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Abstract

When solving electromagnetic rough-surface scattering problems, the effect of
shadowing by the surface roughness often needs to be considered, especially
as the illumination angle approaches grazing incidence. This paper presents
the Ricciardi—Sato, as well as the Wagner and the Smith formulations for
calculating the monostatic and bistatic statistical shadowing functions from a
one-dimensional rough stationary surface, which are valid for an uncorrelated
Gaussian process with an infinite surface length. 1In this paper, these
formulations are extended to include a finite surface length and any uncorrelated
process. The inclusion of a finite surface length is needed to extend the single-
reflection shadowing function to the more general multiple-reflection case,
presented in the following companion paper. Comparisons of these shadowing
functions with the exact numerical solution for the shadowing (using surfaces
with Gaussian and Lorentzian autocorrelation functions for a Gaussian process)
shows that the Smith formulation without correlation is a good approximation,
and that including correlation only weakly improves the model. This paper
also presents a method to include the shadowing effect in the electromagnetic
scattering problem.

1. Introduction

Conventional theories of the scattering of electromagnetic radiation from random rough
surfaces [1,2], assume that every point of the surface contributes to the scattered wave. This
assumption neglects the shadowing of the surface by itself, an effect that may be expected to be
important at large angles of incidence. Under the geometrical optics approximation, Sancer [3]

0959-7174/02/020145+29$30.00 © 2002 IOP Publishing Ltd  Printed in the UK 145


http://stacks.iop.org/wr/12/145

146 C Bourlier et al

showed with the Kirchhoff analysis that the scattering coefficient with shadow is obtained from
the unshadowed scattering coefficient multiplied by the average shadowing function over the
surface heights and slopes performed from either the Wagner [4] or Smith formulations [5, 6].
To study this assumption, Bourlier er al [7, 8] have investigated the statistical shadowing
function, which depends on the surface heights and slopes, in the derivation of the scattering
coefficient calculated from the Kirchhoff approach. They showed with a Gaussian distribution
that the fact of including the statistical shadowing function modified the surface height
distribution, which then becomes non-Gaussian, and carried a restriction over the surface
slope distribution. This means that the expected values over the surface slopes and the surface
height characteristic function have to be evaluated by including both these conditions.

Thus, an electromagnetic scattering problem with a shadowing effect from a stationary
rough surface characterized by its surface height autocorrelation function and the surface slope
and height joint probability density function (pdf) is similar to a problem without a shadowing
effect, where the autocorrelation function is the same and the pdf is substituted by a new
pdf which includes both conditions over the surface elevations and slopes. Consequently,
the determination of the new pdf, equal to the unshadowed pdf multiplied by the statistical
shadowing function, is the key to the problem. It is widely assumed that the statistical
shadowing function is independent of the unshadowed pdf, involving moments of first and
second orders with shadow being determined from the unshadowed moments multiplied by
the average shadowing function.

In this paper, the statistical shadowing function from a one-dimensional rough surface
is studied for monostatic (emitter and receiver locations are the same corresponding to the
backscattering case) and bistatic (the emitter and receiver locations are distinct) configurations,
for any uncorrelated process and for a Gaussian correlated process. Moreover, since in
articles [4-8] the surface is assumed to be infinite, the effect of the observation length is
introduced. In [9, 10] Bourlier et al have investigated this aspect of the average shadowing
function for an uncorrelated Gaussian process. The inclusion of this new parameter also
allows us to formulate the statistical shadowing function with multiple scattering, which will
be presented in the next paper.

In section 2, the monostatic statistical shadowing function is addressed for an uncorrelated
process. It depends on the surface heights and slopes, and on the parameter v proportional to
the incident beam slope divided by the surface slope rms. An additional parameter is included,
which is the observation length required for the multiple-scattering problem. To select the most
accurate approach, the Wagner, Smith and Ricciardi—Sato formulations are investigated for any
uncorrelated process in the monostatic case and applied to a Gaussian process. As shown by
Ricciardi and Sato [11,12], the statistical shadowing function is expressed rigorously as Rice’s
infinite series. The Wagner approach retains only the first term of these series, whereas Smith
uses the Wagner formulation by introducing a normalization function.

In section 3, to study the effect of the correlation between the surface heights and
slopes, the Smith and Wagner monostatic statistical shadowing functions are compared with
the numerical solutions for a Gaussian surface height and slope joint probability density
function. The numerical solution, which uses any assumptions, is simulated from the algorithm
developed by Brokelman and Hagfors [13]. We can note that the Ricciardi—Sato analysis with
correlation is not calculated since it is not tractable analytically or numerically. The inclusion
of the correlation leads to the statistical shadowing function depending on the surface height
autocorrelation function. The results show that the correlation contribution is weak and the
Smith formulation is close to the numerical solution.

In section 4, the uncorrelated and correlated cases are extended to a bistatic configuration
for a given observation length.
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The last section summarizes the obtained results, gives some prospects and discussions
taking into account the shadowing effect on the electromagnetic scattering problem.

This paper develops the theoretical aspect of the shadowing effect for a given observation
length, but the results are only presented for an infinite observation length. The second paper,
where the statistical shadowing function with multiple scattering is investigated, presents
this aspect.

2. Statistical shadowing function without correlation

Mathematical development of the shadowing function with single reflection began with the
Wagner [4] and Smith [5, 6] formulations. They consider a one-dimensional surface and the
correlation between the surface heights and slopes is neglected, meaning that the shadowing
effect does not depend on the surface height autocorrelation function.

As shown by Ricciardi and Sato [11, 12], the statistical shadowing function is expressed
rigorously as Rice’s infinite series. The Wagner approach retains only the first term of these
series, whereas Smith uses the Wagner formulation by introducing a normalization function.
With a one-dimensional uncorrelated Gaussian process in a monostatic configuration, Bourlier
et al [14, 15] have compared the Wagner, Smith and Ricciardi—Sato average shadowing
functions with the numerical shadowing function. They proved that since the correlation
is neglected the Ricciardi—Sato data have no physical meaning at grazing incidence angles,
and that the Smith model is more accurate than the Wagner one.

This section extends the previous method to any uncorrelated process for a given
observation length since the observation length is always assumed to be infinite for a single
reflection. Unlike articles [14, 15] where the average shadowing function is presented, this
section shows how the unshadowed distribution is modified by the statistical shadowing
function. The observation length has to be taken into account because it is required in the
multiple-scattering case.

2.1. Ricciardi-Sato, Wagner and Smith monostatic statistical shadowing functions

For an observation length L, the monostatic statistical shadowing function S(0, F, L¢) is
equal to the probability that the point F(&y, y9) on a random rough surface, of given height &,
above the mean plane and with local slope yp = 0£(/9!, is illuminated as the surface is crossed
by an incident beam from incidence angle 6 (figure 1) [4-6]

Ly
S(“” Fv LO) ZT(M_VO)CXP [_/ g(,u's Fv l)dl:la (1)
0
with
0 it y=>u
T —yo) = . (la)
1 if y<u,

where g(u, F, 1) dl is the conditional probability that the ray of slope u = cot8 (6 denotes
the incidence angle) intersects the surface in the interval [/; [ + dI] and with the knowledge
that the ray does not cross the surface in the interval [0; /]. Y is the Heaviside function, which
carries a restriction on the surface slopes.

