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Low-Frequency Limit of Unified Models for
Backscattering From Oceanlike Surfaces

Christophe Bourlier, Member, IEEE, and Nicolas Pinel, Member, IEEE

Abstract—In the context of electromagnetic-wave backscatter-
ing from oceanlike surfaces, by using the first two orders of unified
models, like the small slope approximation and the local curvature
approximation, we recently proposed an original technique to
reduce the number of numerical integrations to two for easier nu-
merical implementation. In this letter, this technique is simplified
in the low-frequency limit, allowing us to bring a correction to the
first-order small perturbation method.

Index Terms—Radar cross sections, remote sensing, sea surface
electromagnetic scattering.

I. INTRODUCTION

F ROM the 1960s, the derivation of the microwave backscat-
tering normalized radar cross section (BNRCS) from

oceanlike surfaces is a topic of investigation which is making
progress and remains a challenging task. The first developed
model is the Two-Scale Model [1], [2]. In the last two decades,
another group of scattering models was proposed, namely, the
local unified models [3]. One of the most popular is the small
slope approximation (SSA) [4]; more recently, models based
on the same decomposition of the scattering matrix as SSA
were developed, like the local curvature approximation (LCA)
[5], [6].

It is well known that such backscattering models are ex-
tremely difficult to implement in the full 3-D case, because of
the fourfold integral that is involved (with two space variables
and two frequency variables) and because of the strongly oscil-
lating behavior of the integrand. That is why, recently, Bourlier
and Pinel presented an original technique to reduce this com-
putation to a twofold integral (with one space variable and
one frequency variable) by resorting to the azimuthal harmonic
expansion of the BNRCS and by using Bessel functions [7].

In this letter, this technique is tested in the low-frequency
(LF) limit, allowing us to bring a correction to the first-order
small perturbation method. This approximation allows us to sig-
nificantly simplify the numerical implementation and to reduce
the computing time of the BNRCS. In Section II, the technique
developed by Bourlier and Pinel is briefly summarized, and
in Section III, it is simplified in the LF limit. In Section IV,
numerical comparisons are presented.
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II. BNRCS OF UNIFIED MODELS

In the literature, from microwave experimental data (for
instance, see [9] and the references therein), it was established
that the BNRCS can be expressed for pq = {V V,HH} copo-
larizations in the form

σpq(θ, φ;u) = σpq
0 (θ;u) + σpq

2 (θ;u) cos(2φ) (1)

where φ is the observation azimuthal angle with respect to
the wind direction, θ is the observation elevation angle, and
u is the wind speed. In addition, σpq

1 (θ;u) = 0 (coefficient
along cos φ) because the surface is assumed to be Gaussian. By
considering the first two orders of the kernels of unified models,
N̂ pq(θ, φ; ξ) ≈ N pq

1 (θ, φ) + N̂ pq
2 (θ, φ; ξ), which depend on

the chosen model, the BNRCS is equal to the sum of two terms,
σpq(θ, φ;u) = σpq

11 (θ, φ;u) + σpq
12 (θ, φ;u). The subscript “11”

results from the autocorrelation of the first-order scattered field,
whereas the subscript “12” results from the cross correlation
between the first- and second-order scattered fields.

Bourlier and Pinel recently showed that the BNRCS even
harmonics {σpq

11,0(θ;u), σpq
11,2(θ;u)} related to “11” can be

expressed as [7]{
σpq

11,0(θ;u) = A1

∫∞
0 J0(a)[eβI0(b) − 1]rdr

σpq
11,2(θ;u) = 2A1

∫∞
0 eβJ2(a)I1(b)rdr

(2)

where⎧⎨
⎩

a(r) = 2Kr sin θ, b(r) = Q2
zW2(r)

β(r) = Q2
zW0(r), A1 = 2πA |N pq

1 (θ)|2 e−Q2
zσ2

η

A = 1
πQ2

z
, Qz = 2K cos θ.

