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Abstract

The integral equation model (IEM) has been developed over the last decade
and it has become one of the most widely used theoretical models for rough-
surface scattering in microwave remote sensing. In the IEM model the
shadowing function is typically either omitted or a form based on geometric
optics with single reflection is used. In this paper, a shadowing function for
one-dimensional rough surfaces which incorporates multiple scattering, finite
surface length and both monostatic and bistatic configurations is developed. For
any uncorrelated process, the resulting equation can be expressed in terms of
the monostatic statistical shadowing function with single reflection, derived in
the preceding companion paper. The effect of correlation between the surface
slopes and heights for a Gaussian surface is studied to illuminate the range over
which such correlations can be ignored. It is found that while the correlation
between surface slopes and heights in the monostatic statistical shadowing
function with single reflection can be ignored, when calculating the average
shadowing function with double reflection the correlation between slopes and
heights between points must be incorporated.

1. Introduction

For a very rough surface, the phenomenon of multiple scattering is important and allows us
to explain the backscattering enhancement observed from experimental data [1,2] and from
computing simulation [3—6]. To predict this phenomenon, analytical models such as the integral
equation model (IEM) can also be used. This method is based on the first- and second-order
Kirchhoff approximation with a rough surface assumed to be stationary.
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The first version of IEM, developed by Fung [7], assumed an incorrect shape for the Weyl
representation of such a Green function and its gradient. This was recognized and partially
corrected in the second version, suggested by Hsieh ef al [§-10], of the model (IEMM).
However, the shape of the gradient of the Green function remained incorrect and a third
version, by Chen ef al [11], was released to amend this. Recently, Alvarez-Pérez [12] provided
a consistent formulation of the IEM model denoted as IEM2M, since erroneous assumptions
are made in the previous models.

In the IEM model, when the shadowing effect is not ignored, the average shadowing
function with single reflection is extended to that with double reflection by a physical approach.
As shown by Sancer [13] from the first-order Kirchhoff approximation, this assumption is valid
with the geometric optics approximation. Bourlier et al [14, 15] have shown how the statistical
shadowing function can be included in the bistatic scattering coefficient performed from the
first-order Kirchhoff approximation.

To solve this problem, the statistical shadowing function with multiple reflection is
investigated in this paper for monostatic (emitter and receiver located at the same place
corresponding to the backscattering case) and bistatic (emitter and receiver locations are
distinct) configurations. The statistical shadowing function with single reflection presented
by Bourlier et al [16] for a given observation length is a starting point to determine the
shadowing effect with multiple reflection. As shown in [16], for a single reflection, the
statistical shadowing function carries a restriction over the surface slopes and modifies the
surface height behaviour. The surface height and slope probability density function (pdf) with
shadow is then obtained from the unshadowed one multiplied by the statistical shadowing
function. The aim of this paper is to extend these results to a multiple-scattering problem and
to discuss the consequences for the derivation of the scattering coefficient. For this analysis, the
surface is assumed to be one dimensional and stationary. As shown by Bourlier ef al [16-18],
since the Smith statistical shadowing function is more accurate than Wagner’s, the Smith
analysis with single reflection is used for computing the statistical shadowing function with
multiple reflection.

Section 2 presents the monostatic statistical shadowing function for any uncorrelated
process, and applies the model for an uncorrelated Gaussian process. Section 3 extends the ap-
proach for a bistatic configuration. Since the correlation between the surface heights and slopes
is ignored, the statistical shadowing function does not depend on the surface height autocorre-
lation function. In section 4, the correlation is investigated for a Gaussian correlated process.

2. Monostatic statistical shadowing function for any uncorrelated process

Wagner’s [19] and Smith’s [20,21] approaches are used to describe the shadowing function with
single reflection for a stationary rough surface. Their formulation assumes that the surface is
one dimensional with a Gaussian process, where the correlation between the surface slopes and
heights is neglected. From these works, Bourlier et al [16—19] have extended the shadowing
function for any uncorrelated and correlated Gaussian processes. With a Gaussian process, they
showed for an infinite observation length that the Smith results are more accurate than Wagner’s,
and the correlation weakly improves the model. Therefore in this paper, the Smith approach is
chosen as a starting point to develop the statistical shadowing function with multiple reflection.

In this section this is performed from a one-dimensional rough surface in a monostatic
configuration. This function is required for the derivation of the scattering coefficient calculated
from the first- and second-order Kirchhoff approximations. In section 2.1, the problem is
formulated for a double reflection, and section 2.2 presents simulations. In the last section,
the case of the multiple reflection is analysed.
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Figure 1. On the left, an illustration of the monostatic statistical shadowing function with double
reflection for 6; € [0; 7/2] and 6 € [—m/2; /2]. The surface point F (&, yp) is characterized by
the height &y and the slope yp, whereas the surface point F1 (§1, y1) is givenby {&; = &+ cot 6, y1}.
On the right, the case where y; = | = cot 0y, corresponding to the surface limit slope where the
point F is viewed by the receiver.

2.1. Monostatic statistical shadowing function with double reflection

As shown in figure 1, the monostatic statistical shadowing function with double reflection
S> (subscript 2) represents the probability that the double-bounced waves denoted by the rays
(0)—(1) are notintercepted by the surface. We can write that for each case (a;) with 6, € [0; /2]
and 0 € [—m/2; /2]

S(lul, F, 1) x S(uy, Fr, 00) if 0€[—m/2;0] case(ar)
Sa(p, pr, Fy B, L) = S, Foly) x Sy, Fi, 00) it 0€l[0;m/2] case (a2)
0 if 6 €]0;6,[ case (a3)

ey
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with {u = cot 6, u; = cot 6} the beam slopes of the rays (0)—(1), respectively. S denotes the
monostatic statistical shadowing function with single reflection and for a given observation
length /;.