Therefore, the shadowed pdf psh (F) is expressed from the unshadowed pdf p(F) as

psa(F) = p(F) x S(u, F, Lo) with  F = F(o, n). @)
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Figure 1. Statistical monostatic shadowing function.

With the Ricciardi—Sato (subscript R), Wagner (subscript W) and Smith (subscript S)
approaches, g(u, F, ) is defined as follows:

gr(p, F.1) =Y (=1)"L(u, F. D), 3)
n=0

ow(i, F.l) = / o — WpE vlEo v Ddy & = Eo+ul, @
m

o0 Eo+ul
gsw,F,l):gw(u,F,l)/[/f p<s;y|so,yo;1)dsdy], )

with
Io(p, F, 1) = gw(w, F,1) for n=

1 ! ! n>1 (5a)
L, F.)= | diy | diy--- | Wou, F,1,1,,...,1,)dl, for

0 I Lot lp =0,
and
Wn(M,F»l»ll,-~-aln)=/ (V—M)dJ// dy1-~-/ dy,

M Iz Iz
x [1i — ) pausa(Z, Gléo, voi L1y, .., 1), (5b)

i=1

where W, (u, F,1,1;,...,1,)dldl;dl,---dl, is the joint probability that the incident ray of
equation S, = &y+ul, (n > 1) crosses the surface £ (,,), with aslope i = cot 6 smaller than the
surface slope y,, of abscissa l,,, in the intervals {[/; [ +d/], [[;I; +dl1], [l; Lo +dba], ..o U L +
dl, 1}, cogditional on the knowledge of F (5_9, Y0). Pan+2 1S the joint probability density of
vectors ZT = [£0,&,81,52,...,5,] and GT = [0, ¥, %1, V2, ..., ¥x] at abscissa points
{0,1,1;,15,...,1,}, knowing {&), yo}. The problem is slightly different from those presented
in [11, 12], because the probability density ps,, is conditioned in our case by the variables
{&o, 0}, whereas [11, 12] only consider the term &.
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We can note that the Ricciardi—Sato formulation is expressed as Rice’s infinite series, and
the Wagner formulation keeps only the first term of these series whereas the Smith approach
uses Wagner’s one and introduces a normalization function. gr(u, F,[) can be defined as the
first passage time conditional probability density function.

2.2. Mathematical development for any uncorrelated process
The uncorrelated process states that

p&.vl&. vo: ) = po + uh)p(y) & =8 +ul
i=n 6
Panez = &0+ uDp() [ | P60+ nldpr)- ©
i=1
Since the cross-correlation and the correlation of the surface heights and slopes is omitted,
Pan+2 depends only on /; within &y + ul;.
Substituting (6) into (3), (4) and (5b), we have

gwli, F,1) = pA x p(o+ pl), (7
gs(i, F. 1) = gw(u, F, D) /[P (& +pl) — P(—00)], ®)
Wal, Fo L1y, 1) = gw(u, F.D [ [ A x peo+ pli), ©)
i=1
with
1 oo
A= —/ (y —wp(y)dy, (9a)
mJp

and P is a primitive of p defined as (A.2).
Substituting (9) into (5a) and (3), we show in the appendix that

gr(p, F, 1) = gw x exp{—A[P (5 + ul) — P (o)1} (10)

Since the range of the denominator of (8) gs is [0; 1], this inverse is [1, oo[, which
means that gs > gw, and from (1), since exp(—g) is a decreasing function of g, we obtain
Ss(u, F, Ly) < Sw(u, F, Ly). Therefore, the statistical shadowing function of Smith is
smaller than Wagner’s whatever the assumed uncorrelated slope and height pdf. This arises
from the fact that Smith introduces a normalization function in the denominator of (5).

From (10), since A[P(& + ul) — P(§)] > 0, we obtain gg < gw, meaning that
exp(—gr) = exp(—gw), and for A[P (& + ul) — P(&)] = 0, gw ~ gr.

In conclusion, for any uncorrelated process, the statistical shadowing functions obey the
following relationship:

0 < Ss(u, F, Lo) < Sw(w, F, Lo) < Sr(u, F, Lo). (11)
Substituting (7), (8) and (10) into (1), the integration over [ leads to
Swsr(, F, Lo) = T (e — o) X Ww s r(, &0, Lo), (12)
with
Ww (i, &0, Lo) = exp{—A[P (&0 + nLo) — P01}, (12a)

A
P (&) — P(—=00) } (12b)

7 , &0, Lo) =
5. 5o, Lo) [P(éo T+ uLo) — P(—o0)
g = exp(Wy — 1). (12¢)
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Thus, using (2), the shadowed uncorrelated pdf is then expressed as

Psh(i, &0, Y0, Lo) = p(vo) Y (u — y0) X p(§o) ¥ (e, &0, Lo). (13)

Consequently, when the correlation is neglected, the statistical shadowing effect carries
a restriction over the surface slopes yy within Y (u — ) and modifies the surface height
distribution due to the W function. We can note that the restriction over the slopes is independent
of the choice of formulation.

2.3. Simulations for an uncorrelated Gaussian process

A Gaussian process with zero mean and height variance w? is defined as
1 g2
(§)=—=ex <——> = pé)= —erf( ) (14)
P w27 P 2w? P w2

where erf denotes the error function and erfc(x) = 1 — erf(x). Equations (12a) and (12b)
then become for an infinite observation length L

A) éo
Wy (v, &, 00) = Wy (v, &) = — rfc
w (v, &0, 00) w(v, &) GXP{ er (wf)}

1 1 A®v) (15)
W(v,é,oo>=w(v,s)=[erf< ) } |
S 0 s 0 o2
With a surface slope distribution with zero mean and slope variance o2, A (9a) is
A) = exp(—v?) — v/merfc(v) Lok 6)
2vm o2

In figure 2, the shadowed surface slope (psn (&) = o2 x p(&o)Y (v — &) term of (13)
plotted on the left) and height (psp (ko) = w2 x p(ho)W¥ (v, hp) term of (13) plotted on the
right) distributions are compared with the unshadowed one (crosses) according to the parameter
v and versus the normalized slope ¢y = yy/ (o V2) and height hy = &/ (wv/2). We can note
that psp (v, &, y0) d€o dyo = 2wo X psn(v, ho, §o) dhg ddp.

