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Abstract—An asymptotic method is described for predicting
the bistatic normalized radar cross section of a rough homo-
geneous layer made up of two rough surfaces. The model is
based on iteration of the Kirchhoff approximation to calcu-
late the fields scattered by the rough layer, and is reduced to the
high-frequency limit in order to obtain numerical results rapidly.
Shadowing effects, significant for large incidence or scattering
angles, are taken into account through the use of shadowing
functions. The model is applicable for moderate to large surface
roughnesses having small to moderate slopes, and for both loss-
less and lossy inner media. It was validated for a rough layer
with a rough surface over a perfectly flat surface in a preceding
contribution. Here, the extension of the model to a rough layer
with two rough surfaces is developed, and results are presented
to validate the asymptotic model by comparison with a numer-
ical reference method.

Index Terms—Electromagnetic scattering by rough surfaces,
multilayered media, physical optics, multistatic scattering.

I. INTRODUCTION

T HE aim of this paper is to extend the Kirchhoff
approximation to the case of a rough layer with two

rough interfaces, and to obtain a formulation of the bistatic
normalized radar cross section (NRCS) in the high-frequency
limit in the case where the upper and lower surfaces of the
layer are uncorrelated. The model, which takes shadowing
effects into account [1], [2], has been described in a recent
publication [3] for a rough layer with a rough surface over a
perfectly flat surface. Here, the extension of the model to a
rough layer with two rough surfaces is developed. Numerical
results are presented and compared with a reference numerical
method to validate the model, for lossless as well as for lossy
inner media.
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Fig. 1. Multiple scattering from a rough layer with two rough interfaces, rep-
resented in the plane ���� ���. The points on the upper surface � are denoted as
�� �� � � � � � � �, whereas the points on the lower surface � are denoted as
�� �� � � � � � � �. � is the elevation incidence angle, and � is the eleva-
tion scattering angle in reflection, measured with respect to the vertical axis ��.
The positive sense is defined as clockwise.

II. CALCULATION OF THE SCATTERED FIELDS DERIVED WITH

THE KA AND THE MSP

A. Problem Presentation

The studied system (see Fig. 1) is made up of a rough layer
with two rough interfaces (with an upper interface and a
lower interface ), separating homogeneous media , with

. Each of the three media , with relative permit-
tivity , is assumed to be non magnetic (relative permeability

). The same notations as in [3] are used.
As for a flat lower interface [3], in order to calculate the fields

and , the Kirchhoff approximation (KA) (which is
sometimes also called physical optics approximation, or tan-
gent plane approximation) is iterated for each scattering inside
the rough layer, i.e., on the interaction among interfaces (and
not for multiple scattering from the same rough interface). The
formulation is further simplified by applying the method of sta-
tionary phase (MSP) for each scattering point inside the rough
layer. Using these two approximations in the calculation of scat-
tered fields (note the MSP could have been applied only when
calculating the NRCS, but applying the MSP for the scattered
fields allows simpler calculations), simplified expressions for

and can be obtained: in the case of 1-D surfaces, with
1 numerical integration for , and 5 fold numerical integra-
tions for [4]. Here, for the case of 2-D surfaces, the number
of numerical integrations is doubled as shown in what follows.
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B. Fields Scattered by the Rough Layer

Under the KA, the derivation of the first-order scattered field
, corresponding to the scattering from a single rough sur-

face, is well-known and developed in [3]. The higher-order scat-
tered fields ( , etc.) are obtained by the same way as
for the flat lower interface case [3], i.e., by iterating the KA at
each scattering among interfaces. The main difference with the
flat case concerns the scattering from the lower interface, where
the KA must be applied to model lower surface roughness scat-
tering. Thus, the second-order scattered field in reflection
is given under the MSP by the relation

(1)

with and indicate surface illumina-
tion functions. The calculation of then implies 2 5 fold
numerical integrations.

By using the same principle for the higher orders, i.e., by
iterating the KA at each scattering among interfaces, and using
the MSP, it is possible to obtain the expressions of the scattered
fields in reflection at any order . Nevertheless, their
expression is long and is consequently not given here.