For any surface height & and slope yy the uncorrelated process p (&, y) with the Smith
formulation, S(u, F, l}), is expressed as (equations (12) and (12b) of [16])

St Pty = Tl x [ OLELC T RS RE
with
) — { 1 if x>0 o
0 else,
and
A= i/:o(y — wpy)dy P= /p(g)ds. (2b)

As shown in figure 1, in the (a3) case, we obtain S, = 0 since the point F' cannot be viewed
by the receiver. For cases (a; ), S» is the product of both monostatic shadowing functions.
S(ul, F, 1) is defined for a beam slope © = cot@ from the surface point F (&, yp) with
an observation length I;. S(u;, F), 00) is defined for an incidence beam slope i = cot 6,
emanating from the surface point F (&£ + ul;, y;) with an infinite observation length.

The use of (1), (2) yields

[P (&) — P(—o0)] kD
'[P + ) — P(—00)|AuD—AGu)

Salus ws Fy Fi ) = cases (a;,) with @ € [—%; 0] U [91; %] , 3
0 case (a3) with 6 €]0; 6]
with
I =Y(ul —y) Y (k1 — y1). (3a)

Although the sign of u is different for cases (a; ) (see figure 1), the statistical shadowing
function is the same. This is due to the fact that the surface slope distribution is assumed to be
even, which means that the probability of obtaining negative slopes is equal to that for positive
slopes.

Ifl;, = 0, then F| = F (see figure 1), meaning that {y; = yy,u; = p} and
So(u, Fo 1Y) = Y(ul — yo)[P(&) — P(—o0)]*U#D | which is similar to the monostatic
shadowing function with single reflection and for an infinite observation length.

The surface height and slope joint distribution with shadowing effect posn(w, 11, &o, &1,
Y0, V1, [1) is then expressed from the unshadowed one p (&, &1, Y0, y1; 1) as

DPasn(i, 111, €0, &1, Y0, Y1, 11) = p(o, &1, vo, v1; 1D S2 (s 1, 0, &1, V0, V1, 1)
where & = & + |ull;. “)

To illustrate (4), an uncorrelated Gaussian process with zero mean is used:

1 2 52 2 2
pEoEr v i) = m———exp (—20y — 2 T T )
QRrwo)

20 2w? 20?2 202

where {w?, 0%} are the surface height and slope variances, respectively. We can note that the
above equation is independent of /; since the correlation is omitted.
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Use of the variable transformations

ho = &/(wV/2) o = y0/(0V2)

h=&/@VD  a=pievn e ©
and
1 £2 L
pé) = oo eXP<—ﬁ> = P¢) = Eer (a)—ﬁ>7 7

d&y d&; dyo dy) = 2(wo)? dhg dhy dgo dg

leads for the (a; ») cases, with v € [—v;; oo[ to

Pash = [T (v — g0) exp(—¢3) //7] x [T (w1 — &1) exp(—¢7) /7]
x[{1 — erfe(ho) /2y " exp(=h5) /7

x{1 — erfe(ho + yi [v]n) /2}2 07D exp{—(ho + yi [vIn)*}/ V7], ®)
with

A(v) = [exp(—v?) — vy/merfe(v)]/(2vy/7)

vi=uw/0V2)  v=p/(0V2) (8a)

n=oLc/w

where erf is the error function, erfc(x) = 1 — erf(x) and L. denotes the surface correlation
length. For a Gaussian surface height autocorrelation function, we obtain 7 = /2.

In (8), since |v| € [v1; oo[ we obtain A(v;) > A(v) = 0= A(v;) — A(v) > 0, involving
[1 — erfe(---)/2]A00=2W"D ¢ [0; 1] because [1 — erfe(- - -)/2] € [0; 1].

2.2. Simulations for the Gaussian process and surface correlation

The first two terms between brackets on the right-hand side of (8) denote the restriction over
the surface-normalized slopes {o, ¢}, respectively. They are independent of the normalized
distance y;. In figure 2, they are represented versus {o, ¢1}, for v = {1, 0.5}. The slope
distribution according to & is not equal to zero for {, < v, whereas that defined with respect
to ¢; is reduced to the range ¢; < v;. Both distributions are not equal to zero if v € ]—00; v ].

In figure 3, the last term on the right-hand side of (8), which characterizes the shadowed
surface height distribution, is plotted versus the normalized height #( for v; = {1, 0.5} and
y1 = {0.1, 0.5, 2}. Unlike the slope distributions (figure 2), we see that when y; decreases the
slope distribution quickly increases, tending to that defined with one reflection. The amplitude
of the height distribution decreases when v; decreases, corresponding to grazing incidence
angles or a rougher surface since v; = cot6; /(o v/2).

The average statistical shadowing function over the surface heights &, and slopes {yy, y1}
is expressed with & = &y + |u|l; as

So(, s 1y) =/// Dasn(i4, 111, &0, &1, Yo, 1, 11) d&o dyo dn

= /// p(&o, &1, Y0, Y13 L) Sa (i, 1, 8o, &1, Yo, v1, 1) déo dyo dyr. 9

Substituting (3) into (9), the average shadowing function is

Al x Ar(pn) x/ P(E)[P (&) — P(—00)] (KD

So(e, i, 1) = 1 XPE + )P Eo + |plly) — P(—o00)] A ¥ =20D gg, (10)
it pel-oo;ul
0 else,
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Slope distribution according to dzeta0 : v, = 1.0
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Figure 2. Top: monostatic shadowed surface slope distribution with double reflection versus the
normalized slope ¢o for v = {1, 0.5}. Bottom: that versus the normalized slope ¢j.

with

A(x) = p(y)dy.

—00

(10a)

The use of variable transformations (6) and (8a) yields for an uncorrelated Gaussian

process (A (x) = [1 +erf(x)]/2)

L[1 +erf(JvD][1 + erf (vy)]
4

S(v, v, y1) =
if v el]—oo; ]
0 else.

o)

exp[—h3 — (ho + y1|v|n)?]

