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In this article, the fields scattered by coated cylinders, a rough layer, and an object below a rough surface are
computed by the efficient propagation-inside-layer-expansion (PILE) method combined with the physical optics
(PO) approximation to accelerate the calculation of the local interactions on the non-illuminated scatterer, which
is assumed to be perfectly conducting. The PILE method is based on the method of moments, and the impedance
matrix of the two scatterers is then inverted by blocks from a Taylor series expansion of the inverse of the Schur
complement. Its main interest is that it is rigorous, with a simple formulation and a straightforward physical in-
terpretation. In addition, one of the advantages of PILE is to be able to hybridize methods (rigorous or asymptotic)
valid for a single scatterer. Then, in high frequencies, the hybridization with PO allows us to significantly reduce
the complexity in comparison to a direct lower—upper inversion of the impedance matrix of the two scatterers
without loss in accuracy. © 2013 Optical Society of America
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1. INTRODUCTION

In this article, the field scattered by two objects, one of which
is not directly illuminated, is computed. For instance, this gen-
eral issue concerns the scattering from a coated object, from a
stack of two rough interfaces of infinite lengths separating
homogeneous media (rough layer), or from an object below
a rough surface of infinite length (see Fig. 1). Numerically,
it is not possible to generate a surface of infinite length.
“Infinite length” means that the surface is large enough for
both the incident field and the surface currents on the edges
to vanish.

The applications of this general issue are numerous, and it
is not possible to present an exhaustive review. See [1-16]
(and references therein) for a partial review and also [5,10]
for the scattering from objects in the presence of more than
one interface. For instance, as shown in [15], the scattering
from a dielectric elliptical cylinder, which is coated eccentri-
cally by a nonconfocal dielectric elliptical cylinder, can be
solved by introducing the Mathieu functions and the equiva-
lent of the Graf theorem on the Bessel functions (used for cir-
cular cylinders). Nevertheless, the complexity of programing
increases in comparison to the scattering from a circular
coated cylinder. For the scattering from a rough layer or an
object below a rough surface, there is no rigorous analytical
solution, and then simplifying assumptions are introduced to
solve the problem analytically. For example, see [2,12,16].

Then, to treat any geometry and any incident field, the
method of moments (MoM) can be applied, which requires
inverting the impedance matrix. If the scatterer is electrically
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large (high frequencies) and/or the relative permittivity
(modulus) is large in comparison to one, the number of
unknowns increases significantly, and then the inversion of
the impedance matrix is very time consuming or sometimes
even impossible. To solve this issue, it is then necessary to
develop numerical methods called “rapid.” For the scattering
from two scatterers, a possible candidate is the versatile
propagation-inside-layer-expansion (PILE) method [4]. It has
the main advantage that the resolution of the linear system
(obtained from the MoM) is broken up into different steps.
Two steps are dedicated to solve the local interactions (com-
puted by inverting a matrix), which can be done by efficient
methods valid for a single rough interface, such as forward-
backward (FB) [17-20] [complexity O(N?)], its accelerated
version FB spectral acceleration (FB-SA) [21-24] [complexity
O(N)], and banded-matrix-iterative-approach/canonical grid
(BMIA-CAG) [25-27] [complexity O(N log N)]. Two steps
are dedicated to solve the coupling interactions (computed
from a vector-matrix product), which can be done by updat-
ing the previous efficient methods. This has been investigated
with BMIA/CAG [6] and FB-SA [7] for a rough layer, and by
Bourlier et al. [8] for an object located below a rough surface,
in which FB-SA is applied to calculate the local interactions on
the rough surface. In the same spirit, PILE bas been extended
(and named the E-PILE method) to treat the more general
case of the scattering from two illuminated scatterers
[28,29]. For the scattering from a perfectly conducting (PC)
object above a rough sea surface, to accelerate the computa-
tion of the local interactions on the object, the physical optics
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Fig. 1. Scattering from two scatterers where only one is illuminated.
The source (incident field) is defined in medium €.