(3)

In addition⎧⎨
⎩

W2(r, φr) = W0(r) − cos(2φr)W2(r)
W0(r) =

∫∞
0 Ŵ0(ξ)J0(rξ)dξ

W2(r) =
∫∞
0 Ŵ2(ξ)J2(rξ)dξ

(4)

where Ŵ0 and Ŵ2 stand for the isotropic and anisotropic
parts of the sea spectrum, respectively. W0 and W2 are their
respective associated correlation functions, and σ2

η = W0(0)
is the height variance. In polar coordinates (ξ, φξ), the sea
spectrum is assumed to be

Ŵ (ξ, φξ) = [Ŵ0(ξ) + Ŵ0(ξ) cos(2φξ)]/(2π) (5)

which is consistent with the sea spectrum of Elfouhaily et al.
[8]. Jm and Im are the Bessel functions of the first and second
kinds, respectively, and of order m. Equation (2) shows that the
BNRCS is obtained from a single numerical integration over
the radial distance r.
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For the LCA2 model, we have (ν = 0)

σpq
12,n(θ;u) = 2Aπe−Q2

zσ2
η

∞∫
0

∞∫
0

rdξdrĜpq
0 (ξ)

×
(

Ŵ0(ξ)Jn(a)
{
eβIn

2
(b)[J0(c) − 1] + δn,0

}
+

1
2
Ŵ2(ξ)eβJn(a)J2(c)

×
[
In−2

2
(b) + In+2

2
(b)
])

, n is even

(6)

where

Ĝpq
s (ξ) =

1
2π

2π∫
0

Ĝpq(ξ, φξ−νφ)e−js(φξ−νφ)d(φξ−νφ) (7)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Ĝpq(ξ, φξ) = −2QzIm
[
(N pq

1 )∗ N̂ pq
2 (ξ, φξ)

]
Ĝpq(ξ, φξ) = −2QzIm

[
(N pq

1 )∗ N̂ pq
2 (ξ, φξ)

]
+
∣∣∣N̂ pq

2 (ξ, φξ)
∣∣∣2 PPT

(8)

c = ξr, and δn,m is the Kronecker symbol such that δn,m = 1 if
n = m and zero if otherwise. Equation (7) is the Fourier series
of the kernel Ĝpq(ξ, φξ) expressed from the first N pq

1 (θ, φ)-
and second N pq

2 (θ, φ; ξ, φξ)-order kernels. In the backscatter-
ing direction, their expression can be found in [7]. To simplify
the derivation of the BNRCS, the phase perturbation technique
(PPT) is often applied, which implies a new definition of the
kernel Ĝpq(ξ, φξ). For more details, see [7].

For the SSA2 model, we have (ν = 1)

σpq
12,n(θ;u)=2Aπe−Q2

zσ2
η

∞∫
0

∞∫
0

rdξdr

×
(
Ŵ0(ξ)

{
eβ
[
Ω(0)

n (a, b, c)−Ĝpq
0 (ξ)In

2
(b)Jn(a)

]
+ Ĝpq

0 (ξ)J0(a)δn,0

}
+Ŵ2(ξ)

{
eβ

[
Ω(2)

n (a, b, c)−Ĝpq
2 (ξ)

×
∑

γ=±1

Jnγ+2(a)Inγ+2
2

(b)

]

+Ĝpq
2 (ξ)J0(a)δn,±2

})
,

n is even (9)

with Ĝ−s = Ĝs ∈ R. The functions Ω(0)
n (a, b, c) and

Ω(2)
n (a, b, c) are expressed from sums of Bessel functions. They

are given by equations (42) and (43) in [7], respectively. Unlike
the LCA2 model, the SSA2 model requires the computation of
a sum over s. For s = 0, corresponding to the LCA2 model, (6)
is found.

The SSA2 requires the computation of a sum because its
second-order subkernel N pq

2 (θ, φ; ξ, φξ) depends on the angle

φ − φξ, whereas the LCA2 second-order subkernel is isotropic,
since it is independent of φ − φξ. This fundamental difference
implies that the derivations led for the SSA2 model are more
complicated than that for the LCA2 model. It is also important
to note that (9) is valid for any kernel N pq

2 (θ, φ; ξ, φξ) obeying
the same properties as SSA2 or LCA2.

The next section simplifies the equations by applying the
LF limit. For the SSA2 model, it is equivalent to extending
the SPM-1 by adding the contribution related to the subker-
nel N pq

2 (θ, φ; ξ, φξ). Typically, for an oceanlike surface, the
SPM-1 can be applied for θ � 30◦. The higher order of the
LCA-1 model is not a correction to the SPM-1, because its first
order satisfies the first-order Kirchoff (KA-1) approximation.

