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Sea surface infrared emissivity is an important parameter in oceanic remote sensing. This article derives the
infrared emissivity of two-dimensional (2D) sea surfaces with an analytical model, where one surface reflec-
tion (surface-emitted surface-reflected) is considered. Polarization is studied, and the surface slope probabil-
ity density function is Gaussian and then non-Gaussian to study the skewness and the kurtosis effects. It is
shown that sea surface infrared emissivity is sensitive to the zenith observation angle and the wind direction,
and the skewness and the kurtosis effects are significant for grazing directions (with zenith angle >80°). For
Gaussian surfaces, surface emissivity for grazing zenith angles reaches maxima in the up-wind and down-
wind directions, whereas minima are found in the cross-wind direction. After taking into account the skew-
ness and the kurtosis effects, the surface emissivity has the largest value in the down-wind direction. The
analytical results are then compared with measurements, which shows that considering one surface reflec-
tion significantly improves the agreement for large zenith angles.

© 2012 Elsevier Inc. All rights reserved.

1. Introduction

Sea surface infrared emissivity in the atmospheric transmission
windows is an important parameter in oceanic remote sensing, e.g.
for deriving the sea surface temperature. Sea surface infrared emissiv-
ity is nearly constant for observation directions near zenith, but it
varies significantly with the observation angle measured from zenith
(named zenith angle). In these observation directions, shadowing and
surface reflections become significant, increasing the difficulty in
predicting the sea surface emissivity with accuracy.

Early models of sea surface infrared emissivity derived the emissiv-
itywithout considering sea surface reflections (nameddirect emissivity,
or zero-order emissivity contribution). By contrast, the shadowing
effectwas usually considered.Masuda et al. (1988) calculated the unpo-
larized sea surface infrared emissivity by modeling the sea as a two-
dimensional (2D) surface with Gaussian surface slope distribution. A
normalization factorwas used to estimate the shadowing effect. Instead
of using the normalization factor, Yoshimori et al. (1994, 1995) took the
shadowing effect into account in their emissivity model by using the
Smith illumination function1 (Smith, 1967). Freund et al. (1997) calcu-
lated the sea surface emissivity by an hemispherical ensemble average.
Bourlier (2005) took a step forward by considering a non-Gaussian

surface slope distribution introduced by Cox and Munk (1954), which
takes the skewness and kurtosis effects into account.

However, Smith et al. (1996) reported a difference of about 0.02–
0.03 between the measurements and the direct emissivity model of
Masuda et al. (1988) for a zenith angle of 73.5°, because surface re-
flections were ignored. The model of Watts et al. (1996) and that of
Wu and Smith (1997) both defined an empirical cutoff angle to calcu-
late the surface-emitted surface-reflected emissivity (SESR, or named
first-order emissivity contribution, as one reflection is considered).
Because of the difficulty in defining the cutoff angle, the result has a
large uncertainty. The model of Henderson et al. (2003) developed
a ray-tracing Monte Carlo algorithm to calculate the sea surface
emissivity with up to 10 surface reflections. This method may be a
valuable reference, but it needs a long computation time. Masuda
(2006) took into account the first-order emissivity contribution
(SESR) by using a weighting function, which avoided defining an
exact cutoff angle. More rigorously, Bourlier (2006) evaluated the
first-order emissivity contribution by developing a first-order illumi-
nation function (with one reflection), which estimates the probability
that a surface-emitted ray is reflected once by another point of the
surface into the observation direction. The model of Masuda (2006)
and that of Bourlier (2006) are analytical models, but they do not
agree well with the results of the ray-tracing Monte Carlo method
(Li et al., 2011b). Nalli et al. (2008) shared the idea of Masuda
(2006) which used a weighting function to calculate the first-order
emissivity contribution, but replaced the shadowing term used in
Masuda (2006) by that of Saunders (1968). The most recent model
was developed by Li et al. (2011b), in which one surface reflection
was considered. They showed that the agreement with measure-
ments is greatly improved by considering one surface reflection.
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1 The illumination function was originally called “shadowing” function (Smith, 1967;
Wagner, 1967). But as the word “shadowing” leads to confusion when surface reflec-
tions are considered, more recent models named it “illumination” function (Bourlier,
2006; Li et al., 2011a).
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Most of the above models do not take polarization into account,
except for the models of Henderson et al. (2003) and Li et al.
(2011b). It is reported that surface emissions are usually partially po-
larized (Shaw, 1999; Shaw & Marston, 2000) and Shaw and Marston
(2000) calculated the degree of polarization (DOP) of the direct infra-
red emissivity of the sea surface. Li et al. (2011b) calculated the DOP
of the sea surface infrared emissivity with one surface reflection, but
the sea surface was considered as one-dimensional (1D), making
the model less general.

In this paper, the sea surface infrared emissivity is determined, by
taking both the zero- (direct) and first-order (SESR) emissivity con-
tributions into account. The zero-order emissivity contribution is cal-
culated following the model of Bourlier (2005), where the Smith
illumination function (Smith, 1967) is used. When deriving the
first-order contribution, we extend the model of Li et al. (2011b) to
a two-dimensional (2D) sea surface. Polarization is taken into account
and carefully dealt with, and the DOP is calculated. Moreover, the
skewness and kurtosis effects are considered, following the mathe-
matical development of the sea surface slope probability density
function (PDF) given by Cox & Munk (1954) and Bourlier (2005).
When deriving the sea surface infrared emissivity, the geometric
optics approximation is assumed to be valid, as the infrared wave-
lengths are very small compared with the sea surface roughness (Li
et al., 2011b).

This paper is organized as follows: in Section 2, the zero-order in-
frared emissivity contribution of 2D sea surfaces is calculated, with
polarization taken into account, and in Section 3, the first-order emis-
sivity contribution is derived. The numerical calculation results are
shown in Section 4 and are compared with measurements.

2. Emissivity without reflection ε0

The sea surface infrared emissivity without reflection, which is
shown in Fig. 1, corresponds to the emission energy propagating di-
rectly toward the sensor situated in the observation direction (θ, ϕ),
where θ is the zenith angle and ϕ is the azimuth angle measured
from the up-wind direction. It is also called the zero-order emissivity
contribution, as no surface reflection occurs. Models of zero-order sea
surface infrared emissivity are well known (Bourlier, 2005; Freund et
al., 1997; Masuda et al., 1988; Yoshimori et al., 1994, 1995). This sec-
tion follows the work of Bourlier (2005) to derive the zero-order in-
frared emissivity contribution of 2D sea surfaces. In addition,
polarization is taken into account.