—0Q
x[1 = Lerfe(ho)|* ™11 = Lerfe(ho + yi M1V dny (11

In figure 4, the above equation is plotted versus {v, y;} for v; = {2, 1,0.5,0.1}. We can
see that when the normalized distance y; increases, the average shadowing function decreases
quickly, as |v| tends to zero, corresponding to either a very rough surface or angles close to
490°. If v decreases, then the amplitude of the average shadowing function decreases, and for
values of v < vy it is equal to zero. This maximum value is obtained when {y; = 0, v; > 2}
(A(2) ~ 2,4 x 107* and erf(2) =~ 0.99), meaning that

1+erf(jv)) [ )
S>(v,2,0) ~ Yy exp(—2hg) dho =

1 +erf(|v])

Wors if vel]-o0;2]. (12)



Shadowing by surface roughness: 11 181

Height distribution : v =1.0,y; =0.1 Height distribution : v;=0.5,y; =0.1
06 08
0.4 04
02 02

5

s
S5

S5
S

3
%
%

O
.
R
T T
SRR
SR

S
XSRS
SRR
S
5
X

3

o
o
&S
“‘:
S
5
SO
o
oo

o5
oS
859
5
500k
s
18555
222

15398
X
XX
XS
esese!
SR
R
X

RS
559

s
4

ot

o
o

1
|
1
|
|
|
/‘

40 1 2
Normalized height hO

Height distribution : v4=0.5,y,; =0.5

2

4 0 1 B2 Tomaedhokht oo
Normalized height hO ormalized height hO

s -2 3 Parameterv  —3°

Figure 3. Monostatic shadowed surface height distribution with double reflection versus the
normalized height g for y; = {0.1, 0.5, 2}. Left: v; = 1. Right: v; =0.5.

Now, we can calculate the integration over /; of the average shadowing function defined

from (9) as

o0
SZ(H»,U«I):/ Sop, prs 1) diy. (13)
0

We show in the appendix, for any uncorrelated distribution, that the above equation
becomes

AL(IVDAI () i v e]—o00:ui]
Sa2(v,v) = 1 2[ul[1+A(vDI + A(vr)/2] ! (14)
0 else
with

Al(x)zﬁa/ p(y~/20)dy. (14a)

For an uncorrelated Gaussian process, A is given by (8a), and A;(v) = [1 +erf(v)]/2.

In figure 5, the 2|u|S> (v, v;) average monostatic shadowing function integrated over [/ is
plotted versus v for vy = {2, 1, 0.5, 0.1} with an uncorrelated Gaussian process. For a very
rough surface (high standard deviation of slopes o, i.e. |v;| = |u:|/o +/2 small), the shadowing
function decreases quickly. For incidence near 90°, corresponding to |v;| — O, the surface is
highly shaded (S, — 0). In contrast, for normal incidence angles (v; close to 2), the whole

surface is illuminated (S, = 1). The variation between these two asymptotic values is as
much as o.
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Average monostatic shadowing function : v4 = 2.0
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Figure 4. Average monostatic shadowing function S>(v, vy, 1) (equation (11)) versus {v, y;} for
v; = {2, 1, 0.5, 0.1} with an uncorrelated Gaussian process.

2.3. Monostatic statistical shadowing function with multiple reflection

In this section the monostatic statistical shadowing function with n’ = n + 1 reflections is
investigated. Only the (a; ;) cases of figure 1 are treated since the (a3) case is null. Therefore
0, < 0p—1 with 8, € [0; /2] (see figure 6). We can note for 6y € [—m/2; 0] (case (a;)) that
the shadowing effect is the same. As shown in figure 6, the monostatic statistical shadowing
function with n’ reflections S, represents the probability that the n’-bounced waves are not

intercepted by the surface. Then, we can write

p=n
St Qn}, (), ALY = [T Sps Fpo Lpa),
p=0

with
ln+1 =0 Mo —> |/’L0|
Ep=&p1+upily for
MUp P Mp—1-

15)

Fp = F})(S})a Vp)
p>0

(15q)

If the relationship u,, > u,—1 is not valid, then the statistical shadowing function is equal

to zero.

For a double reflection, n’ = 2 = n = 1 and (15) becomes S (wg, Fo, [1) x S(u1, Fy, 00),
which is equal to the (a; ) cases of (1) with {uo, Fo} = {|ul, F}.
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Average monostatic shadowing function integrated over I1

Parameter v

Figure 5. Average monostatic shadowing function 2||S>2 (v, v) integrated over /1 (equation (14))
versus v for vy = {2, 1, 0.5, 0.1} with an uncorrelated Gaussian process.

| ceiv
z e” Receiver

Figure 6. Illustration of the monostatic statistical shadowing function with n” = n — 1 reflections.
This corresponds to a generalization of cases (a1,2) of figure 1 with 6, < 6,1 and 6, € [0; 7/2].

Substituting (2) into (15), we obtain

p=n  p Aliy)
Sl oo ) = [ 700, = 7y [ p (EPP:i’jlpj(_ :,O()_OO)} L
with
&, =6 +mipum,llm for p > 0. (16a)
For an uncorrelated Cn}qa:ulssian process defined as
pU&} {va)) = ﬁp(ép) x p(¥p), (16b)

p=0
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the average shadowing function integrated over &, and {y,} is

= > P (&) — P(~00) ]AW
Sn+ nts ln = A d ’ 17
1({pa}s () IE l(u,»f_oo[P@pwplpﬂ)_lg(_oo) p(&) d&o (17)

with A given by (10a).
The average shadowing function integrated over {/,+1} (/41 = 00) is

p=n 00
Spr1({un}) = l_[ Al(Mp)/ [)(S())[P(E()) — P(—OO)]A(”O) dé&y
p=0 -

p=n—1 rco
x{ I1 / [P (& + iplper) — P(—00)] 0t =801
p=0 v~
Xp(sp+ﬂplp+l)dlp+l}' (18)
Using the variable transformation &,,1 = &, + 1,41 and the appendix, we show
A prncl A
Spen (o)) = —1 00 |Cpe) p>0. (19
L+ A(o) [y 20p{l+[AWp) = A(y) + A(vo)]/2}
with
v, =,/ (0V2). (19a)

The first term on the right-hand side of (19) corresponds to the average monostatic
shadowing function with single reflection for an infinite observation length. For a double
reflection, n = 1 and (14) is found with {|u| = po, |[v] = vo}. Since u, = o, from (19a)
and (8a) we obtain v, > vy and A(v,) < A(v), meaning that A(vy) — A(v,) = 0. This
means that S, ({v,}) = 0.