III. BNRCS IN THE LF LIMIT

Under the SPM-1, the Rayleigh roughness parameter
Qzση = 2Kση cos θ is assumed to be much smaller than one.
Then, the integrands of (2) can be expanded as{

eβI0(b) − 1 = β + O
(
Q3

z

)
eβI1(b) = b/2 + O

(
Q3

z

)
.

(10)

Substituting (10) into (2) and using (4) and (11) [13]

∀ s ∈ Z,

∞∫
0

rJs(ξr)Js(kBr)dr = δ(ξ − kB)/ξ (11)

we obtain {
σpq

11,0(θ;u) = 2 |N pq
1 (θ)|2 Ŵ0(kB)/kB

σpq
11,2(θ;u) = σpq

11,0(θ;u)Δ̂(kB).
(12)

As expected, under the SPM-1 limit, the BNRCS is propor-
tional to the sea spectrum evaluated at the Bragg wavenumber
ξ = kB .

For the case N̂ pq
2 (ξ) �= 0, first, a series expansion over Qz

up to the first order is considered. Thus

eβIn(b) = δn,0 + O
(
Q2

z

)
. (13)

The functions Ω(0)
n (a, b, c) and Ω(2)

n (a, b, c) [7, eqs. (42)
and (43)] can be simplified from their substitutions into (9) and
by using (11). Then, the integrations over r and ξ lead the SSA2
model to⎧⎪⎨
⎪⎩

σpq
12,0(θ;u) = Ŵ0(kB)

2kBK2 cos2 θ

+∞∑
s=−∞

(−1)sĜs(kB)

σpq
12,2(θ;u) =

σpq
12,0(θ;u)Δ̂(kB)

2 .

(14)

The sum over s can be reduced to s ∈ N, since Ĝ−s = Ĝs ∈
R. The BNRCS is then very simple and is equal to the sum of
the Fourier series coefficients, which depend on the first- and
second-order subkernels.

For the LCA2 model, since Ĝ|s| = 0 for |s| > 0, we have

σpq
12,0(θ;u) =

Ŵ0(kB)Ĝ0(kB)
2kBK2 cos2 θ

σpq
12,2 =

σpq
12,0Δ̂(kB)

2
. (15)

Thus, the use of the LF limit makes it possible to remove
the twofold numerical integrations [see (6)] over r and ξ.
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In addition, like for the SPM-1 model, the BNRCS is related
to the sea spectrum computed at ξ = kB but multiplied by
the kernel Ĝ0(kB). For a perfectly conducting surface, the
expressions of the LCA2 subkernels are very simple. See for
instance [7, Appendix D]. Then, we have

N̂VV,HH
2 = −jQzξ

2

2
N̂VV

1 = 2K2 N̂HH
1 = −2K2 (16)

leading from (8) to{
σpq

12,0(θ;u) = ±8Ŵ0(kB)K3 sin θ

σpq
12,0(θ;u) = 8Ŵ0(kB)K3 sin θ(±1 + sin2 θ/2).

(17)

The sign + corresponds to the VV polarization, whereas
the sign − corresponds to the HH polarization. For a highly
conducting surface (|εr| 	 1), like the sea surface, we have⎧⎪⎪⎪⎨
⎪⎪⎪⎩

σpq
12,0(θ;u) ≈ 4

K

∣∣∣N̂ pq
1 (θ)

∣∣∣2 Ŵ0(kB) sin θ × Re(αpq)

σpq
12,0(θ;u) ≈ 4

K

∣∣∣N̂ pq
1 (θ)

∣∣∣2 Ŵ0(kB) sin θ

×
[
Re(αpq) + sin2 θ|αpq|2

] (18)

where αVV = −1/2 and αHH = 1/2 + tan2 θ/εr. The next
section shows that a series expansion over Qz up to the first
order is enough for the LCA2 model, unlike for the SSA2
model. Indeed, by substituting (7) into (14), the sum over s, i.e.,∑

(−1)sĜs(kB), vanishes since
∑

s(−1)se−jsα = 0. Thus, a
series expansion up to the second order is needed, leading to
more complex derivations, which are reported in the Appendix.
It is then shown for the SSA2 model that{