(PO) approximation bas been applied [30]. For this former
case, the object was embedded in vacuum, unlike the case
studied here, for which the object is below a dielectric rough
surface.

The purpose of this paper is to combine PILE with PO and
to test the validity of this hybridization on the geometries
shown in Fig. 1. It is important to note that PILE has never
been tested on a coated cylinder. The paper is organized as
follows. Section 2 presents the PILE method and validates
it by comparing the radar cross section (RCS) with that
obtained analytically for a coated circular cylinder by intro-
ducing the Bessel functions. Section 3 explains how PILE
can be combined with PO, studies the validity of this new
method, and presents numerical results. Section 4 gives con-
cluding remarks and prospects.

2. PILE METHOD

In this section, the PILE method is briefly presented from
[4,6-8).

A. Impedance Matrix Z

From the boundary integral equations, the surface currents y;
and dy;/on on each scatterer ¢ (¢ = {1,2}) must be deter-
mined. From the MoM, the boundary integral equations are
discretized on each surface of the scatterer, leading to the lin-
ear system ZX = b. The unknown vector is then

X
- [8]

where the components of the vectors X; and X, are the
surface currents discretized on the surfaces S; and S,
respectively. They are written as
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where the symbol T stands for the transpose operator and N;
is the number of samples on the surface S;. Then the length of
the vector X; is 2N;.

The vector b of length 2(N; + Ns) is the incident field
discretized on the surface S;. It is defined as

=3

T
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The impedance matrix Z of size 2(N; + N3) x 2(N; + N5) is
expressed as

i 1 _
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The impedance matrix Z; of size 2N, x 2N is the imped-
ance matrix of the single scatterer 4, where N; is the number
of samples on scatterer i. Moreover, matrices Zy; of size
2N, x 2N, (propagation from scatterer 2 to 1) and Z,, of size
2Ny x 2N (propagation from scatterer 1 to 2) are coupling
matrices between scatterers 1 and 2. The expressions of the
elements of matrices Z; and Z;; (i = {1,2} and j = {1,2} # ©)
are reported in Appendix A. p; =1 (1=1{0,1} and j=
{1,2} #17) for the TE polarization and p;; = ¢;/¢; for the
TM polarization, where ¢; is the permittivity of medium
Q;. Appendix B simplifies the matrices when scatterer 2
is PC.

B. Scattered Field and RCS

From the knowledge of the surface currents {y;, dw;/on} on
the scatterers S; (4 = {1,2}), the scattered field vy, , inside
the medium Q, (v = {0, 1,2}) is computed from the Huygens
principle as
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the zeroth-order Hankel function of the first kind.
In addition, the RCS in the medium €, is expressed as
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where k is the wavenumber inside the medium Q, and
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where ;.. is the modulus of the incident field y;,. in the
medium Q. In addition, 71, is the unitary vector normal to
the surface pointed toward €.

To test the precision of the MoM, the RCS is compared
with that obtained analytically for a coated circular cylinder
by introducing Bessel functions. The derivation of this
solution is summarized in Appendix C by assuming an incident
plane wave defined in the medium Q; by Wi =
Wine,0€” 0@ Sin One=2 08 0nc) - where k is the wavenumber and
Oinc is the incident angle defined from the vertical Z (see Fig. 1).
Figure 2 plots the RCS in decibel scale versus the scattering
angle 0,.,. The radii of the two concentric circular cylinders
are a; = 34y and ay = 24; their centers are C; = Cs = (0,0);
the relative permittivities of media {Q),Q,,Qy} are
{e,0 = 1,6,1 = 2, ¢,9 = 4 + 0.055}, respectively; and the wave-
length inside Q, is 1) = 1 m. The incidence angle is 6;,. = 0
and the polarization is TE. For the MoM, the number of

251,
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RCS [dBm]
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Fig. 2. RCSin decibel scale versus the scattering angle ;... The radii
of the two concentric circular cylinders are a; = 31, and ay = 24;
their centers are C; = C, = (0, 0); the relative permittivities of media
{Q,Q1,Q} are {e,9 = l.&,1 = 2,69 = 4 + 0.055}, respectively; and
the wavelength inside €, is 4y =1 m. The incidence angle is
Oine = 0, and the polarization is TE. For the MoM, the number of
samples per wavelength is N, = {10,20}.