2.1. Zero-order illumination function

As pointed out by several authors (Bourlier, 2005; Masuda et al.,
1988; Smith, 1967), for large zenith angles θ, not all parts of the sea
surface can be “seen” by the sensor, because of the surface roughness.
Parts of the surface lie in shadow, as illustrated in dashed line in Fig. 1.

Shadowing is too significant to be ignored for large θ. As a result, a
zero-order illumination function is used to estimate the probability
that an arbitrary point of the sea surface, named M0, is viewed by
the sensor. Following Bourlier (2005), we employ the zero-order illu-
mination function of Smith (1967). For more details, the reader is
referred to Smith (1967) and Bourlier (2005). It is given by:

S0 θ;γX ; ζ0ð Þ ¼ ϒ μ−γXð ÞF ζ0ð ÞΛ μð Þ
; ð1Þ

where γX is the slope of M0 with respect to the X direction (X is the
horizontal direction toward the sensor, see Fig. 2), and ζ0 is the
height. F(ζ) is the surface height cumulative density function, given
by:

F ζð Þ ¼ ∫ζ
−∞ pζ tð Þdt; ð2Þ

where pζ(t) is the probability density function (PDF) of the surface
height. The function Λ(μ) is related to the slope of the emission ray
μ=cotθ with respect to the X direction, given by (Bourlier, 2005,
2006; Smith, 1967):

Λ μð Þ ¼ 1
μ
∫þ∞
μ γX−μð Þpγ γXð ÞdγX ; ð3Þ

where pγ(γX) is the marginal surface slope probability density func-
tion (PDF) along the X direction. The function ϒ(μ−γX) is the unit
step function, which equals 1 for γXbμ and 0 otherwise, meaning
that all surface points with slope γX larger than the slope μ of the in-
cidence ray are in shadow.

Averaging Eq. (1) over the heights ζ0 of M0 leads to the height-
averaged zero-order illumination function, given by (Bourlier, 2005;
Yoshimori et al., 1994):

�S0 θ;γXð Þ ¼ 1
1þ Λ μð Þϒ μ−γXð Þ: ð4Þ

Eq. (4) holds for any surface height PDF. As the surface emissivity
does not depend on the heights, the height-averaged illumination
function is always used.

2.2. Rotation angle introduced by 2D surfaces

Fig. 2 shows the tangent plane of an arbitrary point M0 of the sea
surface with unitary normal vector n̂0.

2 The x̂ direction is the up-
wind direction, and the ŷ direction is the cross-wind direction. The
vector ẑ points to the zenith. The sensor is located in the direction
ŝ θ;ϕð Þ, with θ being the zenith angle and ϕ being the azimuth angle
measured from the up-wind direction. For convenience, a new coor-
dinate system XY is defined by rotating anticlockwise the basis xy
through an angle ϕ about the z axis, so that the sensor lies in the Xz
plane. For short, xyz is the coordinate system related to the wind di-
rection, and XYz is the one associated to the sensor direction.

The local plane of incidence3 of M0 is defined by the local normal
to the tangent plane n̂0 and the observation direction ŝ. The angle
χ0 between n̂0 and ŝ is the local incidence angle. The local horizontal
polarization (denoted h0, the electric vector is perpendicular to the
local plane of incidence) and local vertical polarization (denoted v0,
the electric vector is parallel to the local plane of incidence) are de-
fined. The unitary vector ûv0 of the v0 polarization direction belongs
to the local plane of incidence and is perpendicular to ŝ, and points
upward of the tangent plane. The unitary vector ûh0 of the h0 polari-
zation direction is perpendicular to the local plane of incidence and

Fig. 1. Shadowing of the sea surface. The dashed part of the surface lies in the shadow
for the sensor. The sensor is situated in the (θ, ϕ) direction, where ϕ is not shown. The X
direction is the horizontal direction toward the sensor.

2 In this paper, the symbol ˆ represents unitary vectors.
3 This paper uses the term “plane of incidence” even though there is no incidence

ray. The emission ray is treated as if it were generated by a specular reflection of an in-
cidence ray, where the plane of incidence is defined.
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checks the relation ûv0 � ûh0 ¼ ŝ. As the slope of M0 is arbitrary, the
direction of the local normal vector n̂0 is arbitrary, as well as the
local polarization directions.

To describe the polarization state of the sea surface infrared emis-
sivity of the sea surface, the average sea surface is considered, which
is parallel to the horizontal plane (XY or xy). The normal vector ẑ to
the average plane and the propagation direction ŝ of the emission
ray define the global plane of incidence. The global horizontal polari-
zation (denoted H) and global vertical polarization (denoted V), as
well as the corresponding unitary vectors ûV and ûH , are defined in
the same way as the local ones, by replacing the local normal vector
n̂0 with the global one ẑ. The global polarization directions are fixed
by the observation direction ŝ and the zenith direction ẑ.

Generally, the tangent plane of an arbitrary surface point is not
identical to the average sea surface (horizontal plane), which means
that the local normal vector n̂0 is not identical to the ẑ direction. As
a result, the local plane of incidence is generally not identical to the
global one. As ûV , ûH , ûv0 and ûh0 are perpendicular to ŝ, they belong
to the same plane (the light green plane in Fig. 2). However, as the
tangent plane is “rotated” from the average sea surface, there is an
angle α between the local and global planes of incidence, which
equals the one between ûV and ûv0 , or between ûH and ûh0 (see
Fig. 2). As the local polarization directions differ from point to point,
the intensity of the emission of local v0 and h0 polarizations should
be projected onto the global V and H polarization directions when
deriving the sea surface infrared emissivity. As a result, a part of the
locally horizontally (or vertically) polarized energy may pass to verti-
cal (or horizontal) polarization in a global point of view. This effect is
named “cross polarization” for short here. “Cross polarization” never
occurs when deriving the zero-order 1D sea surface infrared emissiv-
ity (Li et al., 2011b), because the local and global planes of incidence
are always identical, which means α equals 0.

