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Energy conservation of the scattering from one-dimensional strongly rough dielectric surfaces is investi-
gated using the Kirchhoff approximation with single reflection and by taking the shadowing phenomenon
into account, both in reflection and transmission. In addition, because no shadowing function in transmis-
sion exists in the literature, this function is presented here in detail. The model is reduced to the high-
frequency limit (or geometric optics). The energy conservation criterion is investigated versus the incidence
angle, the permittivity of the lower medium, and the surface rms slope. © 2005 Optical Society of America
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The Kirchhoff theory in reflection (for instance, see
Refs. 1–3) is well known, but in transmission few ar-
ticles deal with this subject.3–6 The purpose of this
Letter is to study the Kirchhoff approximation in the
high-frequency limit from a stationary rough dielec-
tric surface by taking into account the shadowing
phenomenon both in reflection and in transmission.
The validity of this approximation is investigated
through the energy conservation criterion. To our
knowledge, no transmission shadowing function has
been
derived.

As depicted in Fig. 1, Ei�r�=E0eiki·r (the time factor
e−i�t is omitted) denotes the incident field of direction
k̂i= �k̂i , q̂i�= �sin �i ,−cos �i� with an incidence angle �i
onto the surface S0. In the same way, Er,t denote the
reflected and transmitted scattered fields of direc-
tions k̂r,t= �k̂r,t , q̂r,t�= �sin �r,t , ±cos �r,t� with scatter-
ing angles �r,t. A point out of the surface S0 is denoted
as r= �x ,z�, and a point on S0 is denoted as r0
= �x0 ,��x0��. The local surface slope is ��x0�=���x0�,
and its local normal unit vector is n̂0.

The model starts from the Kirchhoff–Helmholtz
equations in reflection and transmission,
respectively6:

Er�r� = +� �E�r0�
�G1

�n0
−

�E�r0�

�n0
G1�dS0,

Et�r� = −� �Et�r0�
�G2

�n0
−

�Et�r0�

�n0
G2�dS0. �1�

G1,2�G1,2�r0 ,r�= �i /4�H0
�1��k1,2	r0−r	� is the two-

dimensional Green’s function, where k1,2=k0

�r1,r2

(k0 is the wave number in the vacuum). In the far-
field zone, it can be approximated as follows:

G1,2�r0,r� �
i

4

 2

�k1,2r
exp�− i�/4�
�exp�i�k1,2r − kr,t · r0��. �2�
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By applying the Kirchhoff approximation both in re-
flection and transmission, we get the expressions of
the total and transmitted fields at r0, E, and Et, for
the reflection and the transmission cases, respec-
tively:

E�r0� = �1 + R����Ei�r0�,

�E�r0�,

�n0
= i�ki · n̂0��1 − R����Ei�r0�, �3�

Et�r0� = T���Ei�r0�,

�Et�r0�

�n0
= i�ktsp · n̂0�T���Ei�r0�, �4�

where � is the local incidence angle from the local
normal to the surface n̂0. R and T are the Fresnel re-
flection and transmission coefficients, respectively.
ktsp is directed according to the specular direction of
transmission.

Substituting Eqs. (3) and (4) and expression (2)
into Eqs. (1), with dS0= �1+�2�x0��1/2dx0, the reflected
and transmitted fields can be simplified. Then, the
stationary phase approximation is used. It assumes
Fig. 1. Illustration of the studied problem.
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that the main contribution of the field scattered by
the surface comes from regions around the local
specular direction of the facet. That is to say, the
phase term g�x ,z� in the exponential is such that
�g�x ,z� /�z=0. Thus, only the surface slopes �r,t

0 that
specularly reflect or transmit the field in the specular
direction are considered. These slopes are given by

�r
0 = −

k̂r − k̂i

q̂r − q̂i

, �t
0 = −

k2k̂t − k1k̂i

k2q̂t − k1q̂i

. �5�

With this approximation, the local incidence angle �
for the reflected field can be expressed as �= ��i
+�r� /2, and the local incidence angle ��� for the
transmitted field can be expressed as cos���
=sgn�k2q̂t−k1q̂i�
�k1−k2�k̂tk̂i+ q̂tq̂i�� / �k1