a
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samples per wavelength is N, = {10,20}, and in the legend,
the number corresponds to the number of unknowns
2(N{ + N,). For a dielectric medium £;, the number of sam-
ples per wavelength is N, \/m , Where ¢,; is the relative per-
mittivity of medium <. Figure 3 plots the same results as in
Fig. 2, but for the TM polarization. Figures 4 and 5 plot the
ratio RCSyy/RCS pnaigticar in decibels (difference in decibels)
versus the scattering angle 6s.,. Figures 2 and 3 show a good
agreement between the two methods, and as the number of
unknowns increases, the difference slightly decreases.
Figures 4 and 5 show that the differences increase when
the RCS is very small, and they are smaller for the TM
polarization.

Table 1 lists the computation time obtained from the
MatLab software. For the analytical solution, the computation
time is very small in comparison to that obtained from the
MoM because the LU inversion of the impedance matrix is
not required. As the number of unknown increases, the
computation time increases because the size of the matrix
to invert increases.

C. Efficient Inversion of the Impedance Matrix
To efficiently solve the system ZX = b, the PILE method has
been developed [4]. It is based on the inversion by blocks
(series Taylor expansion of the inverse of the Schur comple-
ment [31]) of the impedance matrix. This leads to

P=Prig _ _ p=Ppig
Xi=| > M\Zi'b = ) YP, (11)

p=0 p=0
in which
YO =Z%, forp=0
(2] v y®@-D ’ (12)
YY" =M,Y; forp >0
and
MC = 211221251212. (13)
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Fig. 3. Results for the same parameters as in Fig. 2, but for the TM
polarization.
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Fig. 4. Ratio RCSy;/RCSpnagticar in decibels (difference in decibels)
versus the scattering angle 0,.,. The parameters are the same as in
Fig. 2.

In addition, Xy = -Z;'Z5X,. We define the norm ||M.|| of a
complex matrix by its spectral radius, namely, the modulus of
the eigenvalue which has the highest modulus. Expansion (11)
is then valid if ||M,]|| is strictly smaller than one.

Equation (12) has a clear physical interpretation: The total
currents on scatterer 1 are the sum of the contributions Y(lp)
corresponding to successive iterations p. In the zeroth-order
term, ZII accounts for the local interactions on scatterer 1, so
Y(lo) corresponds to the contribution of the direct reflection on
scatterer 1, without entering inside the medium Q;. In the
first-order term given by Y{" = #M,Y'" | the matrix Z,, propa-
gates the resulting currents, Yﬁo) , toward scatterer 2, Z;l ac-
counts for the local interactions on scatterer 2, and the matrix
Z,, repropagates the resulting contribution toward scatterer 1;
finally, ZII updates the surface current values on scatterer 1,
and so on for the subsequent terms Y&p) for p > 1. Thus, the
total currents ), ng) on scatterer 1 correspond to the multi-
ple scattering of the field inside the medium ;. The surface
heights are obtained from the convolution of a Gaussian
white noise.
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Fig. 5. Ratio RCSy;/RCSpnagticar in decibels (difference in decibels)
versus the scattering angle 0;.,. The parameters are the same as in
Fig. 3.
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Table 1. Computation Times in Seconds to Obtain
the Results of Figs. 2 and 3

Polarization LU, N, =10 LU, N;, =20 Analytical
™ 1.67 5.80 0.02
TE 1.66 5.83 0.02

D. Numerical Results for the Three Scenarios
For the scattering from a rough surface, to simulate a surface
of infinite length, both the incident field and the surface cur-
rents must vanish on the edges. Thus, the well-known tapered
Thorsos wave is applied [32]. In addition, the normal RCS
(NRCS) or the scattering coefficient is then [33]

. 'I"’“pscaou 1 |W§Za0|2
NRCS(ine. Osca) = lim — = . 4
One:buca) = M0 ™ = Tomney Pre =~ 0
where
P =2 e iy a2l )
210 2] 2k3g® cos® O

and 7y = 120z is the wave impedance in Q. In addition, P;,. is
the average incident power on the surface 2 = 0, ps.. is the
Poynting vector of the scattered field, g, , is expressed from
Eq. (10), and the parameter g controls the extent of the inci-
dent wave and typically equals L/4, where L is the surface
length. Unlike the RCS (in meters for a two-dimensional
problem), the NRCS is dimensionless.