2.3. Derivation of the zero-order emissivity ε0 contribution

To derive the polarized infrared emissivity of sea surfaces, the
local emissivity of an arbitrary point M0 is calculated firstly. The uni-
tary normal vector to the point M0 can be expressed as (Yoshimori et
al., 1995; Bourlier, 2006):

n̂0 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2

x0
þ γ2

y0

q −γx0
−γy0
1

2
4

3
5; ð5Þ

where γx0 and γy0 are the slopes of the point M0 with respect to x and
y directions, respectively. The propagation direction of the emission
ray ŝ is defined by its zenith and azimuth angles, as:

ŝ ¼
sin θ cosϕ
sin θ sinϕ

cos θ

2
4

3
5: ð6Þ

Then, the local incidence angle χ0 (the angle between n̂0 and ŝ) is
given by (Bourlier, 2006):

cosχ0 ¼ n̂0⋅ŝ ¼
cos θ− γx0

cosϕþ γy0
sinϕ

� �
sin θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ γ2
x0
þ γ2

y0

q : ð7Þ

The local emissivity of the point M0 of v0 and h0 polarizations is
given by:

εlocal0;v0 ;h0 ¼ 1− rv0 ;h0 χ0ð Þ 2
;

������ ð8Þ

where r(χ0) is the Fresnel reflection coefficient:

rv χð Þ ¼ ncosχ−cosχ ′

ncosχ þ cosχ ′
;

rh χð Þ ¼ cosχ−ncosχ ′

cosχ þ ncosχ ′
;

ð9Þ

with n being the refraction index of the sea andχ′ being the transmis-
sion angle given by Snell's law: sinχ′=sinχ/n.

To derive the polarized emissivity of the sea surface, the local
emissivity of v0 and h0 polarizations is projected to the V and H polar-
ization directions. The emissivity of v0V (local v0 polarization projec-
ted to global V polarization), v0H, h0V, and h0H polarizations is given
by:

ε0;v0V ¼ εlocal0;v0 cos
2α

ε0;v0H ¼ εlocal0;v0 sin
2α

ε0;h0V ¼ εlocal0;h0 sin
2α

ε0;h0H ¼ εlocal0;h0 cos
2α

; ð10Þ

where the square in cos2α and sin2α stands for the projection of in-
tensity. The rotation angle α is derived in detail in Appendix A. The
emissivity of global V and H polarizations is given by:

ε ′0;V ¼ ε0;v0V þ ε0;h0V
ε ′0;H ¼ ε0;v0H þ ε0;h0H

: ð11Þ

Following the method of Bourlier (2005), the zero-order infrared
emissivity of the sea surface is given by:

ε0;V ¼ ε ′0;Vg0�S0
D E

0

ε0;H ¼ ε ′0;Hg0�S0
D E

0

; ð12Þ

where �S0 is the height-averaged zero-order illumination function
given by Eq. (4), and the function g0 results from projecting the
area around the point M0 onto the direction perpendicular to the ob-
servation direction, given by:

g0 ¼ 1− γx0
cosϕþ γy0

sinϕ
� �

tan θ: ð13Þ

The symbol ⋯h i0 stands for the statistical average over the slopes of
M0, given by:

⋯h i0 ¼ ∫þ∞
−∞ ∫

þ∞
−∞⋯ p γx0

;γy0

� �
dγx0

dγy0
; ð14Þ

Fig. 2. The tangent plane of an arbitrary pointM0 (red) of the sea surface, with a unitary
normal n̂0. The sensor is located in the ŝ θ;ϕð Þ direction. The light-green plane crosses
pointM0 and is perpendicular to ŝ . The normal to the tangent plane n̂0 and the direction
of observation ŝ define the local plane of incidence, as well as the local incidence angle
χ0, and the local horizontal h0 and vertical v0 polarizations. The normal to the averaged
surface (horizontal plane) ẑ and ŝ define the global plane of incidence, as well as the
global horizontal H and vertical V polarizations. When n̂0 is different from ẑ , there is
an angle α between the corresponding local and global polarization directions.
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where p(γx0, γy0) is the joint probability density function (PDF) of the
slopes of point M0 with respect to the x and y directions.

For the ease of calculating the integrations in Eq. (14), the follow-
ing changes of variables are performed (Bourlier, 2005):

γx0
¼ γXcosϕ−γYsinϕ

γy0
¼ γXsinϕþ γYcosϕ

; ð15Þ

where γX and γY are the slopes of the pointM0 with respect to the X and
Y directions, respectively. The integration variables in Eq. (14) become:

dγx0
dγy0

¼ JdγXdγY ; ð16Þ

where J=1 is the Jacobian of the changes of variables.

3. Emissivity with one surface reflection ε1

Comparison with measurements showed that the zero-order
models underestimate the sea surface infrared emissivity for large
zenith angles θ (Li et al., 2011b; Watts et al., 1996; Wu & Smith,
1997). The reason is that the surface-emitted surface-reflected emis-
sivity (SESR, first-order contribution) is not taken into account. Sur-
face reflection effect is significant for large zenith angles θ. Fig. 3
shows that an emission ray from one point M1 is reflected to the sen-
sor by another pointM0 of the surface. This section extends the model
of Li et al. (2011b) to 2D surfaces.

3.1. First-order illumination function

To evaluate the surface reflections, Li et al. (2011a) developed a
first-order illumination function for 1D sea surfaces. In the same
year, they derived the 1D sea surface infrared emissivity with the
same illumination function (Li et al., 2011b). This article adopts this
first-order illumination function, and extends it to 2D sea surfaces.

The first-order illumination function gives the probability that the
emission ray from pointM1 is reflected specularly to the sensor by an-
other point M0 on the surface (see Fig. 3). In the model of Li et al.
(2011a), the reverse ray path is used for better convenience, which
assumes an emission ray from the sensor is reflected specularly by M0

toM1. This section follows the same procedure. The first-order illumina-
tion function is given by the probability that the ray ŝ (the ray fromM0

to the sensor) does not reach the surface (with probability P1) while the
ray−ŝ′ (the ray formM0 toM1) reaches the surface atM1 (with proba-
bility P2). A new system of coordinates X′Y′ is defined in the same way
as XY, by replacing M0 with M1 and the sensor with M0.