To illustrate equation (19), the case where v, ~ v, = vy is considered and we obtain

1 [A1(vo)]™!

Sn+ = 2 Sn+ ny)- 20
10) = oy T+ AGOILL + A(i) /27 (vl (20)

We can note that S, (vg) is an upper bound of (249)" Sp+1 ({vi}).

In figure 7, for v, = vy, the monostatic average shadowing function (2p9)" S,+1({vo})
integrated over {/,.} is plotted versus the parameter vy with respect to n = n’ — 1, where n’
denotes the number of reflections. We observe that the ratio of the illuminated surface to the
whole surface decreases when n’ increases.

3. Bistatic statistical shadowing function for any uncorrelated process

In this section, the previous model is extended to a bistatic configuration. In section 3.1, the
problem is formulated for a double reflection, and section 3.2 presents simulations. In the last
section, the case of multiple reflection is investigated.

3.1. Bistatic statistical shadowing function with double reflection

As shown in figures 8 and 9, the bistatic configuration is obtained from the monostatic
configuration (figure 1) by adding a ray originating from an emitter with an incidence angle
0; € [—m/2; 0] defined for [ < 0. For ! > 0, the monostatic geometry is used with a receiver
located at an incidence angle 6, € [—m/2; /2]. Therefore, the bistatic statistical shadowing
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Figure 7. Average monostatic shadowing function (2410)"Sy+1(vo) integrated over I,y
(equation (20)) versus vy with v, = vy and for an uncorrelated Gaussian process.

function with double reflection S, represents the probability that the threefold-bounced waves
denoted by the rays (i), (0), and (1) are not intercepted by the surface.
From figure 8, we can write with 6 € [0; 7 /2] that

S(uil, F,00) x S(u, F, 1) x S(uy, Fi, 00) case (by)

SZ(/J/i,,U»,Ml,F,F],l])Z S(“L,‘l,F,OO)XS(/L,F,l]) Case(bZ)
0 case (b3),
2D

and the {(b; 2,3)} cases are defined as

(by) case where 6, € [0; 7/2] and O € [0;; /2]
(by) case where 6 € [—7/2;0[and 6 € [0; 7 /2] 2la)
(b3) case where 6 € [0; 7/2] and 0 € ]0; 0;].

Case (b)) is similar to a monostatic configuration S(|u;|, F, o0) of an infinite observation
length with single reflection defined according to the emitter and a monostatic configuration
S(u, F, 1) x S(u1, Fy, 0o) with double reflection corresponding to the receiver (case (a;) of
figure 1). Case () is similar to case (a;). Like case (a3) of figure 1, case (b3) is zero since
the surface point F' cannot be viewed by the receiver.

As shown in figure 9, with 6 € [—m/2; O[ we obtain

0 case (by)
. T 0 case (bs) 22)
2 (i s 1, Fy Fr L) = S(uil. F. 00) case (bg)

S(uil, F,00) x §S(uy, F, 00) case (b7)
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Figure 8. Bistatic statistical shadowing function with double reflection for 6; € [—m/2; 0] and
6 € [0; w/2]. Inthis case /1 = 0. The surface point F (&, yp) is characterized by the height &) and
the slope yp, whereas the surface point Fi (&1, y) is characterized by {&; = &y +[; cot 0, y}.

and the ranges of the cases {(b45¢.7)} are

case (by) where 6 €16;; 0[

case (bs) where 6 € [—m/2;6;]and 0; € [—7/2; 0[ (224)
case (bg) where 6 € [—m/2;6;]and 6 € [0; O[

case (b7) where 6 € [—m/2;6;]and 0; € [0; 7 /2].

For case (b4), there is no double reflection. In case (bs), the surface point F; cannot be

viewed by the receiver since the surface is crossed by ray (1). Case (bg) is similar to a monostatic
configuration S(|u;|, F, 0o) with an infinite observation length, since the probability that the
surface point Fj is hidden is equal to unity. Case (b7) is similar to a bistatic configuration with
single reflection and for an infinite observation length.

In figure 10, cases {(b;)} are represented in the plane (0, 6,) with 8 € [—m/2; /2],
0y € [-n/2; /2] and 6; € [—7/2; 0].
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z
Emitter 0e ]61’0[
(b,) case where
[} = —oo
F
I, — —oo 0
Z
0
. 0 e [-n/2;0,]
Receiver 75 0 (bs) case where
0, [-n/2;0[
F
|
|
I 0 !
Z
6e [-n/2;0,]
(bg) case where
- 8, € [6;0[
[
| z )
| Receiver
|
mitter |
Fmit : 0e [-n/2:0,]
(by) case where
0, € [0;m/2]
I 0 !

Figure 9. Bistatic statistical shadowing function with double reflection for 6; € [—m/2; 0] and
6 € [—m/2;0[. In this case /; < 0. The surface point F (&, y) is characterized by the height &
and the slope yp, whereas the surface point F; (&1, y1) is characterized by {&; = &y + [ cot 6, y1}.
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(bg) is excluded

-n/2

(bs) is excluded;

Figure 10. Representation of cases {(b;)} in the plane (0, 6;) with 6 € [—7/2;7/2], 01 €

[—7/2; /2], and 6; € [—7/2; 0].

Using (2) and combining (21) with (22), we obtain

(by) is exdluded

(b3) is excluded

[P(&) — P (—00) A D+AGy)

" TP + ) — P(—ooyhm—Awn eV
[P (§0) — P(—o0)]Aibsrwm
Iy, x case (by)
So(phis s 1, Fy Fry 1) = [P (&0 + ply) — P(—00)]AW
Y (il = v0) X [P(§) — P(—00)]* 1D case (b)
M, x [P(&) — P(—oc)]Mkib+atm) case (b7)
0 cases (b3.45)
(23)
with
Iy, = Tl +y0) T (e — yO) Y (1 — v1)
[y, = Y (pil + )Y (1 — yo) (23a)
[y, = Y (il + 1) T (1 — 10),
and
case (by) where p; € [0; oo u € [0; uq]
case (by) where ) € ]—o0; 0[ u € [0; oo]
case (bg) where ;€ ]—o00; u] € [pi; 0]
case (b7) where p; € [0; oo uw € [ui; 0f (23b)
case (b3) where ; € [0; oo w E€lpy; ool
case (by) where € ]—00; wil
case (bs) where  uy €]u; 0[ € [pi 0]
with  {uy, u} € ]—00; oo[ i €]—00;0].