2+k2
2−2k1k2

��k̂tk̂i+ q̂tq̂i��1/2�. In Eq. (1), the dependence over
slope � can be suppressed, and one gets

Er
	�r�

E0
= −

exp�i�k1r + �/4��


2�k1r
R���fr��i,�r�

� �
−L0

+L0


�x0�exp�i�ki − kr� · r0�dx0, �6�

Et
	�r�

E0
= −

exp�i�k2r − �/4��


2�k2r
T���ft��i,�t�

� �
−L0

+L0


�x0�exp�i�ki − kt� · r0�dx0, �7�

where fr��i ,�r�= �1− k̂rk̂i− q̂rq̂i� / �q̂r− q̂i�, ft��i ,�t�= �k2

−k1�k̂tk̂i+ q̂tq̂i�� / �k2q̂t−k1q̂i�, 2L0 is the illuminated
surface length, and 
�x0� the illumination function,
which is equal to 1 if the point r0 is seen by both the
emitter and the receiver, and 0 otherwise.

With the latter expressions, one can express the
incoherent scattering coefficients in reflection
and transmission �r,t, defined by �r,t��i ,�r,t�
=Rpr,t��i ,�r,t� / �Ei�22L0 cos �i, with pr,t= �Er,t

	 Er,t
	�*

�
− ��Er,t

	 ��2. Er,t
	� is the reflected or transmitted far field,

in which the surface integration is taken over the
point r0� distinct from the point r0.

The geometric optics approximation or high-
frequency limit (k�h�1, with �h being the surface
rms height) assumes that the scattering intensity
contributes for only closely located correlated points
on the surface �r0 ,r0�� compared to the surface corre-
lation length. With this approximation, the coherent
contribution ��Er,t

	 ��2 can be neglected. Moreover, the
phase term inside the exponential can be expanded
as �ki−kr� · �r0−r0��=k1��k̂r− k̂i�+ �q̂r− q̂i���x0���x0�−x0�
and �ki−kt� · �r0−r0��= ��k2k̂t−k1k̂i�+ �k2q̂t−k1q̂i���x0��
��x0�−x0�. Thus, as demonstrated by Bourlier and

7
Berginc, one can eventually obtain
�r =
�R�2���

cos �i
fr
2��i,�r�

ps��r
0�

�q̂r − q̂i�
S11��i,�r��r

0�,

�t =
�T�2���

cos �i
ft
2��i,�t�

ps��t
0�

�q̂t −
k1

k2
q̂i�S12��i,�t��t

0�, �8�

where S11��i ,�r ��r
0� and S12��i ,�t ��t

0� are the bistatic
average shadowing functions in reflection and trans-
mission, respectively.

The expression of the reflection and transmis-
sion bistatic statistical shadowing functions
S11��i ,�r ��0 ,�0� and S12��i ,�t ��0 ,�0� are obtained from
the monostatic statistical shadowing functions
S1��1 ��0 ,�0� and S2��2 ��0 ,�0� (�1,2 are any angles in-
side media 1 and 2, respectively). The expression
of the shadowing function inside upper medium
1, S1��1 ��0 ,�0�, was given by Bourlier et al.8 This
function represents the probability that the ray of
angle �1 does not intercept the surface before striking
it at the point r0= �x0 ,�0���x0��, with �0=�0�:

S1��1��0,�0� = 
��1 − �0��Ph��0� − Ph�− 	�����1�, �9�

where Ph is a primitive of the height probability den-
sity function (pdf) ph; 
�x�=1 if x�0, and 0 otherwise
(
 is the unit step function); and � is defined as
���1�= �1/�1���1

+	��−�1�ps��� d�, with �1= �cot��1��,
where ps denotes the slope pdf.