The probability that the ray ŝ does not reach the surface equals the
zero-order illumination function, given by:

P1 ¼ ϒ μ−γXð ÞF ζ0ð ÞΛ μð Þ
: ð17Þ

However, the probability that the ray −ŝ′ reaches the surface is
unknown. It depends on whether the ray −ŝ′ propagates upward or

downward. If it propagates downward, it surely reaches the surface
thus P2=1; if it propagates upward, the probability that it reaches
the surface equals the complementary probability that it does not.
To conclude, P2 is given by:

P2 ¼ 1
1−F ζ0ð ÞΛ1 μ1ð Þ

if θ′ > 90∘

if θ′b 90∘ ;

�
ð18Þ

where μ1 is the slope of the ray ŝ ′with respect to the X′ direction. The
function Λ1(μ1) is given by:

Λ1 μ1ð Þ ¼ 1
μ1

∫μ1

−∞ γX ′−μ1ð Þpγ γX ′ð ÞdγX ′; ð19Þ

where pγ(γX′) is the marginal surface slope PDF with respect to the X′
direction.

To sum up, the first-order illumination function for 2D surfaces is
given by:

S1 θ;γX ;γY ; ζ0ð Þ ¼ ϒ μ−γXð ÞF ζ0ð ÞΛ μð Þ

� 1
1−F ζ0ð ÞΛ1 μ1ð Þ

if θ′ > 90∘

if θ′b 90∘

� ð20Þ

The height-averaged first-order illumination function is obtained
by averaging Eq. (20) over the height ζ0, and is given by:

�S1 θ;γX ;γYð Þ ¼ ϒ μ−γXð Þ

�
1

1þ Λ μð Þ
Λ1 μ1ð Þ

1þ Λ μð Þ½ � 1þ Λ μð Þ þ Λ1 μ1ð Þ½ �

if θ′ > 90∘

if θ′b 90∘ :

8>><
>>:

ð21Þ

Eqs. (20) and (21) are the general forms of the first-order illumi-
nation function. For the axes X and X′ in the same or the opposite di-
rections, the 2D first-order illumination function equals the 1D one
given by Li et al. (2011b).

3.2. Rotation angle β between local planes of incidence at M0 and M1

Fig. 4 shows twopointsM1 andM0 of the sea surface and their tangent
planes. An emission ray ŝ′ propagates from M1 to M0, where it is then
reflected specularly to the sensor. Unlike 1D surfaces, the propagation

Fig. 3. The surface-emitted ray ŝ ′ from M1 is reflected by another surface point M0 to
the sensor in the ŝ θ;ϕð Þ direction.

Fig. 4. The tangent planes (red planes) of points M0 and M1, and the local planes of in-
cidence (blue plane for M0, magenta plane for M1).
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direction of the emission ray ŝ′ and the normals to these two points are
generally not in the same plane. As a result, the local planes of incidence
(defined by ŝ′ and the local normals) of these twopoints are not identical,
but differwith a rotation angleβ, shown in Fig. 4. The angleβ is derived in
Appendix B.

The local horizontal and vertical polarizations (denoted as v1 and h1
to avoid confusion) of the emission ray fromM1 are defined in the same
way as v0 and h0. The v′0 and h′0 directions are the local vertical and
horizontal polarization directions of the incidence ray ŝ′ to the point
M0. Before calculating the reflection, the intensity of the emission of v1
and h1 polarizations should be projected to the v′0 and h′0 polarizations,
which also leads to the so call “cross polarization.”

3.3. Derivation of the first-order emissivity contribution ε1

In this subsection, the sea surface infrared emissivity with one re-
flection is developed according to the slopes of the points M0 and M1

and the observation angle ŝ θ;ϕð Þ.
To be consistent with the first-order illumination function, the re-

verse ray path is used, which assumes that the emission ray from the
sensor reaches the surface at M0 and is reflected specularly to M1.
Knowing the observation direction ŝ and the slope of the point M0,
the unitary vector of the propagation direction of the reflection ray
−ŝ′ is given by:

ûM0M1
¼ −ŝ′ ¼ 2n̂0 n̂0⋅ŝð Þ−ŝ: ð22Þ

The global reflection angle θ′ is then given by:

cos θ′ ¼ ûM0M1
⋅ ẑ ¼ cos θ 2g0 1þ γ2

x0
þ γ2

y0

� �−1−1
� �

ð23Þ

According to Eq. (6), the unitary vector ŝ′ can be denoted as
ŝ′ θ1;ϕ1ð Þ, where θ1 and ϕ1 are given by:

θ1 ¼ acos ŝ ′zð Þ; ð24Þ

cosϕ1 ¼ ŝ ′x=sin θ1; ð25Þ

sinϕ1 ¼ ŝ ′y=sin θ1: ð26Þ

The local incidence angle of the point M1 is given in the same way
as Eq. (7) by:

cosχ1 ¼
cos θ1− γx1

cosϕ1 þ γy1
sinϕ1

� �
sin θ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ γ2
x1
þ γ2

y1

q ; ð27Þ

where γx1 and γy1 are the slopes of the point M1 with respect to the x
and y directions, respectively.

The local emissivity of v1 and h1 polarizations referring to the
point M1 is then given by:

εlocal1;v1 ;h1 ¼ 1− rv1 ;h1 χ1ð Þ 2
:

������ ð28Þ

Before reflecting the ray specularly from ŝ′ to ŝ, the intensity of the
emission of v1 and h1 polarizations should be projected to v0 and h0
polarizations, given by:

εlocal1;v1v′0
¼ εlocal1;v1 cos

2β ¼ 1−½ jrv1 χ1ð Þ 2
��� i

cos2β;

εlocal1;v1h′0
¼ εlocal1;v1 sin

2β ¼ 1−½ jrv1 χ1ð Þ 2
��� i

sin2β;

εlocal1;h1v′0
¼ εlocal1;h1 sin

2β ¼ 1−½ jrh1 χ1ð Þ 2
��� i

sin2β;

εlocal1;h1h′0
¼ εlocal1;h1 cos

2β ¼ 1−½ jrh1 χ1ð Þ 2
��� i

cos2β:

ð29Þ

After the reflection, the emissivity of v0 and h0 polarizations is
given by:

εlocal1;p1q0 ¼ εlocal1;p1q′0
rq0 χ0ð Þ 2

;
������ ð30Þ

where p1={v1, h1}, q0={v0, h0}.
To derive the polarized emissivity of the sea surface, the local

emissivity is projected to the global polarization directions V and H
as:

ε1;p1 ;q0;C ¼ εlocal1;p1 ;q0 f αð Þ; ð31Þ

where C={V, H}. The function f(α)=cos2α if q0 and C are both hori-
zontal and vertical polarizations. Otherwise, f(α)= sin2α. The emis-
sivity of V and H polarizations is given by:

ε ′1;V ¼ ∑p1¼ v1 ;h1f g;q0¼ v0 ;h0f gε1;p1 ;q0 ;V ;
ε ′1;H ¼ ∑p1¼ v1 ;h1f g;q0¼ v0 ;h0f gε1;p1 ;q0 ;V ;

ð32Þ

Compared with emissivity of 1D sea surfaces (see Eq. 29 of Li et al.,
2011b), “cross polarization” terms, where p0, q0 and C do not repre-
sent the same polarization, appear here. For 1D surfaces, these
terms never occur, as the angles α and β both equal 0.