σpq
12,0(θ;u)

2 =Ψ0,0(0, 1)−Λ0,0(0)+ 1
2 [Ψ2,2(kB, ξw)−Λ2,2(1)]

σpq
12,2(θ;u)

2 =Ψ2,0(1, 1)−Λ2,0(1)+ 1
2 [Ψ0,2(ξ, ξw)−Λ0,2(0)]

(19)

where⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ψn,m(u, v) = 1
2π

∫ 2π

0

∫∞
0

Ŵn(ξ)Ŵm(ξw)
ξw

× Ĝpq(ξ,−α − π)
(
1 − 2u sin2 α

v

)
dαdξ

Λn,m(u) = Ŵn(kB)
kB

1
2π

∫ 2π

0

∫∞
0 Ŵm(ξ)Ĝpq(ξ, α)

× (1 − 2u sin2 α)dαdξ

ξw =
√

ξ2 + k2
B − 2ξkB cos α.

(20)

The aforementioned equations show that σpq
12,0(θ;u) is ex-

pressed from a double integral, in which the product of two
spectra, computed at ξ and ξw ∈ [|ξ − kB |; ξ + kB ] (as func-
tions of ξ and kB), occurs. This behavior can be interpreted
as a convolution product expressed in polar coordinates, which
is characteristic of the SPM-2 limit, satisfied by the SSA2
model. Like for (9), the BNRCS requires the computation of
twofold numerical integrations over the radial distance r and the
angle α. However, the BNRCS does not require the calculation
of the Fourier series coefficients {Ĝpq

s (ξ)} [see (7)] and of the
sum over s. Thus, the numerical implementation of (19) is much
easier than that of (9).

Fig. 1. BNRCS computed from the SSA2 and LCA2 models versus the
incidence angle θ for f = 14 GHz and u10 = 5 m/s. At the top, n = 0 (zero-
order harmonic), and at the bottom, n = 2 (second-order harmonic). On the left
is VV polarization, and on the right is HH polarization.

IV. NUMERICAL RESULTS

The numerical evaluations of the BNRCSs {σpq
11,0, σ

pq
11,2}

given by (2), (6), and (9) are explained in detail in [7]. With
the use of the LF limit, the LCA2 numerical implementation
[see (15), (17), and (18)] is very easy, because no numerical
integration is needed. In addition, for a given incidence angle θ,
on a PC with 4 GB of RAM and a processor of 3 GHz, the
computing time for the SSA2 is on the order of 0.1 s.

The aim of this letter is not to compare the different backscat-
tering models with measurements. This was already done
thoroughly in previous works [10]–[12] (see also references
therein). The scope of this letter is to study the accuracy of the
LF limit. As shown by Bourlier and Pinel [7], the LCA2 model
gives nonphysical results for the HH polarization when the PPT
is not applied, whereas the SSA2 model gives the same results
with and without the use of the PPT. Thus, in the following,
only the PPT is tested.

Fig. 1 shows the BNRCS computed from the SSA2 and
LCA2 models versus the incidence angle θ for f = 14 GHz
and u10 = 5 m/s. As can be seen, the LCA2 second-order
contribution “12” is larger than the SSA2 one and is positive
for the HH polarization, whereas it is negative for the VV
polarization. It can be noted that the LCA11 satisfies the KA-1
limit, whereas the SSA11 satisfies the SPM-1 limit, which
explains their different behaviors for θ � 25◦.

Fig. 2 shows the harmonics (n = 0 and n = 2) of the ratio
|σpq,LF

n /σpq
n | computed from the SSA2 model versus the inci-

dence angle θ ∈ [0; 60] in degrees for f = 14 GHz (Ku-band,
sea relative permittivity εr = 47 + j38), u10 = 5 m/s, and VV
and HH polarizations. Fig. 3 shows the same parameters as
in Fig. 2, but for the LCA2 model. In the legends of Figs. 2
and 3, the label “11-LF+12-LF” means that the LF is applied
to both 11 and 12, and the label “11+12-LF” means that the
LF is applied only to 12. For the LCA2 model, the label “11+
12-LF-HC” means that (18) is used for the computation of σ12,
whereas σ11 is computed without approximation.