III. NRCS IN THE HIGH-FREQUENCY LIMIT

A general description of the NRCS in the high-frequency
limit can be found in Section III of [3].

A. Expression of the Second-Order Contribution

The first-order NRCS in reflection corresponds
to the NRCS in reflection from a single rough interface. Under
the KA and the MSP, and by using the Geometric Optics Ap-
proximation (GOA), is well-known [5], [6], and
expressed by [3, Eq. (7)].

For the second-order contribution , the principle
is the same as for 1-D surfaces (see [4, Subsection 3.1.1]), and
the expression is similar to the flat lower interface case. The
main difference comes from the scattering in reflection from the
rough lower interface. Thus, the second-order NRCS can be
written as

(2)

with , and

given by

(3)

(4)

(5)

Here refers to the rough surface slope probability den-
sity function; use of the for the upper or lower in-
terface is apparent from the argument of the function.
The bistatic average shadowing function in reflection

is given by [3, Eq. (17)], and the
bistatic average shadowing functions in transmission are given
by , and

, where
is the Beta function (also called the Eulerian integral of the

first kind). The terms , and
are polarization square matrices of dimen-

sion 2, given by [3, Eq. (22)], their components being given
by [3, Eqs. (23) and (24)] for reflection and transmission,
respectively. The wave vectors , and are
given by , and

, with and the wavenumbers inside
and , respectively. The normalized wave vectors

, and are given by [3, Eqs. (1a)–(1d)]. The terms
, and are the vertical components (i.e., the

projections with respect to the axis ) of , and
, respectively.

It can be noticed that the computation of im-
plies four fold numerical integrations, which should in general
require rather long computing time. Nevertheless, the method
being geometric-based, it is possible to optimize the numerical
integrations, as described in [7, Section 3.A]. Thus, a reasonable
computing time can be achieved, as described in Section IV-A.

Higher-order NRCS quantities can be calculated in a similar
manner, but are not considered here.

B. Model Validity Domains and Properties

As for the flat lower interface case [3], the validity domains
of the model are similar to those in the 2-D problem (with 1-D
surfaces): see [7, Section 2.C] and [3, Section III.B]. The main
difference with [3] comes from the fact that the constraints also
concern the lower rough interface. Based on the iteration of the
Kirchhoff approximation (KA) to compute scattering interac-
tions among the interfaces of the rough layer and the high fre-
quency approximation, the overall approach has the validity do-
main of the geometric optics approximation (GOA). That is why
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this method is called the geometric optics approximation for a
rough layer and is denoted GOA.

The model has the same general properties as for the flat lower
interface case [3], see second paragraph of Subsection III-B. In
particular, the model in itself, as based on the GOA, cannot deal
with lossy media a priori. Still, by using exactly the same ap-
proach as for the 2-D case (see [4, Section 7]), as it will be shown
here in the following numerical results, lossy media can be taken
into account a posteriori and give satisfying results. To do so,
the power propagation losses can be evaluated by considering
flat interfaces, . Then, in the particular case of normal
incidence , the losses correspond to a back-and-forth of
the wave inside the lossy layer of mean thickness . The asso-
ciated imaginary part of the phase is given by

(6)

with the wavenumber inside the vacuum, the complex
relative permittivity of the lossy layer, and the imagi-
nary part operator. As a result, the power propagation losses are
given by

(7)

In the next section, asymptotic model (GOA) predictions of
the first two order contributions of the NRCS, and

, are compared with a reference numerical
method for validation. The validation concerns the second-order
contribution, as the first-order contribution , corre-
sponding to the scattering in reflection from a single rough sur-
face, is well-known.

IV. NUMERICAL RESULTS: GOA VALIDATION

A. Numerical Reference Method

The same numerical reference method as in [3] (see [8]–[13]
for additional information) is used, as this code is capable of
treating both flat and rough lower layer boundaries.

The results to be illustrated consider a layer of relative per-
mittivity or or ,
above a rough perfectly conducting boundary .
The surface profiles were generated as independent realizations
of a Gaussian stochastic process with an isotropic Gaussian
correlation function, and the cases considered used identical
surface statistics (but independent surface realizations) for the
upper and lower interfaces. Three roughness cases are consid-
ered: rms height or or and correlation
length , corresponding to rms slope 0.15 or 0.2 or 0.3,
respectively. A mean distance of 2.41 free space wavelengths
between the layers was used in the numerical method.