Finally, the polarized emissivity of the sea surface is obtained by
averaging ε′1,V and ε′1,H over the slopes of M1 and M0, given by (Li et
al., 2011b):

ε1;V ¼ ε ′1;Vg0
�S1

D E
1
;

ε1;H ¼ ε ′1;Hg0
�S1

D E
1
;

ð33Þ

where �S1 is the height-averaged first-order illumination function. The
symbol ⋯h i1 stands for the statistical average over the slopes ofM1 and
M0:

⋯h i1 ¼ ∫þ∞
−∞∫

þ∞
−∞∫

þ∞
−∞∫

þ∞
−∞⋯

p γx1
;γy1

;γx0
;γy0

� �
dγx1

dγy1
dγx0

dγy0
;

ð34Þ

where p(γx1, γy1, γx0, γy0) is the joint PDF of the slopes of the pointsM0

and M1 with respect to the x and y directions.
To calculate the integration in Eq. (34), the changes of variables

given by Eq. (15) are performed, as well as the following ones:

γx1
¼ γX ′cosϕ1−γY ′sinϕ1

γy1
¼ γX ′sinϕ1 þ γY ′cosϕ1

; ð35Þ

where γX′ and γY′ are the slopes of the pointM1 with respect to the X′
and Y′ directions, respectively. In addition:

dγx1
dγy1

dγx0
dγy0

¼ dγX ′dγY ′dγXdγY : ð36Þ

3.4. Surface slope PDFs of M0 and M1

The sea surface slope PDF pγ(γx, γy) is assumed to be either Gaussian
or non-Gaussian, so as to evaluate the skewness and kurtosis effects.
The non-Gaussian surface slope PDF was first introduced and specified
by Cox & Munk (1954). Bourlier (2005) later derived the marginal
slope PDF along the X direction, with which the functions Λ(μ) (Eq. 3)
and Λ1(μ1) (Eq. 19) can be calculated. The details of the calculation are
reported in Appendix C.
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To carry out the integrations in Eq. (34), the joint PDF p(γx0, γy0,
γx1, γy1) of the slopes of the surface points M0 and M1 must be deter-
mined, which is given by:

p γx0
;γy0

;γx1
;γy1

� �
¼ pγ γx0

;γy0

� �
p γx1

;γy1

���γx0
;γy0

� �
: ð37Þ

Knowing that−ŝ ′ crosses the surface at M1, the slope PDF of M1 is
posterior. Obviously, not all slopes of the sea surface can be the slopes
ofM1, for example, the slopes leading to an unphysical local incidence
angle |χ1|>90°. As little information is available, the assumption of Li
et al. (2011b) is used, which assumes that any slope fulfilling the con-
dition |χ1|b90° may equally be the slope ofM1. According to Eq. (27),
the following condition is then obtained:

cos θ1− γx1
cosϕ1 þ γy1

sinϕ1

� �
sin θ1> 0; ð38Þ

or equally:

γX ′b μ1: ð39Þ

The slope PDF of the point M1 is then given by:

p γx1
;γy1

���γx0
;γy0

� �
¼ ϒ μ1−γX ′ð Þ

∫μ1

−∞ pγ tð Þdt
pγ γx1

;γy1

� �
; ð40Þ

where pγ(t) is the marginal surface slope PDF along the X′ direction.

4. Numerical results

In this section, we present calculations based upon the zero- and
first-order components of sea surface infrared emissivity developed
in Sections 2 and 3. The calculation is performed for wavelengths in-
side the infrared atmospheric windows of 3–5 μm and 8–13 μm. The
sea refraction index n in these regions is given by Hale & Querry
(1973), for example, n={1.3510+0.0046i; 1.2180+0.0508i} for
wavelengths λ={4; 10} μm. We recall that Hale and Querry (1973)
did not take salinity into account.

4.1. Emissivity without reflection ε0

The polarized zero-order contribution of sea surface infrared
emissivity ε0 (direct emissivity) is calculated according to Eq. (12).
It is recalled that the polarization state of the sea surface infrared
emissivity is measured by the global horizontal and vertical polariza-
tions, which are defined referring to the average sea surface.

Fig. 5(a) shows the zero-order emissivity contribution ε0 of h0H,
h0V, v0H and v0V polarizations (the terms of the right-hand side of
Eq. (11)) for the wavelength λ=4 μm. The sensor is located in the
up-wind direction (ϕ=0°). The wind speed u12 at 12.5 m above the
sea surface equals 10 m/s. The sensor is located in the up-wind direc-
tion (ϕ=0°), and the surface slope PDF is assumed to be Gaussian.
The results for other ϕ and the ones for a non-Gaussian slope PDF
are also calculated, which are not shown as they have similar trends
and lead to the same conclusion.

It is shown that the “cross polarization” terms (h0V and v0H) are sig-
nificant only for small zenith angles, e.g. θb30°. These terms decrease
rapidly with the increase of the zenith angle θ and are rather small for
large zenith angles: for instance, ε0,h0V≈0.0134 and ε0,v0H≈0.0177 for
θ=85°. On the other hand, the terms ε0,h0H and ε0,v0V are always strong.

To give an explanation to the rapid decrease of the “cross polariza-
tion” terms, the average of the rotation angle α, given by bα�S0>0, is
calculated for both Gaussian and non-Gaussian surface slope PDFs.
The angle α is derived in Appendix A. The illumination function �S0
is taken into account to eliminate the influence of the points in
shadow, which does not contribute to the observed emissivity. The

result is shown in Fig. 5(b). It is shown that the average of α decreases
with the increase of θ, from slightly over 40° for θ=0° to about 0° for
θ=90°. As a result, sinα decreases rapidly as θ increases, and the cross
polarization terms vanish (see Eq. 10).