In this Letter the shadowing function inside the
lower medium S2 is derived from the expression of
S1. The only difference is that the surface S0 is illu-
minated from underneath, so that the points of the
surface that are concerned by the shadow are no
longer �� �−	 ;�0� as in Eq. (9), but �� ��0 ; +	�. Then,
the expression of S2 is

S2��2��0,�0� = 
��2 − �0�
1 − �Ph��0� − Ph�− 	������2�,

�10�

where �2= �cot �2� is the orientation of the transmit-
ted beam inside lower medium 2 with a transmission
angle �2.

Then, the bistatic statistical shadowing functions
S11 and S12 are expressed from S1 and S2. The ex-
pression of S11 was given by Bourlier et al.8:
S11��i ,�r ��0 ,�0� equals S1��r ��0 ,�0� if �r�
�−� /2 ;−��i�� ,S1��i ��0 ,�0� if �r� �−��i� ;0�, and
S1��i ��0 ,�0�S1��r ��0 ,�0� if �r� �0; +� /2�. Using the
same method, we show that S12��i ,�t ��0 ,�0�
=S1��i ��0 ,�0�S2��t ��0 ,�0�∀ ��i ,�t�.

In the stationary phase approximation, the surface
slope �0��r,t

0 is given by Eq. (5). The statistical aver-
aging over �0 and �0 gives the average shadowing
functions S11��i ,�r ��r

0� and S12��i ,�t ��t
0�, expressed
for any random process by
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S11��i,�r��r
0� =��1 + ���r��−1��r � �−

�

2
;− ��i���

�1 + ���i��−1��r � �− ��i�;0��,

�1 + ���i� + ���r��−1��r � �0;
�

2
���

�11�

S12��i,�t��t
0� = B�1 + ���i�,1 + ���t��, �12�

Fig. 2. Comparison between S11 and S12, with �i=80° and
slope rms �s=0.3.

Fig. 3. Simulations for �s=0.2 and �r2= i	 (case of a per-
fectly conducting surface: V polar�H polar).

Fig. 4. Simulations for �s=0.2 and �r2=4.
where B is the beta function, also called the Eulerian
integral of the first kind.9 A comparison between the
reflection and transmission average shadowing func-
tions, S11 and S12, respectively, is illustrated in Fig. 2
for Gaussian statistics, where ��v�=e−v2

/ �2
��
−erfc�v� /2, with v=� / �
2�s�.

The interest of this Letter is to study the energy
conservation of this model. Thus, one defines

Pr,t

Pi
= �

−�/2

+�/2

�r,t��i,�r,t�d�r,t. �13�

The study of energy conservation then consists of
evaluating the quantity �= 
Pr+ ���r2 /�r1��1/2Pt� /Pi in
comparison with 1 (by analogy with the case of a
plane interface, where �R�2+ ���r2 /�r1��1/2�cos �t /
cos �i��T�2=1). For a perfectly conducting surface, we
can obtain an analytical closed form of ���i ,�s�∀�i. In
particular, for �i=0°, we can show that �
=erf�1/ ��s


2��, such that if ��0.99, �s�0.388, and if
��0.999, �s�0.304. Thus, the energy conservation
factor � is all the better as the slope rms is low, since
the multiple reflections occur for high slope rms. The
comparison has been done with various slope rms �s
and between the model without shadow and the
model with shadow. The results are presented in
Figs. 3 and 4, for vertical (V) and horizontal (H) po-
larizations.

In Figs. 3 and 4, one can see a good energy conser-
vation rate for low angles, for both polarizations, and
without and with shadow. However, the model with-
out shadow diverges for grazing angles. On the con-
trary, the model with shadow tends to 1 when �i
tends to 90°. Moreover, for grazing angles, the model
with shadow decreases when �i increases to reach a
minimum, and then increases to tend to 1 at 90°.
This is due to the multiple scattering effect, which oc-
curs for grazing angles. As �i increases, the multiple
scattering effect increases; still, after a given angle
its influence begins to decrease because of the
shadow and tends to 0 when �i tends to 90°.
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