As seen on the left of figure 2, the area of pgy(gp) is inversely proportional to v, and for
v = 0 only the negative values of pgy(¢y) are taken into account. Since p(¢y = 2) = 0.01,
for v larger than two the shadowing effect on the surface slopes is negligible. As depicted on
the right of figure 2, for any v, we observe that psp s(h0) < pshw(ho) < pshr(ho) < p(ho)
(Wagner, full curve; Smith, broken curve; Ricciardi—Sato, chain curve), which is in agreement
with (11). Moreover, the shadowing effect on the surface height distribution increases when
v decreases due to the fact that (16) A increases. For small values of x = A x erfc(hg)/2,
we have Wr = exp(e™ — 1) = exp(—x) = Wy, which explains why the deviation between
the Wagner and Ricciardi—Sato results is close to zero for iy > 1(erfc(1)/2 = 0.0786) and
AL

In conclusion, if v > 2, then the shadowing effect on the surface heights and slopes can
be omitted and psh (i, &0, Y0) & p(&o, vo). Physically, with a surface slope rms o equal to
0.4, figure 2 represents the distribution of the surface heights and slopes for incidence angles
6 = arccot(vo+/2) = {60.5°, 74.2°, 86.8°}.

The statistical shadowing function integrated over the surface heights and slope is defined
as

o0 o0
S(v, Lo) = f / Psn(v, &, vo, Lo) déo dyo
—o00 J—00

:f / P&, v0)S(v, &0, v, Lo) d&o dyp. a7
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Figure 2. Comparison of the shadowed and unshadowed monostatic distributions of the surface
slopes (left) and heights (right) according to the parameter v and versus the normalized surface
slopes Zo = y0/(0+/2) and heights ko = & /(w~/2).

This corresponds to the average shadowing function. Using (12a)—(12c¢) (the Wagner,
Smith and Ricciardi—Sato statistical shadowing functions for any uncorrelated distribution),
the integration over {&y, 3} yields with an infinite observation length (see appendices 1 and 2
of [14])

Sw(v) = Ay x [1 —exp(=A)]/A
Ss(v) = Ai/(1+A) (18)
SrR(v) = AJ[E1(—e ™) — Ei(=D)]/Aeh),

where E is the integral exponential function defined as

oo e—xt
E;(x) :/ . dr, (18a)
1
and A, given by
A(v) =0v2 f p(o~2y) dy. (19)

We can note that the Sg (v) expression is only valid for a Gaussian surface height distribution.
In figure 3 the one-dimensional average monostatic shadowing functions Sw s r (v) for an
uncorrelated Gaussian process (A (v) = [1 +erf(v)]/2 and A(v) given by (16)) are plotted
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Figure 3. Comparison of Wagner (full curve), Smith (broken curve) and Ricciardi—Sato (chain
curve) one-dimensional average monostatic shadowing functions Sw sr for an uncorrelated
Gaussian process.

versus v. We observe that Smith’s results (broken curve) are smaller than Wagner’s (full
curve), meaning that (11) is also verified for the average shadowing function. The Wagner
and Ricciardi—Sato (chain curve) results are equal for v > 0.6, whereas they differ for smaller
values, corresponding to incidence angles close to 90°. Indeed,

Sr(0) = e~ /2 = 0.184 and Sw(0) = 0. (20)

Physically the shadowing function is equal to zero at a grazing angle of 90°. Thus, when
the correlation is not included, the Sato—Ricciardi results do not give satisfying results at grazing
angles, whereas the Wagner results are correct but overestimate the shadowing function (see
section 3.2). As shown previously, when v is larger than 2, the average shadowing function is
equal to unity, meaning that the shadowing effect is not required.

Since the correlation is not introduced, the statistical shadowing function does not depend
on the surface height autocorrelation. To study this dependence, the next section presents the
Smith and Wagner formulations for a Gaussian surface height and slope joint process. The
complexity of (3) does not allow us to analytically and numerically compute the function gg.

3. Statistical shadowing function with correlation

In this section, the correlation between the surface heights and slopes is investigated for a
Gaussian process for any surface height autocorrelation function. Bourlier ef al [14, 15] have
studied this case for the average monostatic shadowing function for an infinite observation
length. Therefore, their approach is summarized to explain the method and is applied in
the derivation of the statistical shadowing function with a given observation length. In the
multiple-scattering problem, the observation length is required. The simulations present the
statistical shadowing function with the derivations of marginal probabilities and cumulative
functions of the surface heights and slopes.
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3.1. Formulation with correlation

For a Gaussian surface height {£, &} and slope {y, yo} joint process, p(&, y|éo, vo; 1), 18
expressed as (appendix 3 of [14])

ow CnG+E)+Cins(yg +v>) . & v
p(s,y|so,yo;l>=—xexp[_ 1 SRR W
2/ |[C]] 2|[C]] 2w 20
2Ci1260§ +2Cizavoy +2Ci13(50v0 — &) +2Cia(Soy — o)
_ , 21
2|[C]l

with

Ci“ =C()2(O'4—R%)—R]20’2 C,'14=R1(R12—R()Rz—a)2(72)

C,‘]z = R()(R% — 0’4) — R12R2 C,‘33 = 02(w4 — Ré) — R12w2 21

Ciiz = —Ri(Ryo? + w*Ry) Cizs = Ry(w* — R3) + RIRy (21a)

IIC1l = (Cy3 — Ci)/(@* = RY)
where Ry (!) is the autocorrelation function, assumed to be even and derivable at the origin, and
{R{(I), Ry()} are its first and second derivatives. The surface height variance w? is equal to
Ry(0) and the surface slope variance o2 is —R»(0). |[C]] is the determinant of the covariance
matrix [C]. The first index i in C;;; denotes the elements of the inverse matrix [C] defined as

w? Ro(]) 0 Ri(D)

_| R o —Ri() O
=1 —ry o —RO 22
Ry (D) 0 —Ry()  o?
If the correlation is neglected, then [C] is diagonal, and (21) becomes (6).
Using the equation
oo
/ (v — wexp(—Ay> — 2By — D)dy
o
—-D — A+2B
_ el HUATZBIN e rerfe(o)], (23)

2A
with k = (B + wA)/v/A, the integration over y of (4) yields
ocwexp[—D — u(nA +2B)]

gw(u, F, 1) = AT [1 — exp(c®)iy/merfe(c)], (24)
where
_ G B— §0Cis — &Ci13 + ¥0Ciza £ = £+ ul
2|[2C]| , 2|[C]l , , , (24a)
D— (§g +87)Cin +2865Cin + 210 (50Cirz —§Cina) + vy Cizs &5 Yo
2|[CY] 20 202
With the Smith formulation (5), applying (23) and the relationship
: A2 —2BiE — Dyydt =~ | F Bl o et (A€ 281
/_DOCXP(— 167 —2B1§ — Dy)d§ = 5\/A:16XP<A_1_ 1) [ef (T>+ ],
(25)

the integrations over {y, £} give

e FD ) [A1expl—D — (A +2B) — 35 — JL[1 — exp(c)icy/merfe(i)]
S 9 ) = — — 2
TV A exp(i—‘l — Dl){erf(—Af/}lB‘) +1}

’

(26)
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where
Ay = (Ci11Cizs — C113) E E; =1/Q2Ci][C1)
By = [60(Ci12Ci33 + Ci14Ci13) + Y0(Ci13Ciza — Ci14Ciz3)1Eq (26a)

Dy = [5(Ci11Cizy — Ciiy) + 5 (Ch3 — Chy) +2£070(Cit3Ciz3 — Ci1aCina) 1E1.