The zero-order contribution of sea surface infrared emissivity of
global H and V polarizations is calculated for both Gaussian and
non-Gaussian sea surface slope PDF, with the same parameters as in
Fig. 5, using Eq. (11). The result is then compared with that of Li et
al. (2011b), which considers 1D surfaces with Gaussian slope PDF,
shown in Fig. 6.

It is shown in Fig. 6(a) that the zero-order emissivity contributions
of 1D or 2D surfaces and with Gaussian or non-Gaussian surface slope
PDFs have similar trends. The surface emissivity of H polarization de-
creases with the increase of θ, while the one of V polarization in-
creases to a maximum value and then decreases, because of the
Brewster angle (θB≈53° for λ=4 μm, flat surface). The difference be-
tween the emissivity of 1D and 2D surfaces with Gaussian slope PDF
is relatively small (see Fig. 6(b), solid and dashed lines). The maxima
of the difference occur for θ=90°, of absolute value about 1.1×10−3

for H polarization and about 7.0×10−3 for V polarization. The differ-
ence between the 2D surface emissivities with Gaussian and non-
Gaussian slope PDFs is also small, but becomes larger for large zenith
angles θ>85° (see Fig. 6(b), dashed-dotted line and line with closed
circle), meaning that the skewness and kurtosis effects become signif-
icant only in this region. The largest differences are also found for
θ=90°, of absolute value about 1.9×10−2 for H polarization and
about 1.6×10−2 for V polarization. The values of the difference vary
with the wind direction ϕ.

4.2. Emissivity with one reflection ε1

The first-order contribution of sea surface infrared emissivity
(SESR) ε1 is calculated by Eq. (33). The calculations are performed
for 2D sea surfaces with Gaussian or non-Gaussian slope PDF, and
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are compared with the model of Li et al. (2011b). The results for the
wind speed 10 m/s and the wavelength 4 μm are shown in Fig. 7.

It is shown that the first-order contribution of sea surface emissiv-
ity is significant for large zenith angles, e.g. θ>60°. Maxima about

0.025 are found around θ=80°. The first-order emissivity contribu-
tions of 1D and 2D surfaces (solid and dashed lines in Fig. 7) are sim-
ilar. The surface emissivity of 2D surfaces of either H or V polarization
is slightly smaller than that of 1D surfaces for large zenith angles
θ>70°.

The “cross polarization” terms (terms where p1, q0 and C do not
represent the same polarization) are very weak. The averages of the
angles α and β are calculated, which are given by bα�S1>1 and
bβ�S1>1. The first-order illumination function is taken into account
so as to weight each α and β according to the corresponding probabil-
ity of observing surface reflections. The result is shown in Fig. 8, with
the same parameters as Fig. 7.

It is shown that the average values of α and β are very small, with
maxima about 4° for β and 1.5° for α (sin2(4°)≈4.9×10−3,
sin2(1.5°)≈6.8×10−4). In other words, the local and global polariza-
tion directions are almost the same; thus, the “cross polarization”
terms are weak. In addition, as α and β are small, the local planes of
incidence at the source point (M0) and the reflection point (M1),
and the global plane of incidence are almost parallel with each
other. As a result, only a narrow area of the sea surface around its in-
tersection with the global plane of incidence participate in producing
the first-order emissivity contribution.

Although a sensor can neither measure the emissivity of p1q0C
polarization separately, nor measure the value of the rotation angles
α and β, it is relevant to study the “cross polarization” effect. First of
all, it help us understand better the physical process. Secondly,
when the surface reflectivity is calculated, “cross polarization” can
be measured.

Fig. 9 compares the polarized first-order emissivity contribution
with Gaussian and non-Gaussian sea surface slope PDFs, with the
same wind speed and wavelength as Fig. 7. Fig. 9(a) shows the first-
order surface emissivity contribution with respect to the zenith
angle θ. It is shown that in the up-wind direction (ϕ=0°), the emis-
sivity with non-Gaussian slope PDF is slightly larger for moderate
zenith angles (e.g. 20°bθb60°) and smaller for larger zenith angles
(e.g. θ>60°). The largest differences caused by the skewness and
kurtosis effects are about 2.5×10−3, which occurs around θ=75°.

Fig. 9(b) shows the first-order surface emissivity contribution
with respect to the azimuth angle ϕ. As it is symmetrical about
ϕ=180°, the part for ϕ∈ [180°,360°] is not shown. The first-order
emissivity contribution with Gaussian slope PDF, of H or V polariza-
tion, is nearly constant. However, the one with non-Gaussian slope
PDF varies with ϕ. In other words, the emissivity with one surface re-
flection is more sensitive to the wind direction after taking the skew-
ness and kurtosis effects into account. The first-order contribution
with non-Gaussian slope PDF is minimum for ϕ=0°, which is smaller
than that with Gaussian slope PDF and checks the conclusion
obtained previously in Fig. 9(a), and is maximum for ϕ=180°,
which is larger than that with Gaussian slope PDF.
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4.3. Total emissivity of the sea surface

As Li et al. (2011b) showed that emissivities with two and more re-
flections (second and higher order contributions, or SESRSR, ⋯) are neg-
ligible, the total emissivity of the sea surface is the sum of the zero- and

first-order contributions, ε0 and ε1 respectively. Fig. 10 shows the zero-
order contribution and the total polarized emissivities of the sea surface,
with respect to the zenith angle θ and azimuth angle ϕ. The wind speed
equals 10 m/s and the wavelength is 4 μm.

It is shown that the total sea surface infrared emissivity (ε0+ε1) is
significantly increased after taking into account one surface reflection
for large zenith angles, e.g. θ>60° (see Fig. 10(a)). It has larger values
for ϕ=0°, 180° than for ϕ=90° (see Fig. 10(b)), as the sea surface
has a larger RMS slope in the up-wind (or down-wind) direction.
The influence of the skewness and kurtosis effects is not obvious for
θb70°. Beyond this angle, the skewness and kurtosis effects contrib-
ute. The sea surface emissivity is symmetrical about ϕ=180° for
both Gaussian and non-Gaussian slope PDFs; thus, the part for
ϕ∈(180°, 360°) is not shown. Besides, it is also symmetrical about
ϕ=90° for a Gaussian slope PDF, while it is not if a non-Gaussian
slope PDF is considered.