In (23a), we can notice for the Y (|u;| + yp) term that the sign of yy is positive because
the emitter is defined for / < 0.
Figure 11 illustrates the {(b;)} cases in the plane (u, p;) with {u;, u} €]1—00; oo[ and

wi € 1—00; 0].
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(by) is excluded

(bs) is excluded (by) is excluded

(bs) is excluded

(by) is excluded | (bg ;) are excluded

Figure 11. Representation of cases {(b;)} in the plane (1, 1) with u € ]—00; oo[, 1 € ]—00; ool
and 6; € ]—o0; 0].

3.2. Discussion

For an uncorrelated Gaussian process defined as (5), substituting (23) into (4), using variable
transformations (6) and (7), the surface height and slope joint distribution with shadowing
effect posn (i, i, 11, o, &1, Y0, ¥1, [1) for each case (b;) is

p2Sh(Vi, v, VIVS()vglv Y0, 7/1,11) (24)

with

(Y (Jvil + Z0) Y (v — o) exp(—&3) / /7]

x[Y (v — &) exp(—¢1) /v/7]

case (by) § x[{1 — erfc(hg)/2} " D*AM exp(—h2) / /T (24a)
x{1 — erfc(hg + ylvn)/Z}A(”‘)_A(l"‘)

x exp{—(ho + y1vn)?}//7]

[T (Jvi] + £0) T (v — Zo) exp(—¢d) /7]
x[{1 — erfc(hg) /2y 21" exp(—h2) / /7

¢ P24 51— exfoling + yyvn) /220 240)
x exp{—(ho + y1vn)*}/v/71,
(Y ([vi| + &) exp(—¢7) /7]
€25 (06) | {1 — exfe(ho)/21°0 exp(—hd) /), 240
[T (Jvi] + o) Y (v — Zo) exp(—¢)/ /7]
€ase (01| 111 = erf(ig) /2 P00 exp(—id) /], (%4d)
cases (b345) O, (24¢)
v = i/ (0N/2) v = u1/(06V2) v=1/(0v2), (25)

and in (23b) the ranges of cases (b;), {i;, 1, 1} are substituted by {v;, vy, v}.
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The comparison of (24a) with (8) shows, for the bistatic configuration, an additional
restriction over the surface-normalized slopes ¢, represented by the Y (|v;| + o) term, and over
the surface-normalized heights kg, the additional term {1 —erfc(hg)/ 2}AviD | This corresponds
to the contribution of the shadowing effect according to the emitter. The (bg) case is similar
to a monostatic case with an infinite observation length, which carries a restriction over the
surface-normalized slopes ¢; and modifies the unshadowed surface height distribution. Their
effect is represented in figure 2 of [16]. The (b7) case is similar to a bistatic configuration with
an infinite observation length and it is depicted in figure 13 of [16].

Substituting (23) into (9), the bistatic average shadowing function over {hy, &y, {1} with
double reflection is expressed for any uncorrelated process as

Sa(pis s pas ) (26)

[Ar(vil) + Ar(v) — 1] x Ay (vy) X /00 &) p&o+ )

= case (by) X[P(£) — P(—00)]M"D+A) - (26a)
X[P (8o + puly) — P(—00)]* W= g,
[Ar(lviD) + Ar(v) = 1] x Ag(vy) &) p(&o + pnlh)

= case (b2) [P (&) — P(—00)]Aub+Aw) - (26b)
X [P (& + puly) — P(—00)] " dg,

= case (b)) Ar(Ivil) x [1+A(lviD]™, (26¢)

=case (b7) [Ar(IviD)+ Ay(v) — 1] x [+ A(viD) + A(wD] ™", (26d)

=cases (b345) O, (26e)

where {A, A} is defined as (2b) and (14a), respectively. For a Gaussian process it is equal to
A1(x) = [l +erf(x)]/2 and A is given by (8a).
We can note that

00 [x1] X2 X2
/p(od;:l:/ p(¢>d;+f p(@)dq—/ p()de. @)

00 - —lxil

meaning that

f p(&)de = A(Ix1]) + A(x2) — L. (28)

—=lx1l

This explains in (26a) and (26b) the term A (|v;|) + A1 (v) — 1, since the integration range
of ¢ois [—|v;i|; v]. Incases (b 6,7) (24b)—(24d), the integration over ¢ is not required since the
shadowed process does not depend on ¢;. Equation (26¢) corresponds to the average monostatic
shadowing function given by (18) of [16] with a Gaussian process (Smith formulation) for an
infinite observation length, whereas (26d) represents that for a bistatic configuration ((62), first
case of [16]).

Using the same method as the appendix, the integration of S,(v;, v, vy, ;) over [; leads
for (26a) and (26b) to

Sa(vi, v, v, 1) (29)

— case (b)) [Ar(vi]) + A1 (v) — 1] x Ay (vy) (29)
2ull+ AW) + A(uDIL+ (AW + A(uiD]/2)

B LA1(ui]) + Ay () — 1] % A (vp)

=case (b2) T+ Aw) + AQuDIT + A(ui /2] (29)

with {v;, v, v;} given by (25).
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' en Receiver

I>

Emitter

Figure 12. Illustration of the bistatic statistical shadowing function with n’ = n — 1 reflections.
0, € [0;7/2],6; € [-/2;0] and 6, < 0,1.

If in (290) vi — oo (#; = 0 normal incidence), then A(v;) — 0 and (29b) is equal
to (29a). Comparing equation (29a) with (14), a similar form is found, and the difference is due
to the addition of the emitter. Indeed, if |v;| — oo (emitter located at normal incidence angle),
then {A(|v;]) — 0, A;(Jv;]) — 1} and the bistatic configuration is equal to the monostatic
one with v substituted by |v]|.