For θ close to zero, Figs. 2 and 3 clearly show that the
LF approximation cannot be applied to the 11 order (SPM-1).
For the SSA2 model, as θ increases, the ratio computed from
the use of the LF approximation tends toward the one without
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Fig. 2. Ratio |σpq,LF
n /σpq

n |, in decibel scale, computed from the SSA2
model versus the incidence angle θ for f = 14 GHz and u10 = 5 m/s.

Fig. 3. Same as in Fig. 2, but for the LCA2 model.

TABLE I
MEAN VALUE OF THE DIFFERENCE IN DECIBEL SCALE FOR THE SSA2

AND LCA2 MODELS, RESPECTIVELY. u10 IS IN METERS PER

SECOND AND f IS IN GIGAHERTZ

approximation. For the LCA2 model, Fig. 3 shows, for any θ,
that the results computed from the LF approximation match
very well the results with no approximation. For small θ, Fig. 3
shows a difference between the results, but has no impact
on the total BNRCS (not depicted here). This result is very
interesting because the use of the LF approximation leads to
a very simple model of the BNRCS, which is very easy to
implement numerically.

Table I gives the values of δ = meanθ∈[10;60]◦ |σpq,LF
n /σpq

n |
(in decibels, red dashed-line curves in Figs. 2 and 3) for
different frequencies f (in gigahertz) and wind speeds u10 (in
meters per second). As can be seen, δ is not much sensitive to
the wind speed and the frequency.

V. CONCLUSION

In this letter, under the LF limit, the numerical implementa-
tion of the sea BNRCS has been simplified for local unified
models and tested on the LCA2 and SSA2 kernels. For the
SSA2 model, the BNRCS computation requires the evaluation
of a 2-D integral over the wavenumber ξ and the angle α, which
strongly reduces the numerical complexity, comparatively with
the case for which no assumption is used (4-D integral). For
the LCA2 model, a very simple closed-form expression of the
BNRCS, which requires no numerical integration, is obtained.
It is then shown that the BNRCS is proportional to the sea
spectrum multiplied by the LCA kernel and evaluated at the
Bragg frequency.

Simulations led for microwave frequencies show that the
SSA2 model with the LF limit tends toward the SSA2 model
with no approximation when the incidence angle increases.
For the LCA2 model, the agreement is even better as the
results with and without approximations do not highlight
significant differences for all incidence angles. Thus, the LF
limit is very useful for moderate incidence angles (smaller than
80◦–85◦) because the numerical integrations over {r, ξ} in
(6) and (9) become very difficult, since the integrand strongly
oscillates and slowly decreases. Like in [7], let us recall that
the derivations led in this letter are general and can be used for
other kinds of scattering kernels.

APPENDIX

Using a series expansion over Qz up to the second order,
from [7, eq. (42)], the term eβΩ(0)

n (a, b, c) in (9) becomes⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

eβΩ(0)
0 (a, b, c) = Ω(0)

0 (a, 0, c) + β

×
+∞∑

s=−∞
(−1)sĜpq

s (ξ)Js(c)Js(a)+O
(
Q3

z

)
eβΩ(0)

2 (a, b, c) = Ω(0)
2 (a, 0, c) + b

×
+∞∑

s=−∞

(−1)sĜpq
s (ξ)

4 Js(c)

[ ∑
γ=±1

J2γ+s(a)

]

+ O
(
Q3

z

)
(A1)

where

eβI0(b) = 1 + β eβI1(b) = b/2 eβIn(b) = 0 (A2)

up to the order Q2
z , where I−1(b) = I1(b) and n > 1. In the

same way, from [7, eq. (43)], the term eQ2
zW0(r)Ω(2)

n (a, b, c) in
(9) becomes⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

eQ2
zW0(r)Ω(2)

0 (a, b, c)=Ω(2)
0 (a, 0, c)+Q2

zW2(r)

×
+∞∑

s=−∞

(−1)sĜpq
s (ξ)

4 Js(a)

×
[ ∑
γ=±1

Js+2γ(c)

]
+O
(
Q3

z

)
eQ2

zW0(r)Ω(2)
2 (a, b, c)=Ω(2)

2 (a, 0, c)+Q2
zW0(r)

×
+∞∑

s=−∞

(−1)sĜpq
s (ξ)

2

×
[ ∑

γ=±1
J2γ+s(a)J2γ+s(c)

]

+O
(
Q3

z

)
.