The reference numerical method used surface sizes of 24 by
24 free space wavelengths, discretized into 256 by 256 points for
a total of 393216 unknowns in the matrix equation (4 or 2 un-
knowns for each point on the upper and lower interfaces, respec-
tively). A total of 32 surface realizations (sufficient to achieve
mean NRCS estimates accurate to within approximately 2 dB)
were used in each simulation, with the required computations
performed on parallel computing resources at the Maui High
Performance Computing Center. Results for a single surface re-
alization used 8 processors as described in [3], and required ap-
proximately 8 hours of CPU time. By comparison, the typical

CPU time to compute the GOA is of the order of 25 seconds
on a standard office computer using MATLAB for each obser-
vation configuration ( ), for a total of 15 minutes for each
simulation presented in the following.

In the comparisons to be shown, the incident wave is linearly
polarized with an incident elevation angle of 0 (normal inci-
dence), 20 or 40 , and the incident azimuth angle is always

. The numerical results present the -th order total
NRCS in reflection for HH, HV, VH, VV polarizations (the
first term representing the polarization of the scattered wave, and
the second term the polarization of the incident wave) and in ei-
ther the plane of incidence or in scattering planes ro-
tated azimuthally with respect to the plane of incidence ( not
zero). More precisely, about the GOA, the first two order contri-
butions (reported as “1” in the legend of the figures) and

(reported as ‘ ’ in the legend of the figures) of
are computed for the asymptotic model. For the numerical ref-
erence method, and are computed, together with
the total contribution which takes all the significant
contributions into account (reported as “Tot” in the legend of
the figures). It must be noted that under the numerical reference
method, it was checked that for all cases (and especially when
the rms height is ), the coherent contribution is negli-
gible by comparison with the incoherent contribution, which is
a necessary condition for the applicability of the GOA.

B. Simulation Results

For all configurations, it is recalled that the layer mean thick-
ness , and the lower medium is perfectly con-
ducting, . Moreover, for the first configuration to
be simulated, for both surfaces the rms height ,
which makes the rms slope , and the layer is of rela-
tive permittivity .

Fig. 2 presents numerical results for scattering in the plane
of incidence (azimuth angle ) for an incidence angle

. For the GOA, the first-order contribution
is plotted as a black line with circles. The second-order contri-
bution is plotted as a dotted line with plus
signs. For the numerical simulations of the reference numerical
method, results are presented in all polarizations for normal inci-
dence, but were computed only in HH and VH polarizations for
this case. Then, to plot VH and VV polarizations, the following
symmetries of the bistatic NRCS for a normally incident plane
wave were used

(8)

(9)

The contribution from the upper interface alone obtained from
the numerical method, corresponding to , is plotted
as a solid line. The result after one iteration of the method, corre-
sponding to , is plotted as a dash-dot line, and
the result after many iterations, corresponding to ,
is plotted as a dashed line.

In co-polarizations HH and VV, the first two order contri-
butions of the total NRCS and of the GOA have the
same basic properties as in the 2-D problem (see [4, Section 6]
and [7, Section 3.C]). The second-order total NRCS con-
tributes for all scattering angles, and is much larger than that of
the first-order NRCS . Similarly as for the 2-D problem, the
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Fig. 2. Simulation of the first two total NRCSs �� and �� in dB scale, with
respect to the observation angle � in the plane of incidence (azimuth angle
� � � ), for an incidence elevation angle � � � . The rough surfaces have
same rms slope � � ����, the layer is of mean thickness �� � ����� with
relative permittivity � � �, and the lower medium is perfectly conducting
	� � ��
.

case without shadowing effects (which is not represented here
for the sake of clarity of the figure) diverges for observation an-
gles : this highlights the relevance of taking shad-
owing into account for grazing angles. In cross-polarizations
VH and HV, as expected by the first-order KA, the first-order
NRCS of the GOA has a negligible contribution compared
to the second-order contribution .