To express the statistical shadowing function over v, we set

Ry = fo R = —0 fi Ry =—a"f. 27)
Substituting (27) into (21a), we obtain
Co _ 1 fu  Cm _ 1 fa  Cm _ 1
2([Cll 20? fu 2([Cll 202 fu 2I[C]l 20w fu
Cinn _ 1 fi Ciz _ 1 fa Ciig _ 1 fu (28)
2[[C]]  2? fu 2[[C]] 202 fu 2I[Cl] 20w fu
[Cll = fu(wo)*,
with
fm=1-f—f fa=1-fi—fi fis= filfo— 1)
fo=fofs + = fo fa=foh+fifo—f (28)

fis= A= fF= fof) fu=(f5— /0= f.

Using the variable transformations
ho=6/(@V2)  G=n/@V2)  y=I/L. (29)

where L. denotes the surface correlation length, gw s(v, Ao, {o, ¥) L. is expressed in table 1.
We can note that f;; depends on y.

When the correlation is neglected we have Ry > = 0, which involves fy, = 0 and
from (28a) fi;; = J;j (Kronecker symbol) with §;; = 1if i = j, else 0. From table 1, we obtain

gw(v, ho, &o, ¥)Le = nvA exp[—(ho + nvy)*1/v/7

(30)
gs(v, ho, S0, y)Lc = gw X 2/[1 +erf (ho + nvy)].

Therefore, the above equations are similar to (7) and (8) (uncorrelated case with a Gaussian
process p(§) = exp(—&2)/(wv/2m)) with v = puL/(wv/2) and y = I/Le.

In figure 4 the functions f;; are plotted versus y for Gaussian and Lorentzian surface height
autocorrelation functions (table 2). We observe that the functions { 12, f34, f13, f14} G # J)
become equal to zero when y > y,g = 3 and y > y;;. = 4 in the Gaussian (broken curve) and
Lorentzian (chain curve) cases respectively, whereas { f11, f33} (i = j) become independent
of y and tend to unity. In the uncorrelated case represented in the full curve, { f;;} is equal to
either zero or one. Therefore, in the range [y;; oo[, the correlation can be neglected and (30)
is valid, whereas for [0; y,] gw.s(v, ho, &0, ¥) has to be computed from table 1.

Thanks to this property, we can write with yo = Lo/L. > y, (normalized observation
length) that

i

Yo
Lc/ gw,s(v, ho, ¢, y)dy = Lc/ gw.s(v, ho, ¢o, ¥) dy + Gw s(v, ho, i, yo), (3D
0 0
with

o=
GW,S(V7h01 )’z, YO) = LC/ gW,S(U’ th )’) dyv (31(1)
Vi
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Table 1. Wagner and Smith monostatic statistical shadowing functions for a correlated Gaussian
process with the variable transformations ko = Eo/(w«/i), Lo = yo/(aﬁ), andy =1[/L..

Statistical L
shadowing S, ho, S0, 30) = T = &o)exp [ = Le {77/ g(v ho, co, ) dy ]
function
fofz exp[—D —v(vA +2B)][1 — exp(/cz)/cﬁerfc(lc)]
k= (B+vA)/V/A n = o L./w = constant
D= (h3 +1?) fi1 + 2hohfiz + 280 (ho f13 — hf1a) + & f33 g2
fm 00
Wagner function V2 £33+ 20(f3480 + ho fia — hf13)
Leg(v, ho. &, ¥) v(vA +25B) = n h=ho+yvn
‘ ho fi4 — hf13 + 8034 + V33
V33 fm
Wagner function A(v)
Gw (v, o v, ¥0) ) lerf (ko + yovn) — erf (ho + yivn)]

0y Sifs = T expl—D — v(wA +2B) — h3 — ¢21[1 — exp(c?)ky/Terfe(c)]

T f B}
» e/Tll_D] [1 +erf (x/leh + %)}
firfzs — f} 15— 1 Sf13f33 — f1afa
D = 2 i, 2B,
T s *to f33fm +2hoto f33fm

e Bi  ho(fi2f33 + f14f13) + §0(f13.f34 — f14/33)
Smith function =

Leg(v. ho. 2. ) VAL A — £3)

[ Su s - 15
*/AT_V f33fum

Smith function In 1 —erfc(hg + y;vn)/2 AW)
Gw (v, ho, yr, yo0) 1 — erfc(hg + yovn)/2

where Gy s is obtained from (30), which is independent of ¢y and is given in table 1. For a
normalized infinite observation length yy, it becomes with a Gaussian process

Gw (v, ho, y1) = A(v)erfc(ho + yvn) /2
Gs(v, ho, ;) = —In[1 — erfc(hg + y,vn) /214 ™.
The substitution of (31) into (1) with variable transformations (29) leads to the following
Wagner and Smith statistical shadowing functions:

Vi
Sw.s(v, ho, o, yo) = T (v — {o) exp [—ch gw,s(v, ho, S0, ) dy — Gw s(v, ho, y:, yo)} .
0

(33)

The above equation is valid whatever the surface height autocorrelation function which
gives the value of y;.

The uncorrelated case is similar, taking f;; = §;; Yy plotted in the full curve in figure 4,
meaning that g expressed from (30) is valid for any y. Thus, the use of G given in table 1 with
vy, = 0 means that the uncorrelated statistical shadowing function is

A(v)
5 lerf(ho + yovn) — erf(ho)]}
1 — erfe(ho) /2 AD)
1 —erfc(ho + yovn)/Z]

(32)

SW(U, hOs ;07 )’0) = T(V - 4.0) exXp {_
(34)

Ss(v, ho, &0, yo) = T (v — &) [
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Figure 4. Functions { f;;} for Gaussian (broken curve) and Lorentzian (chain curve) surface height
autocorrelation functions versus y. In the full curve, the uncorrelated case is plotted.
Table 2. Expressions of Ry 1,2 and fy, 1,2 for Gaussian and Lorentzian surface height autocorrelation
functions.
Ro and fj functions R; and f; functions R, and f; functions Slope rms o
Gaussian Ry = w’ exp (f%) Ry =f% exp<fi—2%) Rzzf% (1722—2%)exp (7%) o =wv2/L.
fo=exp(=y")  fi=yV2exp(=y)  fo=(1 -2y exp(~y?) n= =2
2\2 3
Lorentzian R():wz/(1+£—zg) R :—%/(Hi—‘g) RZ:—% (1—3%)/(1#?2%) o =wv2/Le
fo=1/0+y% i =yV2/(1+y)? fr=(1=3y")/1+y)? n=2%%e =2

w

For a normalized infinite observation length yy, the second right-hand side terms of (34)
are similar to (15) with kg = Eo/(wﬁ) and erfc(x) = 1 — erf(x).
3.2. Simulations of the surface height and slope marginal cumulative functions