(A3)
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The use of the Graf addition theorem [13] on the Bessel
functions leads to

Jp(w)ejpχ =
+∞∑

s=−∞
Jp+s(u)Js(v)ejsα (A4)

with{
w =

√
u2 + v2 − 2uv cos α, v sinα = w sin χ

u − v cos α = w cos χ.
(A5)

By the substitution of (A4) into (7) and (A1) and since
(−1)sĜpq

s (ξ) = Ĝpq
s (ξ)e−sπ , one obtains

Q2
zW0(r)

+∞∑
s=−∞

(−1)sĜpq
s (ξ)Js(c)Js(a)

=
Q2

zW0(r)
2π

2π∫
0

J0(rξw)Ĝpq(ξ, φξ)dα (A6)

Q2
zW2(r)

+∞∑
s=−∞

(−1)sĜpq
s (ξ)

4
Js(c)

∑
γ=±1

J2γ+s(a)

=
Q2

zW2(r)
4π

2π∫
0

Ĝpq(ξ, φξ)J2(rξw) cos(2χ)dα (A7)

where

ξw =
w

r
=
√

ξ2 + k2
B − 2ξkB cos α, α = φ − φξ − π

(A8)

in which ξw is independent of r.
In the same way, from (A3), one obtains

Q2
zW2(r)

+∞∑
s=−∞

(−1)sĜpq
s (ξ)

4
Js(a)

∑
γ=±1

J2γ+s(c)

=
Q2

zW2(r)
4π

2π∫
0

Ĝpq(ξ, φξ)J2(rξw) cos(2χ)dα (A9)

Q2
zW0(r)

+∞∑
s=−∞

(−1)sĜpq
s (ξ)

2

∑
γ=±1

J2γ+s(a)J2γ+s(c)

=
Q2

zW0(r)
2π

2π∫
0

Ĝpq(ξ, φξ)J0(rξw) cos(2α)dα. (A10)

It can be noted that

cos(2χ) =

{
1 − 2ξ sin2 α

ξw
, in (A7) (u = a, v = c)

1 − 2kB sin2 α
ξw

, in (A9) (u = c, v = a)
(A11)

which is independent of the radial distance r.
The use of (4) and (11) yields⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∫∞
0 W0(r)J0(rξw)rdr

=
∫∞
0 Ŵ0(ξ′)×

[∫∞
0 J0(rξ′)J0(rξw)rdr

]
dξ′= Ŵ0(ξw)

ξw∫∞
0 W2(r)J2(rξw)rdr

=
∫∞
0 Ŵ2(ξ′)×

[∫∞
0 J2(rξ′)J2(rξw)rdr

]
dξ′= Ŵ2(ξw)

ξw
.

(A12)

Thus, the integration over r in (A6), (A7), (A9), and (A10)
multiplied by r leads to

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫∞
0 [(A6)] rdr = Q2

z

2π

∫ 2π

0
Ŵ0(ξw)Ĝpq(ξ,−α−π)

ξw
dα∫∞

0 [(A7)] rdr = Q2
z

4π

∫ 2π

0
Ŵ2(ξw)Ĝpq(ξ,−α−π)

ξw

×
(
1 − 2ξ sin2 α

ξw

)
dα∫∞

0 [(A9)] rdr = Q2
z

4π

∫ 2π

0
Ŵ2(ξw)Ĝpq(ξ,−α−π)

ξw

×
(
1 − 2kB sin2 α

ξw

)
dα∫∞

0 [(A10)] rdr = Q2
z

2π

∫ 2π

0
Ŵ0(ξw)Ĝpq(ξ,−α−π)

ξw

× (1 − 2 sin2 α)dα

(A13)

respectively. From (9), the derivation of σpq
12,n(θ;u) also re-

quires the integrations of Ĝpq
0 (ξ)In/2(b)Jn(a) = Ω(0)

n (a, b, 0)
and

∑
γ=±1 Jnγ+2(a)Inγ+2/2(b) = Ω(2)

n (a, b, 0). Using the
fact that Jn(0) �= 0 for n = 0, from (A1), (A3), and (11), they
are obtained from (A13) by taking c = 0.
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