3.3. Bistatic statistical shadowing function with multiple reflection

In this section, the bistatic statistical shadowing function with n’ = n — 1 reflections is only
depicted for case (b;) of figure 8. This means that6, € [0; 7 /2],0; € [-m/2;0]and6, < 0,_1.
As depicted in figure 12, {6;, 6,,, 6,,} denote the incidence angles of the emitter, receiver and
reflections of order p + 1 with p € [0;n — 1]. The other cases can be easily obtained by
following the same method as section 3.1.

Therefore, this case is similar to a monostatic configuration with n’ reflections given
by (15) and a monostatic configuration with single reflection defined according to the emitter
and for an infinite observation length. We obtain

p=n
St (ti (i} {Fad, (L)) = Sl Fo, 00) x [ [ SCuaps Fpo Lpsn), (30)
p=0

with the use of (15a).
The substitution of (2) into (30) yields

S (i, {pn}s AF} AL = Y Uil + ) x [P (&) — P(—00)]AIHD

p=n P _ p(— App)
< [T = v % [ (6) = P(zo0) } . G31)
p=0

P(Ep + Mplp+1) — P(—00)

Since the emitter is defined for I < 0, the sign of yy in Y (|;| + yp) is positive. Thus,
bistatic configuration (31) is obtained from the monostatic one (16) by substituting

A(po) = Alpo) + A(lil)

(3la)
T (o — v0) = Yo — yo) T (il + v0) = vo € [—I1ils pol-
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From the results developed in section 2.3, the bistatic case can be easily studied using the
above substitutions. For example, with the use of (19) and (28), the average bistatic shadowing
function integrated over [, is given by

Ar(lvi]) + A(v) — 1
L+ Ay(vo) + Alvil)

rct A1 (Vpi1)
X H . (32)
ot 2p{1+ AW — A,) + Avo) + A(IviD1/2)

Snt1 Vi, {vn}) =

4. Statistical shadowing function for a correlated Gaussian process

This section studies the effect of the correlation between the surface heights and slopes, assumed
to be Gaussian. The statistical shadowing functions with multiple reflection developed in
section 2 and given by (1), (15), (21), (22) and (30) are also valid for a correlated process.
They are expressed from the monostatic statistical shadowing function S(|u|, F, [1) with single
reflection and for a finite observation length. The assumption used arises from the derivation
of this function.

Bourlier et al [16] studied numerically the effect of the correlation with a Gaussian process
for an infinite observation length, and showed the correlation can be omitted if the parameter
v =cotf/(o V2) is larger than two, where 6 is the incidence angle and o the surface slope
standard deviation. This section extends the previous analysis according to the observation
length, which is the additional parameter for a scattering problem with multiple scattering.

The monostatic statistical shadowing function with correlation becomes more
complicated, which means the derivations of the monostatic and bistatic statistical shadowing
functions with multiple reflection also become very complicated. This means, for a scattering
problem with shadowing effect, the derivation of the bistatic radar cross section cannot be
tractable numerically or analytically. Therefore, the aim of this section is to study the validity
range when the correlation is not taken into account.

In section 4.1, for a correlated Gaussian process, the monostatic statistical shadowing
function is summarized from [16]. Sections 4.2 and 4.3 compare the correlated monostatic
average shadowing function with the uncorrelated one for single and double reflections,
respectively.

4.1. Monostatic statistical shadowing function with single reflection

For a Gaussian process, the monostatic statistical shadowing function with correlation is
expressed as ((33) of [16] for the Smith formulation denoted by the subscript S with variable
transformations (6))

Vi
T (v — o) exp [ - Lc/ g, ho, o, y) dY] if yi <y
0

Vi

S, ho, %o, y1) = T(v—{o)exp[—LC/ g, ho, Coy}’)dY]
0

1 — erfe(hg + y,vn) /2 124
1 —erfc(ho + y1vn)/2

else

(33)

with v = cot6/(c+/2) and n = o L./w, where w is the surface height standard deviation
and L. the surface correlation length. y, represents the inferior limit of the observation length
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where the correlation between the surface heights and slopes can be omitted. This means
that the function L.g can be analytically integrated over y and gives the second term on the
right-hand side of (33). For y; < y, the integration of the g function given in table 3 of [16]
is computed numerically. It depends on the functions {f;;(y)} expressed as (28a) of [16]
obtained from the normalized surface height autocorrelation function denoted as fy(y) and
its derivatives { f; »(y)} of first and second orders. For Gaussian fy(y) = exp(—y?) and
Lorentzian fy(y) = 1/(1 + y?) normalized surface height autocorrelation functions, { f; »(y)}
are given in table 4 of [16] and { f;; ()} are plotted in figure 4 of [16].

When the correlation is neglected we have f;; = §;; (Kronecker symbol) with §;; = 1 if
i = j,else 0, and {y,¢ = 3, y; = 4} for Gaussian and Lorentzian correlations. Moreover,
the exponential term expl- - -] of (33) is equal to

1 —erfe(hg)/2 1A 3a)
, a
1 —erfc(hy + y;vn)/2
and the statistical monostatic shadowing function becomes
1 — erfc(hg)/2 AG)
S, ho, &0, 1) = o)/ : (34)
1 —erfc(ho + y:vn)/2

The classical function is then found without correlation.

4.2. Average monostatic shadowing function with single reflection

To find a validity range of the monostatic statistical shadowing with single reflection and for an
uncorrelated Gaussian process, the average monostatic shadowing function over {4, o} with
correlation is compared with the uncorrelated one. We can note that the study of the validity
domain is not made on the statistical function because this function depends on four variables

(v, ho, %o, y1)-
For a Gaussian process, the monostatic average shadowing function is

1 o0 o0
S = - / / exp(=h2 — ¢2)S(v, ho, &0, y1) dho dc. 35)

The cross-correlation between the surface-normalized heights Ay and slopes &y is
proportional to f(0), where fi(y) denote the derivative of the normalized surface height
autocorrelation function fy(y). Since fy(y) is even for having an Hermitian spectrum,
f1(0) = 0, which implies that the cross-correlation between h( and ¢ is equal to zero. In (35),
this explains that p(ho, ¢o) = exp(—h} — ¢3) /.