In this subsection, the shadowed probability density (2), assumed to be Gaussian, defined as

Psn(v, ho, §o) = exp(—h{ — ¢5) x Sw.s(v, ho, £o) /7, (35)
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: Surface height rms
L, Surface correlation length (L. =200, N = 500L,)
v: Parameter
Surface height autocorrelation function assumed to be Gaussian

Y

Generation of the one-dimensional surface (i) of N dirrg:nsion
>
hy = £o/(042) W= cotd = v20 = v2/L, V=0

| Elevation derivative :

:dho ho(i+ 1) = ho(i— 1)

Initial state i=1

|
|
|
T a Sequence repeated until i=N

Shadowing criteria :
dhy(i) dhy(i—1) <

> (u+———dl u+————dl )<0

No ¥ ves

Shadowing straight line :
— PP
A = hy(i) - (-Dp

!

Height surface smaller than the No

shadowing straight line :
ho(j) <A

V Yes

A ]:| ¢ Surface shadowed points :
J =] Vi) = 1

ho(j) is hidden
Co(j) is hidden

Figure 5. Explanation of the algorithm for computing the numerical monostatic statistical
shadowing function. The vector V is used for the bistatic configuration.

is studied for an infinite observation length. The effect of the observation length will be
investigated in the next paper. For uncorrelated and correlated Gaussian processes, the
statistical shadowing functions Sw _s(v, hg, o) are expressed from (34) and (33), respectively.
With (33), the integration of gw s over y is computed numerically.

To keep the formulation as accurate as possible, the different approaches are compared
with the numerical statistical shadowing function obtained from the algorithm developed by
Brokelman and Hagfors [13]. This algorithm is explained in figure 5. The surface height is
generated by computing the convolution product of the filter coefficients by a Gaussian white
noise with zero mean and unit height variance. Article [15] gives the method for performing
the coefficient filter with a Gaussian surface height autocorrelation function.

To illustrate the algorithm, at the top of figure 6, using the broken curve, the shadowed
surface height is plotted versus the sample indices and the parameter v for both the Gaussian
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Figure 6. Top: the broken curve shows the shadowed surface height plotted versus the sample
indices and the parameter v for both the Gaussian surface height autocorrelation function and the
process with zero mean and unit variance. The full curve represents the unshadowed surface and
shadowing line. The surface correlation length L. = 200 and the number of surface samples is
N = 500L.. Middle: the Smith uncorrelated surface height marginal pdf (chain curve) is compared
with the shadowed surface-height-normalized histogram (full curve) versus the normalized height
ho = &/(w~/2). Bottom: the marginal probability over the slopes versus the normalized slopes

Zo = y0/(aV/2).

surface height autocorrelation function and the process with zero mean and unit variance
(w = 1). The full curve represents the unshadowed surface and shadowing line. The surface
correlation length is L. = 200 and the number of surface samples is N = 500L.. We can
observe that the number of shadowed points increases when v = cot8/(c./2) decreases
because either the incidence angle increases or the surface is rougher.

In the middle, the Smith uncorrelated marginal surface height pdf (chain curve) is
compared with the shadowed surface normalized histogram (full curve) versus the normalized
height hy = &,/ (w/2). Atthe bottom the marginal probability over the slopes is plotted versus
the normalized slopes ¢y = Yo/ (0\/5). The surface height pgsy(v, ho) and slope psy(v, &o)
marginal pdfs are defined as

] o0

psn(v, ho) = / Psn(v, ho, £o) d&o Dsn(v, &) = / Dsn(v, ho, &o) dho. (36)

o0 o]
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Substituting (34) (uncorrelated case) into (35), the integrations over ¢y and ko with yp = oo
yield

Pshw (v, ho) = A1 x exp(—hg) exp[—Aerfc(ho) /2]/v/7
Wagner : ) (37)
Pshw (v, Z0) = Y (v — &) exp(—¢3)[1 — exp(—=A)]/(AVT),
— _ 12 _ A(v)
Sty - | Pons (o) = Avx exp(=hp)l1 : erfc(ho) /21 /7 G8)
Pshs(v, L0) = Y (v — &) exp(—¢) /(1 + A)/7],

where Aj(v) = [1 +erf(v)]/2 and A(v) given by (16). psn(v, hg, {o) cannot be computed
numerically according to {hg, {o} because the shadowing effect involves two conditions
over the surface slopes and heights. Moreover, this allows us to reduce the number
of variables by one, which facilitates the interpretation of the results. The normalized
histogram is obtained from the maximum of the unshadowed histogram. As shown
in figure 6, there is a good agreement between the numerical and Smith uncorrelated
results.

At the top of figure 7, the Wagner (broken curve), Smith (chain curve) and numerical
(full curve) marginal cumulative functions over the surface heights in the uncorrelated case
are plotted versus the normalized heights /#g;. On the bottom, they are over the surface
slopes versus the normalized slopes ¢y;. The marginal cumulative functions are defined
as

hot
over the surface heights: F'(v, hgy) = / psh(v, ho) dhg
—00
/’l()] [e ]
= [ an [ | st a d(o} , (39)
—00 —00
ot
over the surface slopes: F(v, {o1) = / psn(v, &) d&o
—00
o1 00
= / d¢o |:/ Psh(v, ho, &o) dho:| . (40)

Substituting (37) and (38) into (39) and (40), we have in the uncorrelated case

A
Fw(v, hop) = Tl{exp[—Aerfc(hm)/z] — exp(—A))

Wagner: 1 —exp(—A) [[1+erf@nl/2  if Zu <v (4D)
Fy(v, &) = ————— .
A Ay otherwise,
A

Fs(v, hor) = (1 = erfe(ho) /2]
Smith: 1 [+erf@onl/2 if o <v (42)

Fs(v, ¢o1) = )

1+A | A otherwise.

We can note F (v, hg; = 00) = F (v, {o1 = 00), which is equal to the average monostatic
shadowing function given by (18). As shown in figure 7, the uncorrelated Smith results are
more accurate than the Wagner ones, and the discrepancy between the Smith and numerical
data weakly increases when v decreases.