Figure 7 plots the RCS (in dBm) or the NRCS (in dB) versus
the scattering angle 6., for a coated elliptical cylinder, an
elliptical cylinder below a rough surface, and a rough layer,
respectively. The polarization is TE, and the parameters of the
scenarios are given in the caption of Fig. 6. In the legend, for
each PILE order, the number is the residual error, defined as

I‘lOI’I‘[‘lgsca (RCSPEE - RCSLU)
normy (RCSLU) ’

sca

(16)

EPILE =

where the symbol “norm” is norm 2. The same definition is
used for the NRCS. The subscript “LU” means that the imped-
ance matrix is inverted from a direct LU inversion. Figure 7
shows that PILE converges rapidly. The order zero
corresponds to the scattering from only the upper scatterer.
Thus, PILE allows us to quantify the coupling between the two
scatterers, which cannot be exhibited from a direct LU inver-
sion. Values of the norm ||M,|| of the characteristic matrix de-
fined by Eq. (13) is given in Table 2, for the TE and TM
polarizations. For a detailed analysis of the PILE convergence,
the reader is referred to [4] for a random rough layer and to [8]
for an object below a random rough surface.

3. PILE COMBINED WITH PO

As shown previously, the first advantage of PILE in compari-
son to a direct LU inversion is the ability to quantify the cou-
pling between the two scatterers. Equation (12) clearly shows
that the calculation of Z;'u is required, in which Z; is the
impedance matrix of the scatterer ¢ alone. Then, rapid meth-
ods developed for a single scatterer can be applied. This is the
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Heights

Abscissa
(a) Scenario 1 : Elliptical coated cylinder.
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-40 -32 -24 -16 -8 0 8 16 24 32 40

Abscissa
(b) Scenario 2 : Elliptical cylinder below a random
rough surface.

8 16 24 32 40
Abscissa

Random rough layer.

Fig. 6. (a) Coated elliptical cylinder: semi-major axis a; = 64, ay = 34, semi-minor axis b; = 44, by = A, centers C; = (0,0), Cy = (-1, -1)4,,
and rotation angles a; = 0, ay = -10°. (b) Elliptical cylinder below a rough surface: a, = 44, by, = 24, Cy = (0,-3)4y, @y = 0, surface length
L; = 804, center C; = (0,0)4, height standard deviation 6,; = 0.54, correlation length L.; = 24,; the surface height autocorrelation function
is Gaussian, and the parameter of the Thorsos wave is g = L;/4. (¢) Rough layer: L, = Ly, = 804, 0.1 = 0.54), 6.2 = 0.14y, L, = 24,
L = 4, C1 = (0,0)4, Cy = (0, -2)4; the surface height autocorrelation function for both surfaces is Gaussian, and the parameter of the Thorsos
wave is g = L, /4. In addition; for the three scenarios, the incidence angle is 6;,. = 30°, the relative permittivities of media {Q,, Q;,Q,} are
{1,2 + 0.17,jo(PC)}, and the total number of unknowns are N = {1047, 2434, 3040}, for scenarios (a), (b), and (c), respectively.

second advantage of PILE. For example, when the scatterer is
a rough surface, to accelerate the computation of the
local interactions, FB, FB-SA, or BMIA/CAG can be applied.
For more details, see [6,7] for a rough layer and [8] for any
scatterer below a rough surface. In addition, in [8], it was
shown for FB that the order Pgg of convergence is obtained
by considering only the scattering from the single rough sur-
face (without the other scatterer). Physically, this point can be
explained by the fact that the inversion of the impedance
matrix is independent of the incident field u.