For HH polarization, the comparison with the reference nu-
merical method shows a very good agreement for , which
corresponds to the scattering from the upper surface when no
lower layer is present. The differences that appear for grazing
angles, , are likely impacted by the finite surface size
as well as the limitations of the GOA (more precisely, the ne-
glect of the multiple scattering from the same interface effect)
for this region. Very good agreement is also observed for the
second-order contribution ; significant differences are ob-
served only for grazing angles, , also likely impacted
by the finite surface size as well as limitations of the GOA. In-
deed, the observed differences in co-polarizations are very sim-
ilar to the ones obtained for a 2-D problem: for instance, see [7,
Fig. 2] for a similar configuration. The result of the numerical
method for many iterations highlights that for all scattering an-
gles for these surfaces, there is no significant difference with
the first iteration , which means that is sufficient to
quantify the scattering process. This result is in agreement with
observations made for a 2-D problem (see [7, Section 3.B]).
Thus, in co-polarization, the second-order contribution of
the GOA model can correctly quantify the scattering process for
moderate observation angles, (the difference being
likely attributed to the neglect of multiple scattering effects).
The same general comments and conclusions can be drawn for
VV polarization.

For cross-polarization VH, the comparison of the GOA with
the reference method highlights an underestimation for the

Fig. 3. Same simulations as in Fig. 2, but with an azimuth angle � � �� .

second-order contribution for moderate observation angles
. This may be attributed to multiple scattering from the

same interface effect or possibly to finite surface size effects,
although such effects would likely not be major contributors
for angles within 30 degrees scattering angle. The total scat-
tering coefficient computed from the reference method shows
larger contributions for all . The same general comments and
conclusions can be drawn for HV polarization, where the GOA
underestimates for all angles .

Nevertheless, as for the flat lower interface case, for this rms
slope, as soon as the azimuthal scattering direction moves
away from 0 degrees, the agreement of the GOA with the ref-
erence numerical method is good both in co- and cross-polar-
izations. This is illustrated in Fig. 3 for : for the
second-order contribution , in VH and HV polarizations the
GOA is in very good agreement with the numerical method, for
scattering angles . The agreement of the GOA with
the reference method is improved in this comparison compared
to that for the plane-of-incidence, since first-order scattering ef-
fects are more important in both polarizations, leading to a lower
relative contribution of the multiple scattering effects. More-
over, the difference between the total scattering coefficient
and in the numerical method becomes weak here, and is sig-
nificant only for scattering angles for both cross-po-
larizations. In HH and VV co-polarizations, the same general
remarks and conclusions as for are applicable, with the
agreement of the GOA being very good for moderate scattering
angles.

Fig. 4 presents results for the same parameters as in Fig. 2, but
for azimuth angle . As is a 90 azimuthal
rotation from the results of Fig. 3 where , the numer-
ical results for co-polarizations are similar to those for cross-po-
larization obtained in Fig. 3 and vice-versa. Therefore, co-pol
and cross-pol results here can largely be interpreted in the same
manner as used for cross-pol and co-pol results, respectively.

Other comparisons (not presented here) for various rotations
of the scattering plane (i.e., values) investigated whether both
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Fig. 4. Same simulations as in Fig. 2, but with an azimuth angle � � ��� .

Fig. 5. Same simulations as in Fig. 2, but with surfaces of rms slope � � ���.

the GOA and the reference numerical method captured the ap-
propriate symmetries of the bistatic NRCS for a normally inci-
dent plane wave, given by (8) and (9). Both methods were found
to achieve these symmetries.

Fig. 5 presents comparisons for the parameters of Fig. 2, but
with surfaces of rms slope . While the surface cor-
relation length remains unchanged, the reference numerical
method used a surface RMS height to achieve

. The numerical results are similar to those of Fig. 2,
the agreement of the GOA with the reference numerical method
being at least as good as in the previous configuration. The re-
sults for azimuthal rotations of lead to the same general re-
sults and comments. Thus, the same general conclusions can
be drawn. Moreover, a similar scenario, but with a layer mean
thickness was tested, leading to very similar quanti-
tative results on the numerical method, which confirms the gen-
eral property of the GOA of being independent of the layer mean
thickness for lossless inner media .