In figure 8, the absolute differences of the Wagner (the broken curve in the uncorrelated
case and the crosses in the correlated case) and Smith (the chain curve in the uncorrelated
case and the circles in the correlated case) marginal cumulative functions from that obtained
numerically are plotted.
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Figure 7. Top: the Wagner (broken curve), Smith (chain curve) and numerical (full curve)
marginal cumulative functions over the surface slopes in the uncorrelated case are plotted versus
the normalized heights /(1. Bottom: they are over the surface slopes versus the normalized slopes

o1-

The marginal cumulative functions with correlation are computed by us-
ing (33), (35), (36), (39) and (40) with y, = oo and y, = 3 (for a Gaussian surface height
autocorrelation function). We show that

1 if ¢or<v [oe] Yt
Fw.s(v, ¢o1) = ;/ exp(—¢y) dé“o{ / exp |: - Lc/ gw,s(v, ho, go, y) dy
- 0

—00 o0

—Gw,s(v, ho, yt)} exp(—/ip) dho} else Fy s(v, v), (43)

1 hoy v Vi
Fws, hot) = ;/ exp(—hp) dho{ / exp [ - Lc/ gw.s(v, ho, go, y)dy
o) — 0

[e.¢]

—Gw,s(v, ho, )’t)i| exp(—¢y) dé“o}, (44)

where L.gw s(v, ho, ¢o, y) and Gw s(v, ho, y;) are expressed in table 1 and (32), respectively.

As seen in figure 8, the correlation slightly improves the results and the Smith results
remain better than Wagner’s. According to the numerical solution, the Smith and Wagner data
overestimated the shadow.
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Figure 8. Absolute differences of the Wagner (broken curve in the uncorrelated case and crosses in
the correlated case) and Smith (chain curve in the uncorrelated case and circles in the correlated case)
marginal cumulative functions from that obtained numerically.

In figure 9, the numerical monostatic height and slope marginal cumulative functions are
plotted versus the parameter v and the normalized heights kg, and slopes ¢y, respectively.
They are also compared (within the absolute difference) with those obtained from the Smith
uncorrelated and correlated approaches. We observe that the correlation improves the
model.

In figure 10, the monostatic average shadowing function is plotted versus the parameter v:
full curve, the numerical solution computed for a Gaussian surface height autocorrelation
function; crosses, the uncorrelated Smith solution ((18) with A;(v) = [1 + erf(v)]/2 and
A (v) given by (16)); broken and chain curves, the Smith correlated solution for Gaussian and
Lorentzian surface height autocorrelation functions, respectively. It is defined as

1 [e%e) v Vi
—/ exp(—hJ) dho{/ exp |: - Lc/ gw,s(v, ho, go, y) dy
T J_o —0 0

—Gw,s(v, ho, yz)} exp(—¢y) dé“o}, (45)

where L.gw s(v, ho, ¢o, y) and Gw s(v, ho, y;) are expressed in table 1 and (32), respectively.

From table 2, for Gaussian and Lorentzian surface heights autocorrelation functions, the
surface slope rms ¢ is similar, which means that the Smith uncorrelated average shadowing
function is also similar since it depends only on v = u/ (6+/2). Unlike the case shown
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Figure 9. Top: numerical height and slope monostatic marginal cumulative functions versus the
parameter v, and the normalized heights /¢; and slopes o, respectively. Middle: the absolute
difference between the Smith function without correlation and numerical results. Bottom: the
absolute difference between the Smith function with correlation and numerical results.

in figure 4, with correlation it differs because the terms f;; are not equal for each case.
This effect is illustrated in figure 10, and we can note that the deviation between the Gaussian

and Lorentzian solutions is weak.

4. Extension to a bistatic configuration

This section presents the uncorrelated and correlated bistatic statistical shadowing functions
for a one-dimensional rough surface. Since the results obtained with the Smith formulation
are more accurate than Wagner’s, only the Smith approach is kept in the following.

4.1. Statistical shadowing function without correlation

From equation (2.31) of [14], the statistical bistatic shadowing function is given by (figures 11

and 12)

S(u1, F, Lo)S(ua, F, Lo)

S(pr, o, F, Lo) = S(u1, F, Lo)
S(pa, F, Lo)

if 6, € [0; /2] case (a)
if 6, € [6;; 0] case (b) (46)
if6, e [-m/2;0,[ case (c),
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Figure 10. Monostatic average shadowing function versus the parameter v. Full curve, the
numerical solution computed for a Gaussian surface height autocorrelation function. Crosses, the
uncorrelated Smith solution. Broken and chain curves, the Smith correlated solutions for Gaussian
and Lorentzian autocorrelation functions, respectively.

Transmitter Receiver
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Figure 11. Bistatic statistical shadowing function.

Region for 6,<0 Region for 6,20

Figure 12. Geometric representation of the three cases for the bistatic configuration.

with 6 < 0. Equation (46) means that the statistical bistatic shadowing function
S(u1, o, F, L) is obtained from two independent statistical monostatic shadowing functions
defined with respect to the locations of the transmitter S(u;, F, Lo) and receiver S(u, F, Lo).
Consequently the (b) and (c) cases are similar to the monostatic configuration, and case (a)
has to be investigated.
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Using (12) with (12b), the Smith (a) case of (46) for an uncorrelated process is expressed
as

P (§) — P(—00) ]A‘””

Ss(u1, F, Lo)Ss(ua, F, Lo) = Y (|p1] + yo) [P(fo T 1i1Lo) — P(—o00)

P(§) — P(=00) 7™
XY (12 = ¥0) [ - ] : (@7)
P (&0 + p2Lo) — P(—00)
with
vi = |l /(@ /2). (48)
Since the transmitter is defined for I < 0, the sign of yy in Y (|| + yp) is positive
and the slope u; = cotf; of the incident ray becomes |ui|. Therefore, with variable
transformations (29), (46) becomes
H[ P (hy) — P(=c0) ]““”
P (ho +vinyo) — P(—00) o
P(hy) — P(— 2
x|: (o) = P(=00) } if vy >0
P (ho + vanyo) — P(—00) o
P(&) — P(— »
Ss (1, vz, o, 0, 30) = § T (va = ) [ (§0) = P(00) } (49)
P(ho + vanyo) — P(—00)
if —vy<—-1<0
P(§) — P(=00) 1™
(v — %) [ el }
P(ho +vinyo) — P(—00)
if —oo < —Vy < —Vq,
with
1 if e[—v;v
H:{ So € [—v1; va] 49a)
0 else.

Consequently, using (2) with a Gaussian uncorrelated process (in (49) P is expressed
from (14)) and an infinite observation length, the surface height and slope distributions with
shadow are

1 s 1 ) 1 AWD+A ()
—ITexp(—¢5) x —=-exp(—hgy) |1 — <erfc(h
\/E p( {0) \/E p( 0)|: ) ( O)i|

if \)220

1 ) 1 ) 1 A(v)
PSh(Vl, vy, h()a CO) — ET(VZ - ;0) exp(_co) X ﬁ exp(_h()) |:1 - Eerfc(h()):| (50)

if —v<—-1vm<0

1 1 1 A
ﬁml — o) exp(—¢;) x NG exp(—hg) [1 - Eerfc(h())}

if —oco< —vy < —vy.