The substitution of (33) and (34) into (35) leads, without correlation, to

1 —erfc(hg)/2
1 —erfc(hg + y1vn)/2

1 +erf(v) [
S, y1) = W

A(v)
exp(—h?) [ ] dhy (36)

without correlation,

1 [.¢] v
;/ eXP(—hﬁ)dho{/ eXp(—(@)eXP[---]dCo}

(o]

if y <y else

S,y =11 [ 1 — erfe(h 274 37
W, y1) _/ exp(_hé)[ erfc(ho + yivm)/ } dho (37)
T J s 1 —erfc(ho + y1vn)/2

x{ / exp(—¢3) expl- - ']d§0}~
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Figure 13. Average monostatic shadowing function with single reflection versus the parameter v
and the normalized observation length y;. The full curve represents the correlated case, whereas
the broken curve corresponds to the uncorrelated case. Also depicted in the chain curve are the
uncorrelated results for an infinite observation length.

In figure 13, the average monostatic shadowing function with single reflection is plotted
versus the parameter v and the normalized observation length y;. The full curve denotes the
correlated case given by (37), whereas the uncorrelated case expressed from (36) is depicted
with the broken curve. Also plotted in the chain curve are the uncorrelated results given by
[1+erf(v)]/{2[1+ A(v)]} for an infinite observation length. For small values of v, we observe
that the average monostatic shadowing function is not equal to zero and increases when y;
decreases. If the observation length y; increases, the results tend to those computed for an
infinite observation length. Indeed, as shown by Bourlier er al [22], with an absolute relative
error of 0.1% the surface can be considered infinite if y, is larger than +/6,/v, which is similar
to v greater than «/g/yl. With y; = {1, 3, 20}, we obtain v = {2.45,0.82, 0.12}.

In figure 14, the absolute relative difference | Sy, (v, y1) — Sco(V, ¥1)|/Sun (v, ¥1) between
the uncorrelated Sy, (v, y;) and correlated S, (v, y;) average monostatic shadowing functions
is plotted versus the parameter v and the normalized observation length y;. We can note that
the maxima denoted by a cross and given for each curve in figure 14 converge toward 0.045
when y; increases. This means that the correlation weakly improves the results as in the
case where the observation length is infinite. For v larger than two, the average monostatic
shadowing functions with and without correlation are similar, and from figure 13 the shadow
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Figure 14. Absolute relative difference between the uncorrelated and correlated average monostatic
shadowing functions versus the parameter v and the normalized observation length y;.

becomes equal to unity. Therefore, for a scattering problem, the shadow can be omitted if
v > 2. Figure 16 of [16] gives versus the standard deviation of the surface slopes o the limit
incidence angle where the shadow can be neglected.

4.3. Average monostatic shadowing function with double reflection

In this section, the average monostatic shadowing function with double reflection S, (i, 1, ;)
equal to (9) is investigated in order to study the validity range of the uncorrelated case. The
statistical monostatic shadowing function with double reflection S, (u, uy, F, Fi, 1) is given
by (1) and is valid for any correlated process. It is expressed from S(u, F, [;), which is given
by (33) for a correlated Gaussian process with variable transformations (6).

Therefore, substituting (33) into (1) and (9), using variable transformations (6), for a
correlated Gaussian process, S (v, vy, y1) is written in cases {(a; )} (v € ]—00; v;]) as

00 [v]
S(v,vl,yo:/ Gu<v1,h1,oo,y,>dho{/ GeIv], ho. o) 2o (38)
x/ Gewr. by e plho b ConciiyDda |V if y<w (38a)
L J —00 .

[v]

= / Gu(Vl,hl, OO, YI)Gu(|V|,hO, )’1, )’z)dho{/ GC(|v|7h01 §O)d§0

o] o0

Vi
X/ Gc(vi, hy, &) plho, hys 8o, C15 y1) der | ¢, otherwise (38b)

]
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Figure 15. Average monostatic shadowing function with double reflection versus the normalized
observation length y;. Circles and crosses, the shadowing function with and without correlation,
respectively. Chain curve, the case where the surface height and slope joint pdf are assumed
to be uncorrelated. Full curve, the case where the correlation of the function G. is omitted.
v=1{0.1,0.2,0.3,0.4} and v = 0.5.

with

Vi
Ge(v, ho, §o) = exp [ - Lc/ 8, ho, Lo, y) dY] (38¢)
0

1 — erfe(hg + y,vn) /2 14

G,(v, ho, y1, y1) = 38

u(V, ho, 1, Vi) [l—erfc(ho+y1vn)/2 (38d)
hy = ho+ y1|vin. (38¢)

For the (a3) cases (v € Jvy; oo[), S(v, vy, y1) = 0.

We can note, for y; — oo, G, (v, hy, 00, y;) given by (38d) is equal to [1 — erfc(h; +
yevin) /21400,
p(ho, h1, o, ¢1; y1) denotes the surface height and slope joint probability density function.
p(&o, &1, V0, y1; [1) is obtained from (21) of [16] by writing that (Bayes theorem)
p(&o, &1, v0, vi: 1) = p(&, v180, voi 1) x p(&o, v0)- (38/)
Moreover, using variable transformations (6), in (21) of [16] {{Cii;}, 0. &1, vo, 1,11} are
substituted by {{ f;}, ho, h1, o, &1, y1} with the Jacobian equal to (2wo)?, and we obtain

1
p(ho, hi, S0, 813 31) = mexp[{—fu(h% +h7) + f3(C5 + ) + 2 fizhohy +2 f34808

+2 f13(ho%o — h181) + 2 fra(hols — h1o)Y(fu) 1. (39)
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Figure 16. Average monostatic shadowing function with double reflection versus the normalized
observation length y;. Circles and crosses, the shadowing function with and without correlation,
respectively. Chain curve, the case where the surface height and slope joint pdf are assumed
to be uncorrelated. Full curve, the case where the correlation of the function G. is omitted.
v=1{0.1,0.2,0.5,0.9}and v; = 1.