Fig. 6. Same simulation parameters as in Fig. 5, but only the GOA is repre-
sented here, for which a comparison is made between the cases of a rough and
a flat lower interface (second-order contribution �� ).

A comparison (not presented here) between the in-plane
co-polarized 3-D results and the 2-D results of the GOA model
was made for the same roughness statistics and layer dielectric
properties. The comparison showed that for the first-order
contribution , the ratio of the 3-D case to the 2-D case
is weak (less than 1 dB) for moderate incidence angles and
moderate scattering angles. More generally, it can be shown
that this ratio is given for a Gaussian height pdf and without
shadowing effects by the general relation

(10)

For the second-order contribution , the ratio cannot be
expressed from a simple mathematical formula. Nevertheless,
by comparing the numerical results, it can be noticed that the
two curves have the same general behavior. For this typical con-
figuration with , the ratio is practically nearly con-
stant and of the order of dB in this case. However, this ratio
decreases for increasing rms slope , and significantly varies
with for .

Fig. 6 presents comparisons for the parameters of Fig. 5, but
the results make comparisons of the GOA model for flat and
rough lower interfaces, as plotted in [3, Fig. 2]. Then, for the
second-order contribution , the GOA model with the case
of a flat lower interface is plotted in dash-dot line with crosses.
Similarly as for the 2D case (see [4, Section 6]), significant dif-
ferences between a rough and a flat lower interface appear. For
a flat lower interface, the second-order contribution is concen-
trated around the specular direction .
Indeed, as the lower interface is flat, the energy incident on the
lower interface is not scattered in all directions like for the rough
case but reflected in the specular direction. On the contrary, for a
rough lower interface, the second-order contribution is lower in
and around the specular direction , and
is more uniformly distributed in all scattering angles. Indeed,
the rough lower interface scatters energy in all directions.
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Fig. 7. Same simulations as in Fig. 5, but with an incidence elevation angle
� � �� and an inner relative permittivity � � � � �����.

Fig. 7 presents comparisons with the numerical method for
the parameters of Fig. 5, but with an incidence angle
and an inner relative permittivity . The model it-
self cannot deal with lossy media a priori, but the effect of lossy
media can be taken into account a posteriori. Then, the lossy
inner medium is taken into account in the GOA as described in
[4, Section 7 ]. The results show the same general behavior of the
GOA as in the preceding configuration. The results for the case
without shadowing effects (not presented here for the sake of
clarity of the figure) again diverge for grazing . The results of
the GOA are compared with the reference numerical method for
all polarizations (HH, VH, HV, VV). In co-polarizations HH and
VV, the first-order contribution highlights a good agree-
ment of the GOA with the reference method. Again differences
that appear for larger values, and in particular for ,
can be attributed to the limitations of the GOA as well as tapered
wave effects at the larger angles. The second-order contribution

highlights a good agreement of the GOA with the refer-
ence method for . As in Figs. 2 and 5, results from
the reference numerical method highlight that for all scattering
angles , the higher orders are negligible: the second-order
is enough to quantify the scattering phenomenon.

In cross-polarizations VH and HV, results from the GOA
confirm that has a negligible contribution, while
has a relatively low contribution. The reference method again
shows appreciable contributions for that are impacted by
the tapered wave and are likely to be overestimates of the true
scattering. Once again, the GOA underestimates cross-polar-
ized scattering, especially for moderate . This is likely due to
the impact of multiple scattering on the upper interface, which
plays a significant role generally in cross-polarized scattering.
Still, a rather good agreement is found in VH polarization for
relatively high scattering angles, . The results of the
reference method for higher orders show that the second-order
contribution when computed exactly underestimates the total
scattering only slightly for these surface statistics and incidence
angles.

Fig. 8. Same simulations as in Fig. 7, but with an azimuth angle � � ��� .

Fig. 8 presents numerical results for the same parameters as
in Fig. 7, but for a rotated scattering plane at azimuth angle

. Again, the main changes from appear
in co-polarization. Overall, a good agreement is found with the
reference method because multiple scattering effects are less im-
portant when compared to first-order scattering processes. Thus,
there is a good agreement of the GOA with the reference method
for moderate .

