 2T

2\/ 271'le

jh1eX(h—z)?
e *=T—=R)

X 1— e(hsz,)(BhszszT)Xz
2(zp—zr)?

In (43), the first term is related to the propagation in free space

(¢ = 0) under the PWE approximation and the second term is

related to the duct effect, which modifies both the phase and the

amplitude of the field. Fig. 5 shows that the series expansion

(43) is valid only for X close to zero. In addition, no shadow
Zone occurs.

Fig. 6 plots the same variations as in Fig. 4, but for zp =

30 m. For zg > h, the Green function equals Green function

je

97 app (X5 2R, 2T) =

+0(%). (43)
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computed from PWE (see (42)). For zg < h, gr differs from
gT,app DECAUSE g7 app 1S Valid only for X close to zero (see
Fig. 5).

Numerical results, not depicted here, showed that the spatial
Green function satisfies the reciprocity principle.

IV. CONCLUSION

For a two-dimensional problem, this paper presents the eval-
uation of the spatial Green function of a space made up of homo-
geneous medium overlying a duct with a linear-square refractive
index profile. From the boundary conditions, the exact spectral
Green function is derived with the help of the Airy functions.
To have a closed-form expression of the corresponding spatial
Green function, the method of SD (Steepest Descents) is applied
and comparisons are made with the PWE.

When the transmitter is located inside the duct (often met for
practical applications), for abscissa near the transmitter, the re-
sults are the same as those obtained from the PWE. On the other
hand, far from the transmitter, the spatial Green function rapidly
decreases in the shadow zone, whereas the PWE results slowly
decrease. This means that the PWE is not valid in this region.
In addition, we show that the contribution of the “Reflected”
Green function (27) and that computed from (32) are negligible
in comparison to the “Direct” (32) Green function.

In a future paper, by adding a rough surface of profile {{x)
(centered on z = 0), the Green function above the rough surface
will be computed by solving the integral equations, which re-
quires the Green function derived in this paper. When the PWE
is used as a propagator, the currents computed on the rough sur-
face are also approximated. On the contrary, by solving rigor-
ously the integral equations, no approximation is used to calcu-
late the propagator and the currents on the rough surface. Thus,
the use of the spatial Green function evaluated in this paper
and combined with the BIE will allow us to have a benchmark
method and then to test the accuracy of the PWE.

APPENDIX A
EXPANSION OF THE AIRY FUNCTIONS
For t — —oo, with w = (2/3)(=)%/? > 0, the Airy func-
tions and their derivatives can be expanded as [6] (chapter 3,
pages 181-186), [10] (chapter 10, starting from page 446)

o(t) = (=) V4 [sinv — L cosv + O ()] (A1)
u(t) = (=) Y4 [cosv + L sinw + O ()]

and
deu(t) = (—1)7 [~ cosv+ Zsinw+ O ()] (A2)
dyu(t) = (—) [sino + & cosv + O ()]

where v = w + /4, a1 = 5/72,and by = 7/72.

APPENDIX B
EVALUATION OF INTEGRAL (18)

From [8], integral (18) can be writtenas ®p = ®p 1 + Pp»
where ®p » ~ e7?(ts) obtained from a conventional SD tech-
nique based on (24), where ¢(%,) is expressed from (26). @ o
corresponds then to the field in the illuminated zone. For the
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evaluation of ® p 1, using their integral representation for both
factors wy (¢ — v_) and w1 (# — 1) and performing the integra-
tion over #, a double contour integral is obtained, in which new
variables can be introduced to perform one integration. The re-
sulting equation is then [8]

I do,
oy = VE (B1)
27U f(ﬂ— £)
where the contour I'y =]+ joo; £T]UJEF; +0ce ~/™/6[, in which

the superscript * means from the right (« — £ > 0). In addition

o alvg+rvl)  (ve—v_)?

do)=-15 2 4o

(B2)

The residue of integral (B1) at the point o =
quantity ®p 5. Thus [8]

¢ equals the

eI () doy

\/_(04—;

JE

Op =Cp1+Ppo = oy
7r.]

(B3)

where T =] 4 joo; € ~]U]¢ ~; +-0ce ~/™/6[ (the value £ is in-
cluded in ), in which the superscript ~ means from the /left
(o — £ can be either negative or positive).

To evaluate (B3), the method of SD is applied. The saddle
points of ¢, defined as 9, ¢ = 0 are :l:(\/I:I: VV5).Foré >0,
the saddle points which contribute are o = /v~ + /vy > 0
and oy = |\/v~ — \/¥y| > 0 because they can be close to
the poles (0, &) of the integrand (B3). In the textbook of Fock
[8], the contribution of the saddle point &y = |/~ — /]|
close to zero is not considered since is not encircled in the con-
tour I'y (or T'}). On the other hand, Kukushkin [9] derived this
contribution and then the contour I'y is substituted for I'y =
] + joo; 0[U]0; EF]ULET; +o0e ~7/6,

A. Saddle Point oy = vy + v_

For ay, the variable £ = £ —« is introduced, and the contour
I'1g equals to I'y or I'}, is defined but cutting the horizontal axis
atthe point& = «y. If ¢y < 0, then the contour 'y is equal to I'y
and the resulting integral is ® p ;. If§y > 0, then the contour 'y
is similar to I'] and the resulting integral is ®p = ®p 1 +Pp 2.
To calculate the contribution of the saddle point ay with I} =
"1, we assume for v — g that () = ¢(cvg) — (e — ap)?
and 1/v/a &~ 1//ag in (B3), where