_ o Winc1(r) T €Sy
V/Z(r) - 2{ 0 re SZ,Sha

For a closed surface, like an elliptical cylinder, FB, FB-SA,
and BMIA-CAG do not converge. Then, to accelerate the cal-
culation of the local interactions on a closed object, the PO
approximation (also valid for a rough surface) can be com-
bined with PILE. This is the purpose of this section.

A. PILE Combined with PO

For scatterer 2, which is assumed to be PC, the total field on
the object surface in the medium Q; due to a single reflection
is given under the PO approximation by

d
%(') = 0V Sy, TM polarization, (17
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Fig. 7.

(a) RCS in dBm versus the scattering angle 6,.,; (b) NRCS in dB versus the scattering angle 6,.,; (c) NRCS in dB versus the scattering angle

Osca- The parameters of the three scenarios are given in the caption of Fig. 6, and the polarization is TE.

A5 (r) —9 alllignd(r) re€S;m
o 0

r € S5 5na

and

ws(r) = 0V S,, TE polarization, (18)

where yj,.; is the incident field in Q; radiated from the
surface currents on scatterer 1, Sop stands for the illumi-
nated surface, and Syg,, for the shadowed surface
(Se = SymUS2.sna)- Then, under the PO approximation, the
inverse of the impedance matrix, Z;l, is a diagonal matrix
of elements 2(®) for the TM polarization and of elements

Table 2. Values of the Norm ||M,]| of the
Characteristic Matrix Defined by Eq. (13)

Polarization Scenario 1 Scenario 2 Scenario 3
TE 0.2780 0.0735 0.1573
™ 0.5468 0.0746 0.1336

20(®)/on for the TE polarization. The complexity of the inver-
sion is then O(1), instead of O(N: %) with a direct LU inversion.

For example, for the calculation of Y\" = Z;1Z,,75'Z,,Y'",
where Y\¥ = Z;b,, first, the vector ¥\ is multiplied by the
matrix Zi,, giving u = Z;,¥'". It can be considered as an in-
cident field for scatterer 2. If PO is applied on scatterer 2,
some elements of Z;, can then be zero due to the fact that
a point on scatterer 2 is not viewed from a point on scatterer
1. For a convex object, this condition is satisfied if 7y - (ry —
ry) > 0 [where r; 5 = (%12,212) is a point on scatterer (1, 2)
and 1, is the normal to the surface S, at the point r, pointed
toward the medium €;]. Then, the elements of the modified
matrix Z}, are
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1- Sgn[(rQ.m _rl,n) ) ﬁZm]
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=7 1 + Sgn[(xZ.m _xl.n)UZ.myZ,m - (zZ.m - zl.n)”Z.m]
— L 12mn 92 .

(19

Z = ZlZ.mn

12mn —

Next, u = Z3,Y\” is multiplied by Z;'. Then, if PO is applied
on scatterer 2, the surface currents v = Z;'u are computed as
follows:

_ o _[- 1 - w1
_ _17 0 ' '
v=2Z'u =27;'Z,Y\" = D[AIZ—BQMW ]
2

_[- 1 -
=D[A’12w1+—B’lzw2:|, (20)
Po1

where D is a diagonal matrix of elements 2(¢) for the TE
polarization and of elements 2d(e)/on at the point rp. In
addition, ¥\” = [w/w!|” (w, and w, are vectors of length
N;). For the TM polarization, the above equation requires
us to compute 0A,,/0n and 0B;,/dn at the point r,. These
computations are expressed in Appendix D.

—LU
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B. Numerical Results

Figure 8 plots the RCS (in dBm) or the NRCS (in dB) versus
the scattering angle 0,., for a coated elliptical cylinder, an el-
liptical cylinder below a rough surface, and a rough layer. The
polarization is TE, and the parameters of the scenarios are
given in Fig. 6. In the legend, the labels are as follows:

— “PILE + LU + PO” means that PILE is hybridized with
LU for the calculation of the local interactions on scatterer
1 and with PO for the calculation of the local interactions
on scatterer 2.