The degree of polarization (DOP) of the sea surface emissivity is
also calculated. It is given by (see Shaw (1999), Shaw and Marston
(2000), and Li et al. (2011b) for details):

DOP ¼ εH−εV
εH þ εV

: ð41Þ

The results are shown in Fig. 10(c) and (d). It is noticeable that the
DOP is negative, which means that the intensity of the surface emis-
sion in V polarization is larger (which can be verified in 3). The abso-
lute value of the DOP can be relatively large for large θ, e.g. it is larger
than 10% for θ>75°, meaning that the sea surface infrared emission is
partially polarized, with over 10% energy emitted being polarized.
The absolute value of the DOP is reduced after taking one reflection
into account. In other words, surface reflection reduces the polariza-
tion property of the sea surface emission. The DOP also depends on
the wind direction. Generally, the surface infrared emission is more po-
larized in the cross-wind direction than in the up-wind and down-wind
directions (Fig. 10(d)).
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The DOP of surfaces with Gaussian and non-Gaussian slope PDFs are
compared and their difference is calculated (see Fig. 10(c), diamonds
and pluses). They are similar for θb70° (difference ≈ 0). Beyond this
angle, the skewness and kurtosis effects contribute. For large θ, the
DOP of non-Gaussian surface fluctuates with respect to the wind direc-
tion (Fig. 10(d)). Compared with Gaussian surfaces, the infrared emis-
sion of sea surfaces with non-Gaussian slope PDF is more polarized in
the up-wind direction (ϕ=0°) and less polarized in the down-wind di-
rection (ϕ=180°).

4.4. Comparison with measurements

4.4.1. Comparison with smith et al.
Smith et al. (1996) derived the sea surface infrared emissivity in the

Gulf of Mexico by measurements. The measurements were carried out

in January 1995. The sea surface emissivity was obtained for zenith an-
gles θ=36.5°, 56.5° and 73.5°, whereas the azimuth angle ϕ was not
specified. During the measurements, the wind speed was ranging
from 2 to 8 m/s. The unpolarized emissivity was then obtained for
wavelengths λ∈ [8,12] μm (1/λ∈ [830, 1250] cm−1) and compared
with the analytical model of Masuda et al. (1988), where no surface
reflection is considered. It was shown that the measurements and the
analytical result agreed well with each other for θ=36.5° and 56.5°,
but a difference over 0.02 appeared for θ=73.5°.

In this subsection, the 2D sea surface emissivity is calculated
under similar conditions. The non-Gaussian surface slope PDF is
used rather than the Gaussian one, as it represents better the real
sea surface. Besides, the results with Gaussian and non-Gaussian
PDFs are quite similar for θ=73.5°. The unpolarized sea surface emis-
sivity is obtained by averaging the emissivities in H and V polariza-
tions. As the azimuth angle is not specified in the measurement, an
error-bar is obtained for directions ϕ={0°, 180°} during the calcula-
tion. The wind speed is set to u12=5 m/s, which is the average
wind speed during the measurement. The results are shown in
Fig. 11. The result for u12=7 m/s is also shown for comparison. As
the first-order emissivity is weak for θ=36.5° and 56.5°, no signifi-
cant improvement is found for these two zenith angles and the com-
parisons for these two angles are not shown here.

It is shown in Fig. 11 that the analytical results and the measure-
ments have a similar form. The zero-order emissivity ε0 underesti-
mates the sea surface emissivity by at least 0.02. A better agreement
is obtained after taking the first-order emissivity ε1 into account.
However, the analytical results still underestimate the measure-
ments, although their error-bars overlap for some wavenumbers
(around 1/λ≈1060 cm−1).

This underestimation can be attributed to several reasons. As sur-
face emissivities with two and more surface reflections are very weak
(emissivity with two reflection (SESRSR) ε2≈0.001 for u12=5 m/s,
θ=73.5°, see Fig. 5 of Li et al., 2011b), taking into account higher
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Fig. 12. Comparison of the sea surface infrared emissivity with the measurements of Niclòs et al., for channels 8.2–9.2 μm ((a) and (d)), 10.5–11.5 μm ((b) and (e)), 11.5–12.5 μm
((c) and (f)), and for wind speed u12=4.5 m/s ((a)–(c)) and u12=10.3 m/s ((d)–(f)).
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orders surface reflected emissivities does not seem to reduce signifi-
cantly the underestimation. One reason is that we do not take the
salinity and the temperature of sea water into account (the refraction
index we used is derived for fresh water at 25 °C). Another reason
might be that the wind speed was not measured precisely enough.
In Fig. 11, we also show the calculation result for a wind speed
u12=7 m/s, where a much better agreement is obtained.

4.4.2. Comparison with Niclòs et al.
Niclòs et al. (2005) derived the sea surface infrared emissivity of

the Mediterranean sea from an oil rig above the sea surface. The mea-
surement data are obtained for four channels of wavelengths: 8–14,
8.2–9.2, 10.5–11.5, and 11.5–12.5 μm. Measurements are carried out
under two different wind speeds u12, which are approximately 4.5
and 10.3 m/s. The wind direction is not specified.

To make a comparison, calculations are carried out for similar
conditions. For the channel 8.2–9.2 μm, the sea surface emissivity is cal-
culated with a step of 0.2 μm and is then averaged. For the channels
10.5–11.5 and 11.5–12.5 μm, a step of 0.5 μm is taken. An error-bar is
obtained for directions ϕ=[0°, 180°] during the calculation. The results
with non-Gaussian slope PDF are compared with measurements in
Fig. 12.

Generally, the analytical result better agrees with measurements
for large zenith angles (θ=55° and 65°) after taking into account
the first-order emissivity contribution ε1. In most of the cases, consid-
ering one reflection brings the analytical results into the uncertainty
of measurements for θ=65° (at least error-bars overlap), except for
the cases of Fig. 12(c). Even though in case of Fig. 12(c), considering
one surface reflection still reduces the difference between the analyt-
ical result and the measurements.