W

= ifede)

In (B1), the contour is then deformed as &« = «y + pe I/
((a — ag)? = —jp? and then —jp® (o — ag)? = —p°p? < 0)
with p € R). Then [8]

> ()
(B4)
9?5(”0)

N3

e da £ inla
27‘(‘] ] 2?00 s 1Ey)se,

\/oz(oz - &) ag ®5)
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with [10]
. e—iolam/t T g
flo) == [
S R )
= — —_— + - —
{5 -Gl iz s
—ja? ‘
=2 5 erfe(e 7™/ %q) (B6)
and
. 7 1 1
v) = — — |« 1. B
() 2/ * 4/ma To <a3) o> B7)
In_addition, sg, = sgn(&p), Ci(a) + jSi(e) =

\/2/7r] eIt dt, in which C; and S; are the Fresnel in-
tegrals and erf is the error function defined as erf(a) =
V2/7 [ et dt and orfe = 1 — erf.

In conclusion, for & > 0, (B5) gives @ p whereas for £y < 0,
(BS5) gives ®p1 = ¢p — ®p 2. Then

) 1—s / g
Dp ~ em(wo)% 4 iem(wu) X f(s¢,11€0)5¢,- (BS)
ey

B. Saddle Point oy = vy — v_|

The integral ®p ; (B1) must be evaluated when the saddle
point a; = |4 — v_| is close to zero. The same way is used as
in [9], in which the misprints are corrected in this appendix.

Since « is close to zero, we have from (B1)

\/E 7 e*jlaj +,7'Ew+%

(Dl = — dox
2mj ) Vole =€)
i jaa—l—ﬁ & 3 s
f o (o)
. Voo —§) =\ nl12j
ﬁ . 1 93w
PO b 1 — .. B9
2my |V gt (B9)
where
U=y, W m;‘fj(a—&w%d
U = eI° = - lov B10
@, W= | e o (B10)
ando = vy +v_andd = |y —v_| = .
To derive the function Wy, the function W, =
—jei7€9V, /9o is introduced and defined by
& JCY0'+7O
/e " o =~/ ﬂ’\/—\/7 (B11)

0
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Then, the function ¥, is derived from integrating ¥, over o,
leading to

)|+ e
(B12)

where the function C' depends only on the variables (6, £). This
function is then calculated from (B10) by taking o = 0, leading
to C(8,¢) = jn//€e?* /(4€) Then, from (B10) and (B12), we
obtain

S LG L ir
‘11((77‘575) = —e % erfc [e T <‘/ + ):|
¢ 2vE
(B13)
Reporting (B13) into (B9), we obtain
e IVEsTiE]
Ppy cerfe (eTfl)
67.7\/;(S .
~ (&) (B14)

V2

where & = /o€ + §/(2\/€) (real number) and the symbol
* stands for the complex conjugate. In addition, calcu-
lating 9>W /Jc? analytically, we can show numerically that
P03 < 12|¥|.

APPENDIX C
EVALUATION OF INTEGRAL (19) IN THE ILLUMINATED REGION

In this appendix, integral (19) is evaluated from (24) and from
the works of [8] (chapter 12).
From (23), we have

{¢5() £— Vfot‘*¢M+ft+2v’t
R(t): 2\/ 2\/l/+ —;

With ¢t = —p? > 0, the root of ¢’z (py) = O satisfies then

(ChH

\/Tt

r/7+p%+\/l/+ + 5 =2po + & (€2)
In addition, we have
S e N

1 v_—v+\
VoA -m= (6 5k

Isolating py for each subequation of (C3) and equating them,
s0 = v——v4/2po+& < 0 satisfies the following cubic equation

—s0(E2 42wy + 2w )+ 2(w_ —vy)=0. (C4)

Then, the physical solution (real solution) is

2 _ 12 |
_ e . pt=g(& +2vp +20)
Sp = 2j18In (E) with {sina _ 5(,,7#;,4) <0
(C5)

The root pyg is then obtained from s as

1 (v —vy
[)0—§<Tf)'

(Co)
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Reporting (C6) and (C3) into (23) and (C1), we show

( dn(so) = (V—*;#)So E -+ (v——v)(2ve 20 +€%)
' g 6s
_Sv_—vy) ’
1233
PR(s0) <0

(s 00~ 01 (-0} X gDlemrs =

(v )etsd 3
\ - 2(1/+—1/,+£s§) X P

(€7

The substitution of (C7) into (22) and the use of (24) leads to
27).

APPENDIX D
EVALUATION OF INTEGRAL (37)

In this appendix, integral (37) is evaluated from (24).
From (38), we have

P (t) vt —
{ () = 2\/1/1T*t - 2\/1: + 4(2{)% (D1)
The root of ¢/r(py) = O satisfies then
Py + azpg + aipo + ag = 0 (D2)
where
agzgz—i_l;%, alz%, aozg (D3)
and the condition 2poé + 2p2 + vr = 2po/pE + v > 0.
Letting sg = pg + a2/3, we have then
58— 3sop1 +2q1 =0 (D4)
where
m:?—%7m=§—%?+i (DS)

The physical solution is then (po > 0 and 2poé + 2p3 —
v 2 0)

S0 = +/P1 [\/gcos (%) — sin (%)] (D6)
where
. q1
sin v = . D7
P11 (D7)
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