— “PILE + FB + PO” means that PILE is hybridized with
FB for the calculation of the local interactions on scatterer
1 and with PO for the calculation of the local interactions
on scatterer 2.

— “PILE” means
(“PILE + LU + LU").

— “LU” means that a direct LU inversion is applied.

In addition, the integer number after PILE between paren-
theses is the PILE order. It is chosen such that the residual
error is smaller than 0.01. Last, the last number is the residual
error computed from Eq. (16) by substituting the subscript

that PILE is not hybridized

0 r
—w
- - = PILE(2): 0.003
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o

1 ! L J

i !

_40 L i L i
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Angle eSC
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[]
(b) Scenario 2 : NRCS.

a

1
i L i n i i

_40 L L L
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Angle 6
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]
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(C) Scenario 3 : NRCS.

Fig. 8. Same results as in Fig. 7, but the results with hybridization are added.
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“PILE” by the chosen hybridization. When FB is applied, its
order is determined from the study of the scattering from
the single rough surface by choosing a residual error smaller
than 0.01. For Figs. 8(b) and 8(c), Ppg = 7.

As we can see in Fig. 8, a very good agreement is obtained
between LU and the hybridization and the small difference in
the residual error has a minor impact on the RCS or NRCS.
Simulations for an incidence angle 6;,. = 0, not reported here,
also showed very good agreements.

Figure 9 plots the computation time versus the number of
unknowns. Scenario 1 is chosen, and to increase the number
of unknowns, the problem size artificially increases by
applying a scaling on the sizes of the cylinders. As the number
of unknowns increases, Fig. 9 shows that PILE + LU + PO re-
quires less computation time than LU and PILE + LU + LU.
Due to the fact that the local interactions on the illuminated
scatterer are computed from a direct LU inversion, the com-
plexity for PILE + LU + PO is OV 5;’). It is also important to
note that the memory space requirement for PILE + LU +
PO is smaller than for PILE + LU + LU, because the imped-
ance matrix of the non-illuminated object is not computed
(thus, not stored).

To study the limit of validity of PILE + LU + PO, we con-
sider the scenario of Fig. 6(a) with the following changes:
ay = 24y, ay = 4, by = 24y, by = Ay (smaller cylinders) and
C; = (-0.5,-0.5)4. In Fig. 10(a), the corresponding RCS is
plotted versus 0,.,. We consider also the scenario of Fig. 6(c)
with the following changes: 0.5 = 0.5, (rougher lower sur-
face). The PO approximation is valid if the curvature radius
of the surface 7, is much larger than the wavelength A,
and if there are no multiple reflections, since PO is applied
at the first order. More precisely, from [34], 7o cos® 6 > Ay,
where 6 is the local angle defined with respect to the normal
to the surface.

For Fig. 10(a), 7, = Ay, which is smaller than that used in
Fig. 8(a). In Fig. 10(a), this explains why the residual error is
larger than that obtained in Fig. 8(a).

For Fig. 10(b), the mean of r, = (1 + y3)%?/|y,|, where
Yo = 25(X2) = dzy/dxs, is (1) = 5.60, whereas in Fig. 8(c),
(rp) = 14.98. In addition, for a random rough surface, the

120

—— LU
- © - PILE+LU+LU
‘=p- PILE+LU+PO

100

60 - o’
4

Time [s]

20 | &

0 1 1 1 1 J
500 2500 4500 6500 8500 10500
Number of unknowns

Fig. 9. Computation time versus the number of unknowns. Scenario
1 is chosen, and to increase the number of unknowns, the problem
size artificially increases by applying a scaling on the sizes of the
cylinders.
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(b) Scenario 3 bis : NRCS.