In figure 13, the shadowed bistatic distributions of the surface slopes (left) and heights
(right) are plotted according to the parameter v, and versus the normalized surface slopes
Lo = yo/(cr«/f) and heights hy = So/(a)\/i) for a given v;. Since v; < 0, only the first
case (a) of figure 13 is studied. For the slope distribution, the IT function carries a restriction
over the surface slopes meaning that only the slopes contained in the range ¢y € [—v;; v;] are
taken into account. On the right, we can see that the height distribution is non-Gaussian, with
a maximum which decreases when {|v;|, v,} decrease.
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Figure 13. Shadowed bistatic distributions of the surface slopes (left) and heights (right) according
to the parameter v, and versus the normalized surface slopes £y = yp/(0+/2) and heights

ho = &/(w~/2) for given vy.

4.2. Numerical solution and statistical shadowing function with correlation

For a Gaussian correlated process, we obtained from (33) and table 1

i
IT x exp | —L¢ gs12(v1, v2, ho, &o, y) dy
0
1 —erfc(hg + yin) /2 1AV T 1 — erfe(ho + yevan) /2 140
1 — erfc(ho + yovin)/2 1 — erfc(hg + yovan)/2
if V) 2 0
Vi
Y (v, — —L ,ho, Co, y)d
Ss (1. va. ho. Lo, Yo) = (v2 — Zo) exp ¢ ). 8s(v2, ho, Co, y) dy 1)

1 — erfc(ho + y,vam) /2 74

if —vy<—-rv,<0
1— erfc(ho + y01)2)7)/2

YT(vi —&o)exp | —Le gs(vi, ho, %o, y) dy
0

1 — erfe(ho + y,vin) /2 4™

1 — erfc(hg + yovin)/2

if —oc0o<< —vy < —vy,

with
gs12(vi, v, ho, S0, ¥) = gs(v1, ho, o, ¥) + gs(v2, ho, &0, ¥). (Sla)
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Since the (b) and (c) cases are monostatic, the numerical statistical shadowing function
is computed from the algorithm of figure 5. For the (a) case this algorithm is used twice with
the following method.

Let V) be a vector defined with respect to the emitter (subscript 1) as

i 1 if the surface point i is shadowed
Vi) = (52)
0 else,
and V), the same vector defined from the receiver. For a bistatic configuration, a point of the
surface is hidden if it is not viewed by the receiver or the transmitter. The vector Vi, for the (a)
case is then expressed as

Ve=Vi @ V,, (53)

where the symbol @ denotes the OR logical operator. Since v; < 0 and v, > 0, the sign
is distinguished by computing V, with the negative-height surface —h((i). Thus, the vector
which gives the unshadowed point is Vi, = V; - V,, with ~ and - the NOT and AND logical
operators, respectively.

For an infinite observation length, from (35), (39) and (40) with the use of (50) and (51),
the bistatic marginal cumulative function over the surface heights Fs(vy, vz, hg;) and slopes
Fs(vy, va, ¢o1) in the (a) case for a Gaussian process are

_erf(v) +erf(1y) 1 HAGDTA W)
Fs(l)l, Vs, hOl) = 2[1 ¥ A(])l) + A(vz)] |:1 — Eerfc(h01)i|
0 if ¢ < —w
without correlation . [erf (vy) +erf (5o1)1/2
= if — <
Fs(vi, v2, o1) T2 AG) T A0 X it —v < <w
[erf(vy) +erf(vy)]/2
if  Zo1 > va,
(54)
1 hot 5
Fs(vi, v, ho) = P / exp(—hgy) E12(vy, v2, ho) dhg
—0Q
V2 Vi
X {/ exp |:_Lc/ gs12(vi, va, ho, o, y) dy} eXp(—§§)d§o}
-y 0
0 if & <
1 ot 5
p exp(—&q) déo
with correlation T oo (55)
x{ f Era(vi, va, ho) exp(—h2)
Fs(vi, v, Co1) = T }'r
X exp |: - Lc/ gs12(v1, v2, ho, o, ¥) dy]dho}
0
it —v <o <»m
Fs(vi, v2, v2)
if o1 > n
with
Epy(v1, va, ho) = [1 — Jerfe(hg + yoim 1"V [1 — Jerfe(hg + yvam) 2. (55a)
At the top of figures 14 (v; = —1) and 15 (v; = —0, 5), the numerical height and slope

bistatic marginal cumulative functions are represented versus the parameter v,, and the nor-
malized heights hy = &,/ (wv/2) and slopes {o = /(o V2), respectively. In the middle is the
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Figure 14. Top: numerical height and slope bistatic marginal cumulative functions versus the
parameter v3, and the normalized heights g = &/ (w+/2) and slopes o = yo/(o V2), respectively.
Middle: the absolute difference between the Smith function without correlation and numerical
results. Bottom: the absolute difference between the Smith function with correlation and numerical

results. |vi| = 1.

absolute difference between the Smith function without correlation and numerical results. At
the bottom is the absolute difference between the Smith function with correlation and numeri-
cal results. As in the monostatic case, the deviation between the numerical and correlated data
is slight, and with the uncorrelated results the difference is larger, but remains small.

5. Conclusion and discussion of the electromagnetic scattering problem

5.1. Conclusion

In this paper, with the Wagner and Smith formulations, the monostatic and bistatic statistical
shadowing functions from a one-dimensional rough surface are presented for an uncorrelated
process and for a given observation length. Since the correlation is assumed to be neglected, the
statistical shadowing function does not depend on the surface height autocorrelation function.
Although the Ricciardi—Sato function gives the exact solution, we have only studied it for an un-
correlated process, since with a correlated process it is not tractable analytically or numerically.

To study the correlation effect on the surface heights and slopes, the Gaussian process is
investigated for any surface height autocorrelation function. For a monostatic configuration
with an infinite observation length, the comparisons of the numerical solution, which uses no
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Figure 15. Top: numerical height and slope bistatic marginal cumulative functions versus the
parameter vy, and the normalized heights g = &/ (w+/2) and slopes ¢o = yo/(o V2), respectively.
Middle: the absolute difference between the Smith function without correlation and numerical
results. Bottom: the absolute difference between the Smith function with correlation and numerical

results. |vi| = 0.5.

assumption, with the correlated and uncorrelated formulations show that the Smith approach is
the most accurate. Moreover, the correlation weakly improves the model but the uncorrelated
results remain satisfactory. According to the surface height autocorrelation function (Gaussian
and Lorentzian), the average shadowing function varies weakly.

We have shown that the monostatic shadowing effect can be ignored if the parameter
v = cotf/(o+/2) is greater than vy = 2, corresponding to a limit incidence angle smaller
than 6y = arc cot (ov/21y) plotted in figure 16 versus the surface slope rms for vy = {2, 1.5}.
For example if o = 0.2, then the shadowing effect can be ignored if 6, < {60°, 68°} for
vo = {2, 1.5}, respectively. For a bistatic configuration, we find similar conclusions, and the
shadowing effect can be omitted if both {|v;], |v2|} = vp.

The computation of L.gw s (v, ho, {o, y) expressed in table 1 implies numerical problems.
To overcome them, the following expansions of 1 + erf(x) and 1 — x/merfc(x) exp(x?) are

used, respectively:

1+erf(x) = —1/[x+/7 exp(x?)]

and

1 — x/merfc(x) exp(xz) = {

for x < —-5.6, (56)

1/(2x?) for x> 122
—2x+/7 exp(x?) for x < —2.2.