5. Conclusion

This paper calculates the polarized infrared emissivity of the sea
surface with an analytical model, where one surface reflection is con-
sidered. The analytical model expands upon the previous work Li et
al. (2011b) to two-dimensional sea surfaces, thereby allowing consid-
eration of the “cross polarization” effect. The skewness and kurtosis
effects are also studied. It is shown that the agreement between the
model and the measurement is greatly improved for large zenith an-
gles by considering one surface reflection. “Cross polarization” effect
in the zero-order contribution of sea surface infrared emissivity is sig-
nificant for small zenith angles, but it vanishes rapidly as the zenith
angle increases. “Cross polarization” effect is always weak when
studying the first-order emissivity contribution. The skewness and
kurtosis effects are significant for grazing zenith angles (θ>80°).
Sea surface infrared emissivity is sensitive to the wind direction,
with ϕ=180° being the axis of symmetry. It is also symmetrical
about ϕ=90° for Gaussian surfaces, whereas it is not after taking
into account the skewness and kurtosis effects. For Gaussian surfaces,
surface emissivity for grazing zenith angles reaches maxima in the
up-wind (ϕ=0°) and down-wind (180°) directions, whereas minima
are found in the cross-wind (ϕ=90°, 270°) directions. After taking
into account the skewness and kurtosis effects, the surface emissivity
has larger value in the down-wind direction (ϕ=180°) than in the
up-wind direction (ϕ=0°).
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Appendix A. Derivation of α

The angle α is the one between the vectors ûV and ûv0 . By defini-
tion, the vector ûv0 of the local vertical polarization direction belongs

to the local incidence plane defined by the local normal n̂0 and the ob-
servation direction ŝ, and it is perpendicular to ŝ. As a result, ûv0 is in
the same direction as the perpendicular projection of the local normal
n̂0 to the plane perpendicular to ŝ (the green plane in Fig. 2)

To derive α, a new system of coordinates x′y′z′ is defined, with ûH ,
ûV , ŝ being the positive x′, z′ and y′ directions, respectively.

The system of coordinates x′y′z′ can be obtained by rotating firstly
xyz along ẑ clockwise through an angle 90°−ϕ, then along the new x̂ ′

anticlockwise through an angle 90°−θ. As a result, the normal n̂0 in x′
y′z′ is expressed as:

n̂ ′0 ¼ Rx 90∘−θ
	 


Rz ϕ−90∘	 

n̂0; ðA:1Þ

where Rx(ϑ) and Rz(ϑ) are the rotation matrices, given by:

Rx ϑð Þ ¼
1 0 0
0 cosϑ −sinϑ
0 sinϑ cosϑ

2
4

3
5;

Rz ϑð Þ ¼
cosϑ −sinϑ 0
sinϑ cosϑ 0
0 0 1

2
4

3
5:

ðA:2Þ

The angle α becomes the one between ẑ ′ and the projection of n̂ ′0
onto the x′z′ plane. It is given by:

cos α ¼
n′0;x′x̂ ′þ n′0;z′ ẑ ′

� �
⋅ẑ ′

∥n′0;x′x̂ ′þ n′0;z ′ẑ ′∥∥ẑ ′∥

¼
n′0;z ′ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n′20;x′ þ n′20;z ′
q

; ðA:3Þ

where n′0;x′ and n′0;z′ are the x′ and z′ components of the vector n̂0.
The angle α can be obtained by α=acos(cosα), which gives a re-

sult 0°bαb180°. However, as emissivity links to intensity and the
projection of intensity is considered while determining emissivity
(see Eq. 10), sin2α and cos2α are involved and their signs are not im-
portant. As a result, we take the effective value α=acos(|cosα|) so
that α never exceeds 90°.

Appendix B. Derivation of β

The angle β is the one between the local planes of incidence of the
points M0 and M1, or equally the one between ûv1 and ûv0 , or the one
between ûh1 and ûh0 .

With the knowledge of ŝ ′ and the normals n̂0 and n̂1 of these two
points, the vectors ûh1 and ûh0 are given by:

ûh1
¼ ŝ ′� n̂1

ûh0
¼ ŝ ′� n̂0

: ðB:1Þ

The angle β is then given by:

cosβ ¼ ûh1
⋅ ûh0

ðB:2Þ

For the same reason as stated at the end of Appendix A, the angle β
is given by its effective value β=acos(|cosβ|).

Appendix C. Λ(μ) and Λ1(μ1)

Bourlier (2005) developed analytically the non-Gaussian marginal
slope PDF of the sea surface basing on the slope PDF of Cox and Munk
(1954). The integrations over the slopes in Eq. (3) for Λ(μ) and in
Eq. (19) for Λ1(μ1) are then calculated analytically.

The integration result of the function Λ(μ) (Eq. 3) is given by
Bourlier (2005):

Λ ¼ ΛG þ αSΛS þ αKΛK ; ðC:1Þ
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where

υ ¼ μ
σX

ffiffiffi
2

p ;

ΛG ¼
exp −υ2

� �
−υ

ffiffiffi
π

p
erfc υð Þ

2υ
ffiffiffi
π

p ;

ΛS ¼ −
exp −υ2

� �
3

ffiffiffiffiffiffi
2π

p ;

ΛK ¼
2υ2−1

� �
exp −υ2

� �
6υ

ffiffiffi
π

p ;

αS ¼ c03 σxcosϕð Þ2 þ 3c21 σysinϕ
� �2

� �

� −σXcosϕð Þ= 2σ3
X

� �
;

αK ¼ c04 σxcosϕð Þ4þc40 σysinϕ
� �4þ1:5c22σ

2
xσ

2
ysin

2 2ϕð Þ
� �

= 8σ4
X

� �
:

ðC:2Þ

Subscripts G, S and K denote “Gaussian,” “skewness” and “kurtosis,”
respectively, and erfc(υ) is the complementary error function, and c21,
c03, c04, c40, c22 are the skewness and kurtosis coefficients derived by
Cox & Munk (1954). σx, σy and σX are the RMS slope of the sea surface
with respect to the x, y and X directions, respectively, which is related
to the wind speed u12 at 12.5 m above the sea surface as (Bourlier,
2005; Cox & Munk, 1954):

σ2
x ¼ 3:16u12 � 10−3

;

σ2
y ¼ 1:92u12 � 10−3 þ 0:003;

σ2
x ¼ σ xcosϕð Þ2 þ σysinϕ

� �2
:

ðC:3Þ

The non-Gaussian surface slope PDF along the direction X′ can be
obtained in the same way as that along X. Then, Λ1(μ1) (Eq. 19)
with non-Gaussian slope PDF is given by:

Λ1 ¼ Λ−
G þ αSΛ

−
S þ αKΛ

−
K ; ðC:4Þ

where

Λ−
G ¼ −1−ΛG;

Λ−
S ¼ −ΛS;

Λ−
K ¼ −ΛK :

ðC:5Þ

Λ(μ) and Λ1(μ1) with Gaussian slope PDF can be obtained by setting
αS=αK=0.
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