45 60 75 9

Fig. 10. Same results as in Fig. 8, but with the following changes:
(a) Fig. 10(a): scenario 1 of Fig. 6(a) but a; =24y, az =4,
by =24y, by =1, (smaller cylinders) and C; = (-0.5,-0.5)4;
(b) Fig. 10(b): Scenario 3 of Fig. 6(c) but 6,5 = 0.54¢ (rougher lower
surface).

multiple reflections can be neglected if the surface slope stan-
dard deviation o is smaller than 0.3. For Fig. 8(c), 642 = 0.15,
whereas in Fig. 10(b), o5 = 0.73. This explains why the
residual error is larger than that obtained in Fig. 8(c). A means
to decrease the residual error is to apply the PO at the second
order, meaning that the second reflection is accounted for.
This procedure has been published to include the second re-
flection for the scattering from a PC dihedral located above a
sea surface [30]. Then the complexity of programming and of
the resulting method increase.

If a direct LU inversion is used, the method complexity
is O((N; + N,)?). For PILE + LU + LU, the complexity is
similar. For PILE + LU + PO, the complexity becomes
O(N3) and the memory requirement is also reduced since
the matrix Z, is not stored and the coupling matrix Z;, is
not full. For PILE + FB + PO, the complexity is reduced
to OV %). For a detailed analysis of the complexity of PILE +
FB - SA 4 FB - SA and PILE + FB - SA + LU, see [7] and [8],
respectively.
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4. CONCLUSION

In this paper, from the integral equations to calculate the field
scattered by two scatterers where only one is illuminated, an
efficient numerical method has been presented. The PILE
method is based on the MoM, and the impedance matrix of
the two scatterers is then inverted by blocks from the Taylor
series expansion of the inverse of the Schur complement. Fur-
thermore, the PILE method allows one to use any fast method
developed for a single interface. Here, for scatterer 2 assumed
to be PC, to decrease the complexity of PILE, PO or/and FB

kvl A HYY (ollr, = )

X [J’n(xn - xm) - (zn - zm)]
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have been hybridized with PILE, and according to the sce-
nario, this hybridization gives satisfactory results. A prospect
of this paper is to extend the hybridization to the case of a
dielectric scatterer in order to reduce the complexity.

APPENDIX A: ELEMENTS OF THE
MATRICES

In Eq. (5), the elements of the block matrices {4,,B,,C,D;}
are expressed as

form #n

Aty = 4 I = rin , (AD)
LLowla A@) form —
2 dr 14 p3(xy)
5 FANVIF 72 [1+% h1<0.164k0\/1+y%|An|)] for m =n a2)
l.mn = 0 ’
4 HY (kollr, - 7,0 1) for n #m
e, | A H ey 7, = 7,ll)
- 4 ”r _r ” [J/n(xn _xm) - (zn - zm)] for m 5& n
Cl.mn , " " (A3)
1_vlA]_7@) for m —
e T orm=mn
2 dr 1+ y*(xy)
FAVIT P2 [1 +% In (0.164k; 1+ y%|An|)] form =n
Dy, = T E— 0 , (A4)
H(] (k1||"n—"m||) form;én

where r,, = (x,,2,) €S (coordinates of the point on the sur-
face 81), ry = (Xn, 2im) € S1, ¥ = ARy /Ay, vy = dyn /A2y, Ay
is the sampling step, v,, = sgn(#,, - ) (where 1, is the normal
vector to the pointr,,), H'" is the zeroth-order Hankel function
of the first kind, and H(il) is its derivative. The elements of
the matrices {A;,B;,Cy,D;} are obtained from those
of {A;,B;,C;,D;} by substituting the wavenumbers
{ko, ko, k1, k1 } for {ky,kq, ks, ks }, respectively.