(57)
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Figure 16. Theta limit angle versus the surface slope rms ¢ for a monostatic configuration.

Combining these equations with the exponential term of gw s, the numerical problems are
solved.

5.2. Discussion of the electromagnetic scattering problem

In the electromagnetic scattering problem from a rough surface, the scattering coefficient og
is obtained by averaging the scattered electromagnetic field of component Es multiplied by its
conjugate EY'

os = (ESEY), (58)
with (- - -) the average operator. For example, if Es depends on {&, o} and if the shadowing
effect is included then

o5 = f / / f Es(Eor 70) X ELED 0 psn(v1. v2: 0, yor £ 70) dEo dyo d&] dy. (59)

It is widely either assumed or understood that the statistical shadowing function
Ss(vy, va, ho, o) is statistically independent of the scattered field, leading to

os = 0" X Sy, (60)

where

ol — / / / / Es(Eo. o) x E2E v pEo. 00 £, 0) Ao dyo d&) dyg

2= //f/ Psu(v1. vi. €0, v0. &6, v6) déo dyo dg dys.

og" denotes the unshadowed scattering coefficient and S, the bistatic average shadowing
function. As shown by Sancer [3], with the geometric optics approximation performed from
the Kirchhoff approach, since the scattered field Es becomes independent of the surface heights
&y and slopes yy, (60) is verified. On the other hand, as proved by Bourlier et al [7, 8], with
the Kirchhoff approach of first order (single scattering), (60) cannot be applied because the
scattered field depends on {&, Yo}

(60a)
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Figure 17. Average bistatic shadowing function versus v, for a given v; with an uncorrelated Gaus-
sian process. The length observation is assumed to be infinite and the Smith formulation is used.

If the correlation between {&, yo, &, ¥} is assumed to be negligible, then S, becomes
from (17)

o0 00 5
S2 = [/ / PSh(Vl, V2, 505 )/0) dEO d]/o} — [S(Vl, ])2)]2‘ (61)

With the Smith approach (50) given for an uncorrelated Gaussian process and an infinite
observation length, we obtain

[erf(vy) +erf (v2)]/{2[1 + A(vy) + Aa(v)]} it 1u2=>20
Ss(vi, v2) = { [ +erf(1)1/{2[1 + A(v)]} if —vy<—-1m,<0 (62)
[1T+erf(v)]/{2[1+ A(v))]} if —o0o< —vy < —vy.

In figure 17 the bistatic average shadowing function is plotted versus the parameter v, for
a given v;. For a very rough surface (high standard deviation of slopes o, i.e. v; = u;/o+/2
small), the shadowing function decreases quickly. For incidence near 90°, corresponding to
v; — 0, the surface is highly shaded (Ss — 0). In contrast, for normal incidence (|v;| close
to 2), the whole surface is illuminated (Ss = 1). With respect to v, the bistatic average
shadowing function is not even since Ss(vy, v2) # Ss(v1)Ss(v2) for v, > 0.

The roughness of a random surface is characterized by the product k@ with w the surface
height rms, and k the wavenumber equal to 27w /A, where A denotes the electromagnetic
wavelength. The perturbation approach is valid when the surface height rms @ is small
compared with the wavelength A. The stationary phase method formulated from the Kirchhoff
approachis valid when kw >> 1, meaning w >> L. We have proved that the statistical shadowing
function S(vy, vz, &, Y0, Yo) (see figure 13) modified the height distribution, meaning that wsy
with shadow depends on the incidence and scattering angles within {v;, v,} for a bistatic
configuration.

For example, from (50), wsy, becomes

Wsh

_2 [T i [1 = Lertetnny | an 63
(7>_ﬁ/oo 5 exp(—hy) — 3 c(ho) 0> (63)
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Figure 18. Surface-height-normalized rms wsp /@ with shadow versus v, for a given v; with an
uncorrelated Gaussian process. The length observation is assumed to be infinite and the Smith
formulation is used.

with L = {A(vy) + A(v2), A(v2), A(v1)} according to cases (a), (b) and (c¢). In figure 18,
wsh/w is represented versus v, for a given v;. We observe that the ratio wsy /@ decreases when
{|vil, |v2|} tend to zero, corresponding to either grazing incidence angles or larger surface slope
rms, and the surface roughness becomes smaller.

5.3. Prospect

The effect of the observation length has only been investigated theoretically. Articles [9, 10]
present, for an uncorrelated process, the effect of the observation length on the derivations
of the emissivity and reflectivity with the shadowing function in the infrared band from a
two-dimensional rough sea surface. The average shadowing function increases when the
observation length decreases. As in the single-scattering problem, a scattering problem
with multiple scattering which can be treated from the first- and second-order Kirchhoff
approximations requires knowledge of the statistical shadowing function with multiple
reflection. The prospect of this paper is to extend the statistical shadowing function with
single reflection to that with multiple reflection. This aspect is presented in the second paper
and simulations are made with respect to the observation length.

Since natural surfaces such as the sea are two dimensional, it will also be interesting to
extend the formulation exposed in this paper to a two-dimensional rough surface. From
the Smith formulation and for an infinite observation length, Bourlier et al [14] treated
this problem on the average monostatic shadowing function for uncorrelated and correlated
Gaussian processes.
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Appendix. Conditional probability derivation of the Ricciardi-Sato approach

This appendix gives the derivation of the conditional probability obtained from the Ricciardi—
Sato approach for any uncorrelated process.
Substituting (9) into (5a), we have forn = 1

I
I = gw X MA/ p&o+ul)dly = A[P (o + ul) — P(o)l, (A.D)
0

with P a primitive of p defined as

P= [ pere. (A2)

For n = 2, we have from (9) and (5a)

b= x ) | o+ i) di |/ e+l an|. (A3)
Using (A.2), the integration over [, yields |

L = gw x pA? /O.l pGo+ pl)[P (&0 + pul) — P&+ ply)]dl. (A4)
Writing that

/P(So+ul1)P(§o+Ml1)dl1 = %[P(Soﬂih)]z, (A.5)

the integration over /; leads to
L = gw x 3{A[P &+ ul) — P01} (A.6)
Substituting (9) into (5a), we have forn = 3

! 1 !
I3 = gw X (MA)3/ po+ ply)di {/ po + ) dh [/ po + ul3) dls}} . (A7)
0 I b
Using the same method as previously, we show
I = gw x ¢{A[P (& +ul) — P(&)1). (A.8)
Finally, we show by recurrence that for any n > 1, we obtain
1
Iy = gw % ;{A[P(Eo +ul) — P&} (A.9)

Thus, we obtain from (3)

> —A[P NH—P n
e F. 1) = g x Y AL (EH;) (£0)])

n=0

= gw X exp{—A[P (& + ul) — P(50)]}. (A.10)
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