Other comparisons of the second-order contribution for
all values of (i.e., over the whole upper scattered hemisphere)
are plotted in Fig. 9 for incidence polarization and in Fig. 10
for incidence polarization, for the same simulations param-
eters as in Fig. 7. The discretization is 15 for
and 5 for . The plus sign indicates the spec-
ular direction. It must be noted that the data are not interpo-
lated, even if interpolating should be more relevant to get a more
realistic overall representation (especially around and

). The three sub-figures at the top of the figure show
the co-polarization, and at the bottom the cross-polarization. Re-
sults of from the numerical reference method are plotted on
the left, from the GOA in the middle, and the difference of the
numerical method with the GOA (differences taken in terms of
NRCS values in decibels) on the right. The comparisons con-
firm the good agreement of the GOA with the reference numer-
ical method for moderate scattering angles .

Fig. 11 presents comparisons for the parameters of Fig. 5,
but with an incidence elevation angle , an inner rela-
tive permittivity , and surfaces with rms slope

. For this configuration, the surfaces have higher rms
slopes, which corresponds to the qualitative rms slopes limits of
the validity domain of the GOA. Then, the results should high-
light limitations of the GOA by comparison with the numer-
ical reference method. It can indeed be seen that contrary to the
previous configurations where the cross-polarizations highlight
rather good agreement of the GOA for high scattering angles
(especially for VH polarization), in this case the NRCS is always
significantly underestimated by the GOA. This can easily be un-
derstood: by significantly increasing the rms slopes, the relative
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Fig. 9. Same simulations as in Fig. 7, but with an azimuth angle � ranging
��� ���� , with 15 discretization: Numerical results of �� for � incidence
polarization.

Fig. 10. Same simulations as in Fig. 9, but with � incidence polarization.

Fig. 11. Same simulations as in Fig. 5, but with an incidence elevation angle
� � 	� , an inner relative permittivity � � 
 � �����, and surfaces with
rms slope � � ��
.

contribution of the multiple scattering from the same interface
effect is increased. For the co-polarizations, the agreement re-
mains good, except for larger angles. Here, the underestima-

Fig. 12. Same simulations as in Fig. 11, but with an azimuth angle � ranging
��� ���� , with 2 discretization: Numerical results of �� for � incidence
polarization.

Fig. 13. Same simulations as in Fig. 12, but with � incidence polarization.

tion by the GOA is a bit more important for grazing than for
the previous cases, mainly owing to the higher rms slopes .

Other comparisons of the second-order contribution for
various values of are plotted in Fig. 12 for incidence
polarization and in Fig. 13 for incidence polarization. The
discretization is this time 2 for and 2 for

, providing a higher resolution image of the
bistatic scattering pattern. The comparisons confirm the gen-
eral good agreement of the GOA with the reference numerical
method for moderate scattering angles . Moreover, limita-
tions of the model are highlighted mainly for grazing , in and
around the in-plane configuration for cross-polariza-
tions, and in and around the cross-plane configuration
for co-polarizations. It can be noticed that the underestimation
by the GOA with shadowing effects is more significant for HH
polarization than for VV polarization. Thus, all these compar-
isons validate the GOA in its validity domain, and help to quan-
tify limitations of the approach for grazing scattering angles and
for cross-polarized predictions in the plane of incidence.

V. CONCLUSION

The GOA with shadowing effects for a rough layer has been
extended to a general 3-D problem with 2-D surfaces, allowing
it to model more realistic problems and to study the influence
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of cross-polarizations. Comparisons with a reference numerical
method validated the GOA in its validity domain. The different
configurations used confirmed that the model is independent of
the layer mean thickness for lossless inner media, and that the
model can deal with lossy inner media as well with good pre-
dictions. Results showed that for moderate scattering angles, the
second-order contribution is generally sufficient to quan-
tify the scattering process. Observed differences of the GOA
with the reference method can be attributed primarily to mul-
tiple scattering effects on the same interface. As a prospect of
this paper, the GOA model for a rough layer could be improved
by incorporating multiple scattering effects on the same rough
interface, similarly as done by several authors for the double
scattering in reflection from a single rough interface [14]–[16].
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