The elements of the coupling matrices {45, By3,A5;, Boy}
are

. 1
A= TRl Y Gl = o)
12 4 710 = P2l
X [714,71 (xl,n - xZ.m) - (zl,n - zZm)]
. 1
A _ _Jk1Van| Azl H" (kylrs, = rinll)
2o 4 72 = Pl
X [72.n(x2,n - me) - (ZZ.n - zlm)]
j|A1,n| 1 + Y%An (1)
Biaun = ——— 1P CeslIr = 120

Boal 147,
— 1kl

(A5)

_rl,m”)

21.mn

APPENDIX B: IMPEDANCE MATRIX WHEN
SCATTERER 2 IS PC

If scatterer 2 is assumed to be PC, the impedance matrix Z,
can be simplified. For the TE polarization (Dirichlet boundary
condition), y, on the surface vanishes and the only unknown
on the surface is dys/dn. Then

o

For the TM polarization (Neumann boundary condition),
Ows/on on the surface vanishes and the only unknown on
the surface is y,. Then

TMZZz ZAZ, X2 =Y. (BZ)
In addition, the coupling matrices are simplified as
_ - - _ 0
TE:Z;;, = [A12 MBIZ]s Zy = B
21 (B3)

= - _ - 0
T™:Zy; = [A12$312]~ Zy = [A ]
21
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APPENDIX C: ANALYTICAL SOLUTION OF
A COATED CIRCULAR CYLINDER

This appendix briefly presents the field scattered by a coated
circular cylinder (two concentric circular cylinders) and com-
puted in polar coordinates (7, 8), where the angle 0 is defined
from the horizontal axis ¥. An incident plane wave is
considered: Wine = l//inc.OeikO (2 sin O —2 €08 Ojpe) — l//inc,oejk“rsm(e‘"“_g)

(ko =\/kj§c_sill O —2 cos Oy,.)] with tan 8 =z/x and
r=va?+22
In media Q, ©Q, and Q,, the total fields are

n=+oo
wo(r.0) = Y [AJ,(kor) + B,HL (kor)le 7’ with
Nn=-00
An = ’//inc,Oejneva (Cl)
n=+4oco )
y1(r.0) = > [Co(lrr) + DH (eyr)le™, (C2)
n=-o00
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n=+oo

wo(r,0) = Y EnJ,(kar)ed™, (C3)

n=-o00

respectively, where H;“ is the nth-order Hankel function of
the first kind and J,, is the nth-order Bessel function of the
first kind. In Egs. (C1)-(C3), the four unknowns are B,,
C,, D,, and E,. The boundary conditions state that

wo(ay,0) = wi(a,0)
wi(az, 0) = y(as, 0)

I _ dyy C4
or |,.:a1 = Po1 o |T:a1- (C4)
%| —) %|

or 'r=a 12 or 'r=a,

From Egs. (C1)-(C3), this leads for any (6,n) to

HY (koay) T, (kyay) ~H (kyay) 0 B, ~A,J, (koay)
koH," (koar)  —poiks T, (kyay) —/)oﬂﬁlH,rEl) (krar) 0 Cu | = | ~AnkoTu (ko) (C5)
0 Ju(kyaz) Hiz,()l()kﬂz) —Jn(k2a2) D, 0 '
0 kyJy (k1az) k\Hy " (kias)  —koprodyy(kaaz) | | En 0
This linear system can be solved analytically or numerically S k22 Hy (a3, - 2%)H),
by inverting the matrix of size 4 x 4. The RCS in medium Q, is 00 7%, r,
then expressed as L1022
Wy = 1723 2 (2Hy; - Hygky71) | (D3)
12
4 |"TEE 2 kyaf,Hyy | (23, - 2f)Hy
— Oinc +0sca—7 =
RCS(Bine, Osea) = P n;ﬁ B, @mbuctba-m | (CE) wyy = =

APPENDIX D: DERIVATION OF THE
COUPLING MATRICES FOR PO

From Eq. (5), we show that

aBlZJan
on

jklv2.1n|A1,n| 1+ y%,nHll

2m 4’}"12 7/ 1 —+ }/%Ym

(Riz —rom®12) (DD

and
0A 12 mn _ _jklvl,n|A1‘n|UZ.m [woo + Wio(1m + Y2m)
= M m
an Tom 4m
+ WiY1areml; (D2)
where

_ 2
Tz = (/¥ + 2%,

and x12(1)= Z1n = X2.ms 2‘1(21)= R1n = R2m
Hyo = Hy ' (k1712), Hiy = Hy ' (k1712).
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