{fij(y1)}, which depend on y, are given by (28a) of [16] performed from the normalized
surface height autocorrelation function denoted as fy(y) and its derivatives { f; »(y)} of first
and second orders.

Equation (38) shows that the correlation increases the complexity of the model, and the
average monostatic shadowing function requires threefold integrations over {A, o, £1}-

When the correlation is omitted, f;; = §;; (Kronecker symbol), and (39) is equal to (5) with
variable transformations (6) and the Jacobian equal to (2wo )2. Moreover, (38¢) becomes (33a),
meaning that integrand (38b) is

1 — erfc(hg)/2
1 —erfc(hg + y1|v|n)/2

Therefore, the integrations over {{y, ¢;} can be performed analytically and give w[1 +
erf(|v])][1 + erf(v;)]/4. Equation (11) is then found with | = hg + y;|v|7.

In figures 15-17, the average monostatic shadowing function with double reflection is
plotted versus the normalized observation length y;. The circles and crosses denote the
shadowing function with (equation (38)) and without (equation (11)) correlation, respectively.
The chain curve gives the case where the surface height and slope joint pdf are assumed
to be uncorrelated (equation (38) where the pdf p is given by (5)). The full curve

A(v])
} [1 —erfe(hy) /214" exp(—h] — b — &8 — ¢)/m%. (40)
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Figure 17. Average monostatic shadowing function with double reflection versus the normalized
observation length y;. Circles and crosses, the shadowing function with and without correlation,
respectively. Chain curve, the case where the surface height and slope joint pdf are assumed
to be uncorrelated. Full curve, the case where the correlation of the function G. is omitted.
v={0.1,0.5,1, 1.4} and v; = 1.5.

gives the case where the correlation of the function G. is omitted (equation (38d) with
G.(v, ho, &) = G, (v, ho, y1,0), which corresponds to the first term of (40), and the
pdf p given by (39)). In figure 15, v = {0.1,0.2,0.3,0.4} and v; = 0.5. In
figure 16, v = {0.1,0.2,0.5,0.9} and v; = 1. In figure 17, v = {0.1,0.5, 1, 1.4} and
V) = 1.5.

For small values of the normalized observation length y;, we observe that the difference
between the correlated (circles) and uncorrelated (crosses) results is large, and decreases when
y1 increases since the correlation becomes smaller as v; decreases. The comparison of the full
curve (the case where the pdf is correlated with G uncorrelated) with the chain curve (the case
where the pdf is uncorrelated with G, correlated) shows that this discrepancy arises from the
fact that the correlation on the pdf is not taken into account. Indeed, when the correlation on
the pdf is not ignored with G, uncorrelated, there is a good fit with the correlated results. We
also note that the shadowing function calculated with the correlated pdf converges to zero when
y is close to zero since the correlated pdf is equal to zero for y; = 0, unlike the uncorrelated
one.
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In conclusion, as in the previous section, the uncorrelated monostatic statistical shadowing
function with double reflection can be used, but for the average shadowing function the
correlation between the surface heights and slopes of the joint probability density function
has to be taken into account.

Since the bistatic statistical shadowing function with double reflection is expressed from
the monostatic one, we obtain a similar conclusion.

5. Conclusion and discussion

In this paper, the statistical shadowing function with double and multiple reflections from a
one-dimensional stationary random rough surface is investigated for monostatic and bistatic
configurations. It is obtained from the monostatic statistical shadowing function with single
reflection for a given observation length.

For any uncorrelated process, the statistical shadowing function is expressed from the
primitive of the surface height distribution and the unit step function over the surface slopes.
As in the single-reflection case, both conditions modify the height distribution and carry
a restriction over the surface slopes. For an uncorrelated Gaussian process, the average
shadowing function over the surface heights and slopes is performed, and the integration
over the observation length of the average shadowing function is also presented. We can note
that this determination is analytic and valid for any uncorrelated process.

To quantify the correlated effect between the surface heights and slopes, a correlated
Gaussian process is studied. The simulations show that the correlation over the statistical
shadowing function can be omitted, but for the computation of the average shadowing func-
tion the correlation has to be taken into account of the surface height and slope joint probability
density function. This result allows us to have a simple statistical shadowing function.

For a scattering problem with single reflection, Bourlier et al [16] explain how the
shadowing function effect can be introduced, and treat in [14, 15] the first-order Kirchhoff
formulation. The effect of double scattering may be studied from either the IEM-IEMM-
IEM2M [7-12] models or the work of Ishimaru et al [5,6,23] based on the first- and second-
order Kirchhoff approximations. In both these approaches, the shadowing function is either
omitted or accounted for by the average shadowing function (valid for the geometric optics
approximation) with single reflection. The prospect of this paper is to include the statistical
shadowing function with double reflection in the previous scattering models.
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Appendix. Derivation of the average statistical monostatic shadowing function

This appendix presents the derivation S,(u, 1) of the integration over /; of the average
monostatic shadowing function S, (u, u1, [;) defined from (13) for any uncorrelated process.

Substituting (13) into (9), and using the variable transformation &, = &y + |u|l; with (3),
we obtain

1 o0
So(pt, 1) = mummwmm—l / PENIP (&) — P(—00)]* D dg,

x[ f p@l)[P(s])—P(—oo)]A(“')“'*‘“dsl} if uel—oo; ]

&

=0 else (A.1)
with A given by (10a). The integration over &, leads for u € ]—o0; u;] to
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Ar(uDA () *© Aduh
S s = P — P(— s
2 (e, pr) T+ AGe) — AQa)] 70017(50)[ (%0) (—00)]
x{1 — [P (&) — P(—o0)]" At =Alubyqg, (A2)

since P(00) — P(—o0) = 1. Expanding the term over &, and integrating over &,, we show
Ar(D AL () . .
if uel—oo; il

Sa(p, 1) = 4 |l + A(uDI2+ A(u)] (A3)
0 else.
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